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It is shown that Atkins’ electrostriction model gives reasonable values for the mobility of positive ions in 
liquid helium. However, that model cannot account for the observed difference between positive- and 
negative-ion mobilities. Arguments are advanced in support of the “bubble” model; the negative ion is 
believed to be a free electron in a cavity of radius about 12 A. The bubble model leads to a mobility in fair 


agreement with experiment. 


I. INTRODUCTION 


HERE have been several experimental investiga- 
tions recently into the behavior of ions in liquid 
helium.’ At sufficiently low fields a field-independent 
mobility is observed, varying with temperature as e4/*7 
over a temperature range from below 1° to 2°K. Here A 
is nearly Landau’s* roton threshold energy, and the 
results have naturally been interpreted in terms of a 
roton-ion scattering mechanism. 

Atkins® has given a “static” theory of the structure 
of an ion in the liquid, based on the idea that the ion 
polarizes its neighboring atoms, and that the resulting 
electrostatic interaction produces an electrostrictive in- 
crease in the local density. He finds a “solid” core of 
radius b,,° surrounded by a density field p, with 


p—poxr 4, (1) 

* Supported by the National Science Foundation. 
t On leave of absence from Department of Theoretical Physics, 
the University, St. Andrews, Scotland. 

1R. L. Williams, Can. J. Phys. 35, 134 (1957). 

2G. Careri, J. Reuss, F. Scaramuzzi, and J. O. Thomson, 
Proceedings of the Fifth International Conference on Low-Tempera- 
ture Physics and Chemistry, Madison, Wisconsin, 1957, edited by 
J. R. Dillinger (University of Wisconsin Press, Madison, 1958), 
p. 155; G. Careri, F. Scaramuzzi, and J. O. Thomson, Nuovo 
cimento 13, 186 (1959) ; G. Careri, S. Cunsuolo, and F. Dupré, Pro- 
ceedings of the Seventh International Conference on Low- 
Temperature Physics, Toronto, 1960 (to be published). 

3L. Meyer and F. Reif, Phys. Rev. 110, 279 (1958); Phys. Rev. 
Letters 5, 1 (1960), Phys. Rev. 119, 1164 (1960); Proceedings 
of the Seventh International Conference on Low-Temperature 
Physics, Toronto, 1960 (to be published). 

*L. D. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941); 11, 91 (1947). 

5K. R. Atkins, Phys. Rev. 116, 1339 (1959). 

® Below the \ point, 6,~6.3 A. 


Since rotons are unable to propagate in the solid, the 
scattering of rotons by the core will be approximately 
“hard sphere” scattering. Landau and Khalatnikov’ 
give the effective radius of a roton (from roton-roton 
scattering) as about 4 A, so that we expect the closest 
distance of approach / of a roton to an ion to be about 
10.3 A. At such a large distance, the electrostriction will 
make only a small contribution to the scattering,* so 
that the scattering cross section should be z?. 

The experiments do not measure cross sections di- 
rectly, but mobilities, and in order to compare these 
with theoretically predicted cross sections, we need the 
effective mass of the ion- complex. Atkins shows that 
the excess mass contained in the density field of the 
electrostriction model is about 40M (where M is the 
mass of a He atom). But the effective mass which is 
relevant to a mobility calculation has to be considerably 
larger than this. In the “solid” core, all matter, and not 
merely excess matter, has to move with the ion. More- 
over there is a “hydrodynamic” mass, to take into ac- 
count the kinetic energy of the liquid flowing around the 
solid core.? These two contributions together amount to 


(1+-43)4mb,%poM, (2) 


where 5, is the solid core radius, and po is the unper- 
turbed number density, = 2.1710” cm~*. Hence the 


7L. D. Landau and I. M. Khalatnikov, Zhur. Eksp. i Teoret. 
Fiz. 19, 637 (1949). 

8 See Sec. IV. 

° E.g., H. Lamb, Hydrodynamics, (Cambridge University Press, 
New York, 1932), 6th ed., p. 124. 
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effective mass is 
Mets =M (40+ 2rb,'po)—~100M. (3) 


With this effective mass, the experimental data? give a 
cross section ¢,=0.57 10~" cm? for positive ions and 
o_=0.93X10-" cm? for negative ions. Using Atkins’ 
model, we should predict c=0.33X10-" cm?, in fair 
agreement with the experimental values for positive 
ions.” However, Atkins’ model cannot account for the 
difference between the behavior of positive and negative 
ions. 

The suggestion has been made" that the negative ion 
consists of an electron in the center of a “bubble” in the 
liquid. The author will advance some theoretical con- 
siderations in support of this model, which will be 
shown to yield mobilities in fair accord with experiment. 


II. CORRELATIONS PRODUCED BY THE 
SHORT-RANGE REPULSIONS 


Neither He~ nor He-~ is a stable system,‘ and it seems 
rather implausible that any complex, He,,-, is stable. It 
will, therefore, be assumed that the negative ion is a free 
electron whose interactions with the atoms of the liquid 
are primarily short-range repulsions. These will be ap- 
proximated by a hard core of radius a=1.3 A. In addi- 
tion, there will be an attractive interaction of longer 
range, arising from the electrostatic polarization of the 
atoms. The appropriate potential is 


V.= —ae*r, 
V.=0, r<a, 


r>da; (4) 


where a is the atomic polarizability ; the molar polariza- 
bility, Nea=0.125. If we approximate to the effect of the 
hard core by a pseudopotential," 


V core = 20h’? am—5(r), (S) 


then we see that all Fourier components satisfy V core (A) 
>V.(k). Thus for s-wave scattering the attractive 
forces may be neglected; in the first instance, they will 
be neglected entirely. 

In order to see how the positions of atoms in the liquid 
are correlated with the electron position, let us localize 
the electron within a sphere of radius b_. The electronic 
wave function is then ¥,~}_—! inside the sphere and 
very small outside it. If now an atom is within the 
sphere, the wave function has in addition to vanish at 


10 J. de Boer and A. t’Hooft [Proceedings of the Seventh Interna- 
tional] Conference on Low-Temperature Physics, Toronto 1960 (to 
be published) ], using a Born approximation and neglecting the effect 
of the central solid core, find 90 10~ cm*. However, the effective 
potential in their calculation has a range ~5 A only, so that the 
large apparent cross section corresponds to the breakdown of the 
Born approximation. Near the center of the sphere of electro- 
striction, their effective potential becomes very large and cannot 
be treated perturbatively. 

4R. P. Feynman (unpublished), reported by G. Careri, F. 
Scaramuzzi, and J. O. Thomson, footnote 2. 

#2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, New York, 1952), p. 76. 

‘3 Here m is the electronic mass (strictly, the reduced mass). 
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the surface of the atomic core. This condition requires an 
energy Exntrusion: 


Panera [ Yo"V corel P22 mb_?, (6) 


This energy is very large compared with the zero-point 
kinetic energy E of a helium atom in the liquid, if b_ is 
of the same order as the normal interatomic spacing. 
Even if b_ is as large as 15 A, Ejntrusion is still 3X10-“ 
erg, while the zero-point kinetic energy £y~™~40 cal/mole 
~3xX 10-" erg/atom." Hence, the electron wavepacket 
represents a potential barrier, nearly impenetrable to 
atoms of the liquid. 


Ill. THE BUBBLE MODEL 


In view of the considerations of Sec. II, it is clear that 
there will be an optimum degree of localization of the 
electron. If b_ is too small, then the electronic kinetic 
energy will be very large, while if b_ is too large (subject 
still to the condition that it is small enough to have 
Eintrusion>>E0), then the work done, against the zero- 
point pressure, in removing all the atoms from the 
localization region, becomes large. Provided that the 
equilibrium radius of the electron wave packet turns out 
to be less than ~15 A, this “‘bubble’”’ model should be a 
good approximation. Outside the bubble, Atkins’ electro- 
striction theory should apply, but because the bubble 
will turn out to be quite large, the electrostrictive effects 
will be relatively unimportant. 

The size of the bubble is now to be determined, by 
minimizing the total energy, or, equivalently, by re- 
quiring that the pressure exerted outward by the elec- 
tron on the liquid be equal to the inward pressure ex- 
erted by the atoms on the electron. If the van der Waals’ 
attractions were of sufficiently long range compared to 
the bubble size, then the pressure exerted by the atoms 
on the bubble would be their kinetic energy per unit 
volume, Eepo=6X 107 d cm 60 atm. In the actual 
situation, this condition is rather far from the truth, and 
a calculation of the van der Waals’ pressure is necessary. 
The result (see Appendix) is 


pvaw = 


where pyaw is in atmospheres, and c= 3.6 A is the mean 
interatomic distance (i.e., po '=4mc*). There is also a 
small pressure term arising from the electrostatic at- 
traction between the electron and the polarized atoms, 


—38(1—c*/b_’), (7) 


Pes=p7a/2b_*=5.2X10' atm A*/b_*. (8) 


The outward pressure exerted by the electron is the 
volume derivative of its kinetic energy. If, for definite- 
ness, the electron wave function is taken 

yor sin(xr/b_), (9) 


“TL. Goldstein, Phys. Rev. 100, 98 (1955); L. 
J. Reekie, ibid. 98, 857 (1955). 


Goldstein and 
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then this kinetic energy is r*h?/2mb_?, and the pressure 
the electron exerts is 


Prin= wh?/4mb_>=7.9X 10° atm A5/b_5. 


The equilibrium condition is 


(10) 


Eopot pvaw = Prin— Pes: (11) 


The two sides of Eq. (11) have been plotted in Fig. 1, 
and the equilibrium radius is seen to be b.=12.1 A. 

The effective mass of the negative ion is the sum of its 
electrostriction mass and its hydrodynamic mass. 
Atkins® comments that half of the electrostriction mass 
of a point charge lies outside 10 A, so that outside 
b_=12.1 A, the electrostrictive mass is about 17M. The 
hydrodynamic mass is 


Miya= 4X 4rb_*py~82M, (12) 


and the total effective mass is 


Mot= M +My ya™100M, (13) 


(fortuitously) very close to the effective mass of the 
positive ion [see Eq. (3) ]. 


IV. THE SCATTERING AND MOBILITY OF IONS 


Although the central core of a negative ion in liquid 
helium now looks very different from the central core of 
a positive ion, neither the effective mass nor the cross 
section will be drastically different. Both the solid sphere 
at the center of the positive ion and the bubble of the 
negative ion will behave primarily as rigid scattering 
centers. Also, in both cases the core is surrounded by 
Atkins’ electrostrictive density field (1). The analysis of 
the present section will apply to both kinds of ions, 
provided 6 is interpreted as b, or b_ as required. In the 
first instance, only the “rigid sphere” scattering will be 
considered ; it will then be shown that the electrostriction 
effects make only a small correction. 

The expressions for the scattering cross section of a 
rigid sphere are simple in the limiting cases of low and 
high energy.'® If hk is the incident momentum and the 
radius of the sphere is /, then the “low-energy” region 
is defined by the condition &/<1. In the “high-energy” 
region, defined by &>1, the cross section is twice 
geometrical, = 27/?. However, half of the scattering is 
forward scattering’ while the remainder is approxi- 


TABLE I. Comparison of theoretical values of the roton cross 
section, calculated from Eq. (14), with experimentai values of 
Careri et al.* 





Roton cross section (cm?) 
Theoretical Experimental 
0.33 10-8 0.57 10-" 
0.82 10-8 0.93 10-8 


Positive ion 
Negative ion 





* See the work cited in footnote 16. 


18 N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, New York, 1949), p. 38. 


IONS IN LIQUID He 
TaBLe II. Correction factor 3/4\A in Eq 








2°K 1.5°K 


23 17 
1.009 1.012 


Temperature 





dy 
(3/4XA),, 


\ 


) 120 90 
(3/4A)_ 


1.002 1.002 





mately isotropic. The forward scattering will play no 
role in a gas-kinetic calculation of the mobility, so that 
the cross section which we should use is just the classical 
one, 

o=nl’, (14) 
For a thermal roton, & will always be close to the mini- 
mum in the excitation spectrum, ko=2 A~'. To deter- 
mine /= b+-bo, use is made of Landau and Khalatnikov’s’ 
estimate of the roton radius b)>=4 A, as indicated in 
Sec. I. We see that &l,—~20, kl_~30, so that all roton-ion 
collisions are “high energy.”’ In Table I, the cross 
sections, calculated from (14), are compared with values 
calculated by Careri et al.'* from the experimental data, 
assuming M..;= 100M. 

In order to estimate the importance of the electro- 
strictive region on the cross section, use will be made of 
Langevin’s theory of the mobility of ions in a polarizable 
gas.’ The interaction potential between an ion and a 
roton, outside the central core region, may be taken 


0A pos OA dp bp 
v=(—) w-“(—) a--ya- 
Op F v0 AN dp/ 0 po Po 


[see de Boer and t’Hooft"; the term in (6p/p)? will not 
be required, since outside the core 5p/p<1 ]. In view of 
(1), this represents an attractive force varying as r~*, so 
that the situation is completely analogous to the one 
discussed by Langevin. If we write p for the “roton 
pressure” and, from (1) and (15), 


(15) 


V=-yr“, (16) 
and define 
2kT 
?= 4p! ‘Noy= (8, 3)RTH, foy w=: — 
A Sp(l) 


Po 


’ 


then the parameter A, representing the relative im- 
portance of the core and the outer region, has the same 
significance as Langevin’s \. The cross section is then 

o= nl 3/4dA (A) |, (18) 
where A(A) has been tabulated'’; for large X, 
3/4NA (A) = 1+4+-0.21~. To get a numerical estimate, we 
note that 6p/po=0.14 at the solidification pressure, i.e., 
at r=b,=6.3 A. 


16 G. Careri, F. Scaramuzzi, and J. O. Thomson, reference 2. 
17 P, Langevin, Ann. chim. et phys., Ser. 8, 5, 245 (1905); H. R. 
Hassé, Phil. Mag. 1, 139 (1926). 
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TABLE ITI. Comparison of geometrical and experimental ratios 
of the cross section for ion-He® scattering to that for ion-roton 
scattering. 

(He? cross section) /(roton cross section) 


Geometrical Experimental 


0.09 
0.30 


0.55 
0.68 


Positive ion 
Negative ion 


Table II shows the small corrections produced by the 
factor 3/4\A in (18). 


V. DISCUSSION 


It has been suggested'* that the negative ions present 
in liquid helium are really impurity ions (e.g., O~). This 
hypothesis will not explain the difference between the 
positive- and negative-ion mobility, since the Atkins 
model should apply to a heavy impurity. The contribu- 
tion of the ion itself to the effective mass of the complex 
is quite small. On the other hand, the bubble model 
explains the difference in a natural way. 

The present model could, of course, be improved. The 
assumption that the bubble is “‘rigid”’ is not essential. In 
a more complete theory it will be capable of oscillation, 
and there will be resonance contributions to the cross 
section. The frequency for radial pulsations, for ex- 
ample, will be of the order of 10" cps so that resonances 
may well be important both for roton and particularly 
for phonon scattering. Reif and Meyer’ find that the 
phonon cross section of a negative ion is about five 
times greater than that of a positive ion. 

An important discrepancy between theory and ex- 
periment which still remains is the ion-He* atom scat- 
tering. Reif and Meyer® have observed the mobility at 
temperatures below 1°K, where roton scattering is 
frozen out. They varied the amount of He’ present as an 
impurity in He* and were able to find the ion-He’ cross 
sections. The “geometrical” cross sections will differ 
from those for the roton-ion systems only in the 
substitution of the He’ radius, say 1.3 A, for the roton 
radius of 4A. The geometrical cross sections are too 
large by up to a factor 6 (see Table III). However, the 
situation is rather more complicated; the scattering of 
He’ atoms is not “high-energy” scattering in the sense 
of Sec. IV. At first sight, this will make matters even 
worse, since for a rigid sphere the low-energy cross 
section is 4x7. But at temperatures ~3°K, kl~1 for 
thermal He* atoms; it is, therefore, possible for the 
s-wave phase shift to come close to x. The s-wave partial 
cross section will then be anomalously small (Ramsauer 
effect). Provided that the attractive forces can keep the 
phase shifts for higher partial waves small, this gives a 
possible explanation for the small He*-ion cross section. 
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APPENDIX 


The van der Waals’ Pressure at the 
Surface of a Negative Ion 


It will be assumed that outside the ‘“‘bubble” the 
radial distribution function g(|r;—r,;|) is unaffected 
by the presence of the bubble. Then, if V(|r,;—r;|) 
= —£/|r;—1;|*° is the two-particle van der Waals’ po- 
tential, the potential of an atom at a point r in the 


liquid is 
wir)= fo r—r;|)V(\r—r;| )d*r;, 


where the integral is to be taken over the whole liquid, 
except the region inside the bubble. It is convenient to 
make the following approximation for g(r): 


(19) 


g(r)=0, r<e 


pe, >. 


nit B 
ir f arf d cos6, 
Max([c, 7 b] r' t(r 


where £(r), the lower limit on the angular integration, is 
given by 


Then (see Fig. 


W(r)—Wo- (21) 


= (—P+r+?r’)/2nir, (22) 


and Wo is the mean van der Waals’ potential in bulk 
liquid. The potential near the surface of the bubble will 
be obtained by setting r,—b=6<6. Evaluation of the 
integral in this limiting case gives 


1 


1 
W= too 














Fic. 1. Graphical solution of Eq. (11) 
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(neglecting powers of c/b higher than the second). The 
force exerted on an atom at the surface is obtained by 
differentiating with respect to 6 and setting 5=0; finally 
the van der Waals’ pressure is 


3,3 
Pvaw= — (—) po'mBpoc*(1—c*/b*) 


T 
= —38(1—c?/b*) atm. (7) 


To test the reasonableness of the approximation (20), 
we may note that, for a plane surface (b=), the 
potential af the surface is }Wo, and that |Wo|—EZ, 
should be the latent heat per atom, ~}£o. Inserting 
numerical values in (23) gives |Wo|—Eo~?}Eo. 

Notes added in proof. (1) Experiments by Meyer and 
Reif (to be published) show that under pressure the 
roton-negative ion cross section decreases, until at a 
pressure of about 7 atm, the negative and positive ion 
cross sections become equal. This phenomenon provides 
striking confirmation of the bubble model below 7 atm. 

(2) The considerations advanced in this paper should 
apply equally in pure He*. At moderate temperatures 
(e.g., above 1°K), the bubble (or Atkins sphere) should 
obey Stokes’ Law. The mobility should then be 


p=e/Orn), 


where 7 is the viscosity at the same temperature. 
(3) Reif (private communication) has criticized the 


values of the “experimental” cross sections, since, in 
their derivation from the measured mobilities, the “per- 
sistence of velocity” in a collision was neglected. The 
corrections to the roton-ion cross sections are slight, in 
view of the high intrinsic momentum of a roton, so that 


NEGATIVE 


IONS IN LIQUID He 








pp 


oO 





Fic. 2. The domain of integration of Eq. (21) is over the 
sphere of radius 6, except for its overlap with the sphere of 
radius c. 


the agreement in Table I is not impaired. However, for 
the ion-He’ cross section, when the persistence of ve- 
locity is taken into account, Meyer and Reif find the 
much augmented values o=7s*, where S.=26A and 
S,=10 A. These are in reasonable agreement with the 
theoretical values o=4a/*, with /=13.4 A andl,=7.6A. 
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Generalized Hartree-Fock Method 
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A variational principle is formulated to determine the single- 
particle states, their pairing, and the occupation number distri- 
bution for a trial state vector of the Bardeen, Cooper, Schrieffer 
type. The equations which are derived generalize those of the 
Hartree-Fock method obtained with a Slater determinant trial 
wave function. It is pointed out that in a suitable representation 
the vacuum state of a general quasi-particle transformation has 
such a trial form which exhibits directly the pairing of single- 
particle states. Another variational principle determines the 
excitation energies. 

Two coupling cases are distinguished: the commutative case 
in which the self-consistent densities and energies are related to 
quantities which all commute, and the more general noncom- 
mutative case. The latter is of importance in critical-field phe- 


nomena. The equations for the commutative case can be written 
in a matrix form which retains its validity in the more general 
noncommutative case. The simple matrix commutator equations 
appear as direct generalizations of the density matrix form of the 
Hartree-Fock equations. 

The equations for small oscillations have an equally simple 
form. Their connection with a diagonal representation of the 
quasi-particle energies is exhibited in a way which remains valid 
in the general coupling case. The “unphysical’’ solutions are 
excluded by the supplementary condition. The contact with the 
Green’s function approach is established. The generalized matrix 
form of the Green’s function equations shows especially clearly 
the symmetry properties of the method. 





INTRODUCTION 


HE theory of superconductivity of Bardeen, 

Cooper, and Schrieffer' has laid the foundations 
of a new approach to describe the behavior of an 
interacting fermion system. In a previous paper, 
which will be referred to in the following as (F), the 
method was simplified by the introduction of a new 
kind of fermion variables, and new equations were 
derived for more general two-body interactions which 
show the independence of the main conclusions from 
the assumption of a constant interaction matrix 
element. The same new fermion variables were intro- 
duced independently by Bogoliubov’ who derived 
equations directly from the interacting electron-phonon 
field problem. In a more recent papert Bogoliubov 
worked out some of the consequences of considering a 
more general form of the quasi-particle transformation, 
and pointed out that this point of view leads to a simple 
way of describing the effect of an electromagnetic field 
in a gauge-independent manner. Many other works® 
contributed to a better understanding and to an ex- 
tension of the theory. The subject is still in a state of 
vigorous development. Starting from the theory of 
superconductivity, the concepts of the method pene- 
trated the domain of nuclear physics® and attempts are 


! J. Bardeen, L. N. 
108, 1175 (1957). 

* J. G. Valatin, Nuovo cimento 7, 843 (1958), referred to in the 
text as (F). 

3N. N. Bogoliubov, Nuovo cimento 7, 794 (1958). 

'N. N. Bogoliubov, Uspekhi fiz. Nauk. 67, 549 (1959). 

Especially two main directions of development should be 

mentioned: the Green’s function approach, started by the paper 
of L. P. Gorkov, J. Exptl. Theoret. Phys. U.S.S.R. 34, 735 (1958) 
[translation: Soviet Phys.—JETP 34(7), 505 (1958) ], and the 
generalized random phase approximation of references 11, 12, and 


Cooper, and J. R. Schrieffer, Phys. Rev. 


6 A. Bohr, B. R. Mottelson, and D. Pines, Phys. Rev. 110, 936 
(1958), and numerous more recent publications some of which are 
referred to in reference 10. 


being made’ to explore its consequences in the theory 
of elementary particles. 

It has been pointed out previously® that the approxi- 
mation of independent fermion excitations is related to 
a simple linearization of the matter field equations. A 
reference to a Hartree-like approximation can be found 
already in the paper of Bardeen, Cooper, and 
Schrieffer! in connection with the trial ground-state 
vector which is built up from independent commuting 
factors. Some further connections with the self-con- 
sistent field method of Hartree and Fock have been 
pointed out by Bogoliubov,‘ Nambu,’ and others. The 
close connection between the two approaches will be 
made even more apparent in the present paper. The 
equations of the new method will appear as generali- 
zations of the equations of the Hartree-Fock method, 
with a minimum generalization which takes into 
account the existence of a state of bound pairs of 
particles. Special care will be taken to show that the 
approximation method is really very simple, in spite 
of the impression one might obtain from some of the 
existing publications. 

It has been shown in (F) that the approximate 
ground-state properties can be described in terms of 
the one-particle density matrix h and a pair field x 
which is the expectation value of a pair of field oper- 
ators. The new features of the approach are related to 
the existence of a nonvanishing x in the case of ap- 
propriate attractive forces. The factorizable term 
contributed by the pair field x to the two-body cor- 
relation function represents coherent long-range cor- 
relations. The approximation method attributes a 


7¥Y. Nambu, Proceedings of the Midwest Conference, Purdue 
University, March, 1960 (unpublished). 
8 J. G. Valatin, Proceedings of the Low-Temperature Con 


ference, Geneva, New York, 1958 (unpublished) ; Valatin 
and D. Butler, Nuovo cimento 10, 37 (1958) 


*Y. Nambu, Phys. Rev. 117, 648 (1960) 


J. G. 
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special weight to this factorizable term which expresses 
then an effective condensation of pairs of particles in a 
single bound state. 

Besides kh and x, it is convenient to introduce a 
self-consistent energy v determined by & and a self- 
consistent pairing potential 1 determined by x. In the 
simple coupling case considered in (F), the quantities 
h, x, v, » all commute, and the equations were derived 
in a representation in which they are all in a “diagonal” 
form. It will be convenient to refer to this case as the 
commutative coupling case, in contrast to the more 
general noncommutative case. The latter is of im- 
portance in critical magnetic field phenomena or in the 
analogous effect in rotating nuclei'® where the electro- 
magnetic interaction energy or the rotational coupling 
term does not commute with the pairing potential yu. 

The simple equations of the commutative case will 
be cast in the present paper in a new matrix form which 
will retain its validity in the more general case. The 
simple pair structure of the ground-state vector also 
remains valid in the general case, though the repre- 
sentation which exhibits this will in general not lead 
to a diagonalization of the quasi-particle energy. 
Variational principles will be applied to determine the 
pair structure of the ground state, the excitation 
energies, and the matrix form of the equations. The 
new expressions obtained will not merely mean a 
considerable gain in the length of the equations but 
will lead to a deeper insight into the nature of the 
approximation. The whole approach should be looked 
at as a self-consistent zero-order approximation of a 
more general expansion procedure. The next approxi- 
mation which leads to a natural extension of the method 
is provided by the generalized random phase approxi- 
mation investigated by Bogoliubov," Anderson," and 
others.” 

The notation will be kept close to that introduced 
in (F), and the reader is referred to this publication for 
details which will not be repeated here. 


GROUND-STATE PAIRING AND 
VARIATIONAL PRINCIPLE 
In terms of the quantized fermion field operator ¥(x) 
and its adjoint ¥*(x), the Hamiltonian of a system with 
two-body interactions can be written in the form 


H= faxas’ W* (x)e(x,x" W(x’) 


1k 
(1a) 
+. few + day! W*(x)y* (x) V (xx’ 5 aya Wa) (a1). 


? 

1 B. Mottelson and J. G. Valatin, Phys. Rev. Letters 5, 511 
(1960). 

1! See reference 4 and other references given there, especially 
concerning the approach through the ‘method of approximate 
second quantization.” 

#2 P. W. Anderson, Phys. Rev. 112, 1900 (1958). 

8G. Rickayzen, Phys. Rev. 115, 795 (1959); D. J. Thouless, 
Ann. Phys. 10, 553 (1960); A. Bardasis and J. R. Schrieffer (to 
be published). 
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The letter x denotes the space coordinates, spin, 
isotopic spin, etc., of a single particle, and the integral 
sign includes the corresponding summations, The 
constant chemical potential which enters into the 
description because of approximations which do not 
conserve the number of particles is included in the 
single-particle energy «. This may equally contain a 
contribution from interactions with an external field. 
The kernel of the two-body interaction V is chosen in 
a sufficiently general form to include velocity-dependent 
forces. 

The trial ground-state vector of Bardeen, Cooper, 
and Schrieffer is of the form™ 


$= [] [(1—4,)'+ (A, 'a,a_« |, 


«>0 


(1b) 


where the creation operators a, of a single-particle 
state ¢,(x) are related to y*(x) through 


a= f dx o.(x)y* (x). 


The real number /, is the expectation value in ®o of 
the number of particles in state x, 


(1c) 


h,.=(a,a,'), 


(1d) 


(1e) 


The values of h, are to be determined by minimizing 
the expectation value of the Hamiltonian (1a) with 
respect to the state (ib). The trial form of this state 
includes the possible choice 


h.=1 for 
=( for 


and one has 


O<sh,81, he=h.. 


Je] < |xo| 


|x| >|xol. (1f) 


For this number distribution, the state (1b) reduces to 
a simple product state which corresponds to a Slater 
determinant wave function in configuration space. The 
variational principle and stability considerations deter- 
mine, according to the nature of the Hamiltonian (1a), 
if the ground state is better approximated by an 
occupation number distribution (1f) or by some other 
distribution h,. 

In the original assumptions for an infinite system of 
electrons, it has been assumed that « stands for a single- 
particle state with definite momentum and spin, and 
—« for a state with opposite momentum and opposite 
spin. The distribution (1f) is still a possible choice, 
and the variational principle is to determine the values 
of h,. In the Hartree-Fock method, the form (1f) of 
the number distribution is assumed, but the states 


4 An opposite convention a—a*, af—a is often used for 
creation and annihilation operators. Reasons for the present 
notation are explained in the author’s Naples lectures, Lectures on 
Quantum Field Theory, edited by R. E. Caianiello (Academic 
Press, New York, 1960), p. 113. The state vector (1b) is written 
in an algebraic form. A more conventional notation would put 
behind the symbols a sign |0), indicating the state in which there 
is no particle present. 
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¢.(x) are to be determined from the variational 
principle. The point to be made here is that assuming 
a trial state vector of the form (1b), with the single- 
particle states ¢,(x) the pairing x, —« and the occu- 
pation numbers /, all unknown, the variational prin- 
ciple leads to a straightforward generalization of the 
Hartree-Fock method. 
By introducing the fermion operators 


n= (1—h,)4a. (h,)'a_,' 


: for «>0O or «<0 2a) 
ne = (1—h, $a," (h,)'a_x 


the simple argument given in (F) shows that one has 
(2b) 


for all values of x. The operators 7,, 7,’ satisfy the same 
anticommutation relations as a,, a,'. As explained in 
(F), a simple way to obtain expectation values of opera- 
tors in the state ®y) is to express the operators in terms 
of ., 7.’ and to order the factors in each term in such 
a way that creation operators act after the annihila- 
tion operators. 

One obtains in this way for the density matrix / the 
expression 


h(x’ x) = (W* (x) (2")) = Doe hege(x’)e.* (x), (3a) 
and for the pair field x the expression 


x(x’) = (x)h (2")) = Dee xeGu(2’) o_«(2), 
where 


n. |Po=0 


(3b) 


Xxe=+[h.(1—h,) }) for 
x eo Te 


xk>0, 

(3c) 
The summations extend over both positive and nega- 
tive values of x. From the definitions, one has 


h(x,x’)=h*(x',x), x(x,x')=—x(x’,x). (3d) 


The self-consistent energy v can be defined by 


v(x,2") = e(x,x’) + f dates V (1x1; x21’) 
— V (xx1; x1'x’)} h(x’ ,x1), 


(4a) 


and the self-consistent pairing potential » by 
u(xat)= f dete V (xx! 5 xy%1')x (41,01). (4b) 


With a Hermitian single-particle energy ¢, and a 
Hermitian and symmetric interaction energy V, one 
concludes from (3d) that 


v(x’ x)= v*(x,2’), 


(4c) 
The expectation value Wo=(H) of the Hamiltonian 
(1a) can be written in terms of h, x, v, uw as 


p(x’ x)= —p(x,2’). 


1 
Wy=- f eect’ ( (eC) +o(a,2")h(aa) 
2 


—m(x,x')x*(x’,x)}. 


(4d) 
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The last expression has the form of a trace, and can 
be expressed in terms of the “diagonal” elements 


Ve=Vac= Ect De’ { (ix | V xx’) — (xx’ V wk) phy, 
k>Q, 


(5a) 


Me Pe,—e= Dut (k, —K|V x’, —K xe for (5b) 
with 


; ‘ ; ; 

€<= €,= fexar og," (x)e(x,x) 9, (x), 
, . , , ; .\ Kf! 
(xx | V cun)= f ded 0," (x) o,*(x’) 


> , r\ , 
XK V (xx s 04401’) 01 (X1) Gey (47’). 


(5c) 


(5d) 
One obtains in this way 


W o= +>. {(e tv) peix}- 


(5e) 


Considering this expression as a function of Ay, x., and 
¢.(x), the expression is to be minimized under the 
supplementary condition 


(1—2h,)?+ (2x,)2=1, (5f) 


which follows from the definition (3c), and under the 
constraints 


which express the orthogonality and normalization of 
the one-particle states. 
For a fixed system ¢,(x), one has 


Ve=OW o/Ohy, x= OW 0/ Ox, (6a) 


and minimizing W» with respect to h, and x, under the 
supplementary condition (5f), one obtains the equations 


v.=E,(1—2h,), (6b) 


pe — E,2x,. (6c) 
An elimination of the Lagrangian multiplier E, gives 
the relationship 


Ve2Xet+ux(1—2h,)=9, (6d) 


whereas for E, one obtains with the supplementary 
condition (5f) 


E,= (v2+ne). (6e) 


As shown in (F), in the commutative case this repre- 
sents the energy of the independent quasi-particle 
excitations. In the more general case, E, is related only 
to the energy difference, 


(6f) 


between the expectation values of the Hamiltonian in 
the states ,|%o and %. If the equations (6b, c) are 
satisfied, one obtains indeed from (6f), £,.=E,. 

If the states x are known, the equations (5a, b, f) 
and (6b, c, e) determine /, and x,. 


E,=v,(1—2h,) —p.2X 0, 
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For hy, x« fixed, a variation of Wo» with respect to 
the functions ¢,* gives 

5Wo 
— ah. f de v(y,x") px (x") 


5¢,* (y) 


cei f dx! w(y,x’)o-.*(x’) (Ta) 


= fo K (y,x) ¢x(x), 


with 

K(y,1)= f dx'(o2° M2) (ye 2), (7b) 
where the last equality is obtained by using the form 
(3a, b) of A and x. With the constraints (5g), and 


Lagrangian multipliers A,.", one obtains in this way the 
equations 


(7c) 


fas K (y,x) ¢(%) = Acer Gur (y). 


With the expressions (3a, b), (4a, b) of h, x, w, v, these 
are nonlinear equations to determine the single-particle 
system ¢,(x). In the case that x,=0 for all x, they 
reduce to the Hartree-Fock equations. 

From the expressions (3a, b, c) of # and x, one obtains 
immediately the equations 


h(x’ .x)— fertie sn) — x(x’ ,y)x*(y,x)}=0, (8a) 


fee 9)x00,2)—x@" nk.) =(0. (8b) 


Apart from a change in notation which makes apparent 
the matrix character of these equations, these are the 
relationships derived by Bogoliubov‘ for the expectation 
values formed with respect to the vacuum state po of 
the quasi-particle operators 


£o= Dog (cod tx00,'), 


(8c) 
‘=>. (Oco*A.+ tne" G,'). 
The index « stands in the present reference for an 
arbitrary system of one-particle states, and one has 
£'|bo=0. (8d) 
Bogoliubov has shown that the relationships (8a, b) 
express the necessary and sufficient condition for the 
quasi-particle transformation (8c) to be unitary. 

The important point to note is that the relationships 
(8a, b) which follow from the form (3a, b) of # and x 
imply conversely that # and x can be brought simul- 
taneously to that form, and that the vacuum state of 
the general quasi-particle transformation (8c) has the 
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simple pair structure (1b) of the trial state vector of 
Bardeen, Cooper, and Schrieffer. Indeed, the Hermitian 
matrix h can be brought to the diagonal form (3a), and 
assuming a more general form 


x(x’ x) = de Xuu’ Pr’ (x") pe (x) 


(8e) 


for x in this representation, one obtains from (8b) 


(hi—he) Xxx =9. (8f) 


If the eigenvalues h, of 4 are nondegenerate, apart from 
the twofold degeneracy h_.=/,, one concludes im- 
mediately Xxc=Xxd«,-« for x>O. If there are other 
degeneracies, a further transformation in the subspace 
of degenerate eigenvalues h, might be needed to bring 
x to this form’ and to determine a pairing x, —x. 


INDEPENDENT QUASI-PARTICLE EXCITATIONS 


If the Hamiltonian (1a) is expressed in terms of the 
quasi-particle operators (2a), a part of the interaction 
energy can be separated* which after the ordering 
process of the quasi-particle creation and annihilation 
operators contains terms with genuinely four factors 
n, n'. The remaining part of the Hamiltonian** which 
contains the single-particle term of (la) and terms 
resulting from the interaction energy by contractions 
represents a Hamiltonian for an independent quasi- 
particle motion. In terms of the particle creation and 
annihilation operators a,, a,' it can be written as 


A = const +4  ™ { V¢e°0 Ay" = Vex! Ay! Oy! 
(9a) 
idt=[at,A], 


HF Ucn Ong! — pen! Oe dy"}. 


The linearized operator 
id=[a,f1], take the form 


id,t — De (Venu + pee’), 
1d,.= , ne (— pee *Oet — Vux!* Gy’). 


In the case dealt with in (F), one can write 
Vext'=Viden’', Mex’ =Hede, for x>O, and the quasi- 
particle Hamiltonian (9a) is diagonalized by introducing 
the operators (2a). This will no longer hold in the 
general coupling case, and a further transformation 


=). Cote tt=>°. Cor*ne (9c) 


will be needed, where C,, is unitary, to bring Af into 
a diagonal form 
A=Wotd. Eskotet. (9d) 


From Eq. (2b) a similar equation (8d) follows for the 
linear combinations (9c). The operators (9c), expressed 
in terms of a,, a,‘ are of the form (8c), but represent 
now that special transformation which diagonalises the 
quasi-particle energy. The one-quasi-particle eigenstates 


equations 


(9b) 


18 The conclusion that #4 and x can be brought simultaneously 
to the form Myer =hSxx’, Xxx! =Xxde,-«' WAS pointed out independ- 
ently by V. G. Soloviev (private communication). 





1016 ae 


of 7 will be given by 
Sy |, = as Cod Po, (9e) 


where ®» is of the form (1b), and the definitions (2a), 
(9c) and the relationship »,|®)=a,> have been used. 
This represents a state with an additional unpaired 
particle in the sea of coupled bound pairs. Whereas 
(1b) can be considered as an approximation for the 
ground-state vector of a system with an even number 
of particles, the corresponding trial approximation for 
an odd number of particles will be of the form (9e). 
Since the interaction terms of the difference H—/7 
give zero expectation value in the state (9e), the 
eigenvalues W»+E, of A can also be obtained by 
minimizing the expectation value of the Hamiltonian 
H with respect to a trial state vector of the form (9e). 
The expectation values 4, x can be expressed in terms 
of the unknown coefficients , v of the quasi-particle 
wave function, and one obtains a set of self-consistent 
nonlinear equations. The self-consistency requirements 
become of importance in approximations to systems of 
finite size, as in the nuclear physics applications. For 
large systems with extended single-particle wave 
functions, as in the case of a metal, where the addition 
of one particle does not influence much the self-con- 
sistent fields, the values of # and X obtained from the 
variational principle for a system with an even number 
of particles can be used in the equations to determine 
the excitation energies E, and wave function com- 
ponents #, v of an additional particle. The equations are 
then linear, and are simply the eigenvalue equations 
related to the linear operator A given by (8a). This 
relationship of the quasi-particle energies E, to a 
variational principle gives further justification for 
interpreting these quantities as excitation energies."® 


MATRIX EQUATIONS 


The quasi-particle transformation (2a) or (8c) 
introduces a single-particle space of twice as many 
dimensions formed by linear combinations of the wave 
functions ¢,(x) and their conjugate complex ¢,*(x). 
According to a remark by Bogoliubov,‘ the subsidiary 
conditions (8a, b) for the quantities # and X can be 
considered as expressing the projection operator 
character, 


x= KX, (10a) 


of a matrix K defined in this space (¢,¢*). With a 


compact notation and the simplification indicated 
after the equations (8a, b) one can write K in the form 


h x 
x=( ). 
—x* 1—h* 


(10b) 


The aim of the present section is to show that by 


16 A relationship of Z, to a variational principle was indicated in 
the simpler commutative case by H. Koppe and B. Miihlschlegel, 
Z. Physik 151, 613 (1958). 
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introducing further quantities in the space (¢,¢*), the 
equations obtain an extremely simple form. At the 
same time, they appear as direct generalizations of the 
commutator equations for the density matrix in the 
Hartree-Fock method. 

The form (9b) of the linearized operator equations 
suggests the introduction of the Hermitian matrix, 


(11a) 


in the (¢,¢*) space. It follows from the symmetry of 
this matrix that if (u,v) is an eigenvector of SN with 
eigenvalue E,, then (v*,u*) is an eigenvector with 
eigenvalue —E,. The quasi-particle energies E, deter- 
mined by the operator ff are all positive. The matrix 
Mt has twice as many eigenvalues +£,, the absolute 
values of which are the quasi-particle energies. The 
eigenvectors of 9% determine the coefficients of the 
quasi-particle operators £ and &,". 

The variation of the expectation value (4d) of the 
Hamiltonian can be written in terms of 9M and the 
variation 5K as 

bW = (11b) 


} Trace IN6K. 
Adding to this 


6(K?— K)= KSK+56KK—5K, (11c) 


with a Lagrangian multiplier —}A, summed over the 
diagonal elements of the product, and equating the 
resulting expression with zero, one obtains the equation 


I: (11d) 


AK+RKA—A., 
Because K?= ®, this means 


JITK RAK 


KI, (11e) 
and gives the commutator equation 


[om,K ]=0. (11f) 


If one varies the expectation value of the operator 
i(0/dt)—H, instead of the expectation value Wo of the 
Hamiltonian H, one time-dependent 
equation 


obtains the 


idK/It=[M,K ]}. (11g) 
The analogous equations of the Hartree-Fock 
method"? in terms of the density matrix / are of the 
form 
[vk |=0, (12a) 
and 
idh/dt=[v,h }. (12b) 


L? 


The density matrix / is then given by the expression 
(3a) with a number distribution (1f), and the self- 
consistent energy v by the corresponding expression 
(4a). For x=0, the equations (11f, g) give a sym- 
metrized version of these density matrix equations. 
The projection operator K defines in this case a new 


17 P, A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930). 
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vacuum state by interchanging the role of particles 
and holes. 

Dirac’s argument!’ given in connection with Eq. 
(12b) can be immediately extended to the present case 
to show that the energy expectation value (4d) is an 
integral of motion of the time dependent equation 
(11g), if e« and the interaction energy V in the Hamil- 
tonian (la) are time-independent. It is perhaps even 
simpler to refer to the expression (11b) for 5Wo, which 
shows immediately that one has 


d OR 
—Wo= , Trace IN—=0. 


(13) 
dl al 


The last equality is a consequence of the equation 
(11g) and of the rule of permutation of factors in a 
trace. 

Solutions of the stationary equation [9N,K ]=0 can 
be built up from the projection operators of the spectral 
decomposition of IN which all commute with I. The 
quasi-particle excitation energies E, in the expression 
(9d) of Al will be positive, if K is chosen to be the 
projection operator of the negative energy spectrum 
of IN. K devides the space (¢,¢*) into two subspaces 
and defines the approximate ground-state vector ®p. 

If the notation is modified so that the matrix char- 
acter of the equations is no longer recognizable, the 
components of the equations (11f, g) lead to the equa- 
tions given by Bogoliubov.*'* The matrix commutator 
equations exhibit in a compact form the equations 
valid in the simpler commutative coupling case, and 
represent at the same time the form of the equations 
which remains valid in the more general case. 

The more detailed form of the commutator equations 
becomes especially simple if a representation can be 
found in which all matrix elements are real. The fol- 
lowing expressions will be given in such a representation. 
An illustration of the equations with a complex repre- 
sentation of K and IM is provided by Eqs. (8a, b). 

In such a real representation, K and M can be 


written in the form 
tad : 
). (14a) 
-F 


h x v 
x=( ), m= ( 
—x 1-h —p 
1—2h — 2x 
_— ) 
2x — (1—2h) 


The matrix 

18 A variational derivation of the equations was given by N. N. 
Bogoliubov and V. G. Soloviev, Doklady Akad. Nauk. U.S.S.R. 
124, 1011 (1959) [translation: Soviet Phys.—Doklady 4, 143 
(1959) ], by expressing / and x in the expression (4d) of Wo by 
the coefficients «, » of a general quasi-particle transformation 
(8c) and varying wu, v. Any transformation of the form (9c), with 
an arbitrary unitary C,. leads to the same # and x, and there are 
infinitely many such transformations. As both Wo and the re- 
sulting equations are independent of the arbitrary coefficients 
u, 0, the introduction of these variables is obviously irrelevant in 
the argument. The same remark holds in connection with many 
expressions of published papers, where quantities which depend 
only on / and x are expressed in terms of the coefficients 1, 2. 


(14b) 
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has eigenvalues + 1, and in the stationary case when it 
commutes with 9M its product with 9M has positive 
eigenvalues E, instead of the negative eigenvalues 
—E, of M. 

The condition K?= K implies 


. (1—2h)?— (2x)? [(1—2h), —2x] 
(12x) ( | ma 
[(1—2h), —2x] (1—2h)?— (2x)? 


(14c) 
which gives the equations 


(1—2h)?—(2x)2=1, [h,x]=0. (14d) 


The first of these expresses the relationship (5f) in 
any nondiagonal representation which can be reached 
from the diagonal representation by means of a real 
orthogonal transformation. The additional minus sign 
comes from the anti-Hermitian character of x. The 
second equation in (14d) indicates that # and x can 
be diagonalized simultaneously. 
The expression (14a) of IW gives 


y—p [vy | 
N= ( ). 
[vu | y— pe 


If [vu ]=0, this form of SN? shows that the eigenvalues 
of 3% can be expressed as +(y,?+y,”)! in terms of the 
eigenvalues v, and uw. of v and ip. In the noncom- 
mutative coupling case when [v,u]#0, the quasi- 
particle energies will be given in general by less simple 
expressions.” 
For the commutator [9N,K] of Eqs. (11f, g) one 
obtains with the expressions (14a, b) 
a 
), (15b) 
® 


2@= {2x, vy} +{(1—2h), u}, (15c) 
28=[(1—2h), v]+[2x, w], (15d) 
and the bracket { , } stands for the anticommutator 


of two quantities. The equation [9N,K ]=0 is equivalent 
to 


(15a) 


B 
[1—2x, mM ]=2[,xK ]= 2 
a 


where 


a=0, @&=0. (15e) 
In the diagonal representation of the commutative 
case, the equation @=0 reduces to the equation (6d) 
and @®=0 is trivially satisfied. The time-dependent 
equation i0K/di=[9MN,K ] leads to the equations 
idx/At=@Q, idh/dIi=B. (15f) 
The contact with Bogoliubov’s expressions' can be 
established through the quantities @ and @. 
For the symmetrized product of IN and 1—2K one 


##Such more general expressions for the quasi-particle energy 
have been worked out explicitly for simple models in connection 
with the work of reference 10. 
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obtains the expression 


D € 
(1-2, a1) =2( ), 
© D 


2e= [2x, v]+[(1—2h), u], 
2D= { (1—2h), v} + {2x, p}. 


In the commutative case, © is zero and D gives the 
expression (6f). 


(15g) 


(15h) 
(15i) 


SMALL OSCILLATIONS 


The equations of small oscillations about an equi- 
librium solution equally simplify with the compact 
form of the equations of motion given in the previous 
section. If one writes 


K=KOLKO, M=M+M®, (16a) 
in the time-dependent equation idK/di=[9N,K ], and 
assumes that K® is a solution of the stationary 
equation 


[mn ,0]=0, (16b) 


small changes K in the solution are determined by 
the equation 


19K /At=[M© K]+(M®, KO],  (16c) 


which results by disregarding second-order terms. The 
corrections v™, uw to the self-consistent potentials 
which determine IN“ are obtained by replacing / and 
x by h® and x™ in the definition of »—e and uy. If 
K®, I are known, the equation (16c) is a linear 

equation in K“, It is supplemented by the condition 
KOKV+KOKO=K®, (16d) 

which follows from K?=X and 
KO2= KO, (16e) 


The equations further simplify in a representation 
in which K® and NM are diagonal. With the notation 


o>0 
o<0, 


nmz=0 for te 
=i for (17a) 


one has in such a representation 


Keor™ = Nodeo', 


(17b) 


Moo? = (1—2n,) Esdce, (17c) 


where o>0 and «<0 stand for the positive- and nega- 
tive-energy eigenstates of 9%. The supplementary 
condition (16d) takes the form 

(tet Ne: —1) Keer =0 (17d) 


which means that K,.“’=0 except for n,+n,=1, 
that is, except for ¢>0, o’<0 or «<0, o’>0. 
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For the nonvanishing matrix elements one has 
[MO KO ]oe= (Ee t Es) Keo, 
[I KO], g= + Moer™, 


(18a) 
(18b) 


where the + sign holds for o>0, o’ <0 and the — sign 
for «<0, o’>0. Assuming a periodic solution in time 
with frequency w, that is idK”/dt=wK™, the equation 
(16c) gives, for w¥+(E,+E£,-), the relationships 


1 


Keo MN. for 


o>, o’ < QO; 


E,t+Ey—w 


1 
Keo? = —-— Whee for a 


E+E, +o 


0, o’>0. 


They represent a linear equation system to determine 
the collective oscillation frequencies w and to investi- 
gate the stability of the solution K of the self-con- 
sistent stationary equation (16b). The equations are 
written in a form in which they can be used, together 
with the definition of 3%, to give linear equations in 
mm”, If one multiplies with the denominators, they 
appear in the form of a linear two-particle wave 
equation to determine the two-quasi-particle wave 
function K™, The term 9% represents then an addi- 
tional interaction between the two quasi-particles. The 
validity of this form of the equations in the more 
general coupling case is to be stressed. 

The components of the equations (16c) are equivalent 
to the equations of the generalized random phase 
approximation,"—" if the expectation values of the 
linearized operator equations of the approximation are 
taken with respect to a state vector of the Bardeen, 
Cooper, Schrieffer type. 


For ¢>0, o’>0 or «<0, o’ <0, one has 


[MO KO] =+t(E,—E,-), [M,K],..=0, (19a) 


all 


which leads to solutions of the equation (16c) which 
satisfy 


10Koo?/ At (19b) 


>+(E,— Es), 


These correspond to the solutions called ‘unphysical’ 
by Anderson” and are eliminated by the supplementary 
condition (16d), (17d). 


GREEN’S FUNCTIONS 


The symmetries of the representation become even 
more apparent in establishing the connection with the 
corresponding approximation of the Green’s function 
equations. Positive and negative energy solutions 
contribute with a different sign in the time variable 
and the subspaces determined by K and 1—X become 
related to the “negative” and “positive frequency 
part” Green’s functions. 


1 Tn order to obtain a Hermitian K™, a linear combination of 
solutions with frequencies w and —w is to be taken. 





GENERALIZED 


In terms of the quantized field operators (x), ¥*(x), 
the linearized field equations can be written as 
ip=wtny'*, (20a) 
if*=—p*y—v*Y*, (20b) 
where the kernels of the integral operators v, w are 
given by the expressions (4a, b). Equations (5b) give 
the detailed form of these equations in another repre- 
sentation. The letter x will now include the time 
variable, though with the simple form (4a, b) of », u 
the integral sign in connection with these integral 
operators will indicate a summation over the variables 
excluding the time. The notation will, however, be 
suggestive to the form of the equations in further 
approximations where a multiplication with the self- 
energy operators involves also a time integration. 
Introducing the Green’s functions 


GO (x,x)=(V*(x’W(2)), 

FY" (x,x') = (V* (x )Y*(x)), 
FO (x,a’)=((x')W(2)), 

G"* (x,x') = (W(x )\W*(x)), 


where x and 2’ refer in general to two different time 
points, they satisfy the relationships 


GO (x2) =GO"(#,2), 
PO (x,0")= FO"), 


(21a) 


FO (x,x’)= F*(x’,x), 


GH (x,2)=GH* (x’,x). (21b) 


Multiplying the equations (20a, b) by ¥*(x’) from the 
left and forming expectation values with respect to the 
state Bp, one obtains the equations 
0 hie 
i—G@ (x,x’)= fovene )(y,x") 
ol 
+p(x,y)FO*"(y,x’)}, 


(21c) 
0 


i—Pe*(x)= f dyl—w"GO A) 
At 
—v*(x,y)FO"(y,x')}. 


With the notation &:(y,y*), and the matrix form 
(11a) of 9M, the linearized field equations (20a, b) take 
the form 


(22a) 


iow /ai=mM. 
Introducing the matrix 


GO Fo 
= , 

FoH* Go 
the equations (21c) and the two similar equations 


obtained by multiplying the field equations (20a, b) 
from the left by ¥(«’) can be written in the matrix form 


(22b) 


i—cO =m. 
at 


(22c) 
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Because of the symmetry properties of SW, the con- 
jugate complex of this equation can be written in the 
equivalent form 


0 
;__(>(+) — ¢ + 
—or a MG, 


at 
GH FH 

Gt » ais . 

: pet: eae 
Besides the solutions G, SG“ of the homogeneous 
Green’s function equation (22c, d) it may be of interest 
to consider the Green’s function solutions G, G1) related 


to the expectation value of anticommutators and com- 
mutators of field operators which are given by 


G F 
g=g%+g0= 
F* G* 


. Gay Fwy 
— x» > » a 
1 lt ditt diene, 90 ,  (23b) 
ure)) 


Giyy* 
| G 
GH4GO=! ; 
1G.) 


(22d) 


where 


(22e) 


(23a) 


FH + FC | 


» (23c) 
iF 
where G, F are defined with the + sign; iGyy, iF 
with the — sign. The retarded, advanced, and time- 
ordered solutions of the corresponding inhomogeneous 
Green’s function equations with inhomogeneous 6- 
function terms can be constructed from these homo- 
geneous solutions in the known way. 

Apart from the inhomogeneous term, Eqs. (2i1c) 
give a generalized form of Gorkov’s equations®”® and 
Eqs. (22c, d) establish the matrix form of these 
equations. The same equations can be obtained from 
the coupled system of Green’s function equations by 
approximating the two-body Green’s function by the 
sum of a contribution from an independent-particle 
motion described by G and of a factorizable term with 
factors F. This corresponds to the approximate form 
of the two-body correlation function? at equal times in 
which a dominant weight is attributed to a single 
factorizable term given by the product of two factors x. 

For i=?’ the Green’s functions reduce to expressions 
considered in the previous sections. One has 

gM(I=f)=K, GOl=r)=1-K, 


Cw (t=t/)= 1—2K. 


(24a) 
(24b) 


Through the relationship between IN and K, these 
initial conditions impose self-consistency requirements 
on the Green’s function equations. 

Because of v(x,x’)=v*(x’,x), u(x,x’)= —p(x',x), Eqs. 


G(t="’)=1, 


*” For use of the homogeneous Green’s functions see also Yu. T. 
Grin’, S. I. Drozdov, and D. F. Zaretzky, J. Exptl. Theoret. Phys. 
U.S.S.R. 38, 222 (1960) [translation: Soviet Phys.—JETP 11, 
162 (1960). 
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(20a, b) can be written in the alternative form 
—ip*t=y*v—yy*, (25a) 
(25b) 
or with W":(y*,) as 
—idw' /dt= 9M. 
For the matrix Green’s functions (22b 


this leads to equations of the form 


= GOI. 


(25e) 


With the initial condition (24a), this reduces for ‘=/ 
to the equation 
[omn,K ]. 


i0K/ dl (25f) 


A somewhat different two-component notation has 
been considered by Anderson, Nambu,’ and Schrieffer”! 
in the case of electrons with a spin independent Hamil- 
tonian. They consider the combination 


W(x) 
W(x) ( ), 
y2* (x) 


21 J. R. Schrieffer (to be published). 


VALATIN 


where v1, ¥2 refer to the two spin directions 1, 2, and 
introduce Pauli matrices in this notation.2* There is 
no doubling of the single-particle states as in connection 
with the matrices K, IN. The connection between the 
two descriptions is established by the remark that in 
the case of a spin-independent Hamiltonian the 
quantities h, x, v, w can be described by matrices of 


the form 
hy, 0 0 X12 
eae ay 
0 hoe Xan O 
re 0 ) ( Q an 
y= , ; 
0 V22 Mei 0 
and the matrices K, IN appear in a reduced form with 
respect to two invariant subspaces. In the case that 
there is no obvious @ priori separation of the single- 
particle space into two independent subspaces, the more 


symmetric method of the present paper will still retain 
its validity. 
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A strongly coupled system—the limiting case of a highly degenerate many-fermion system for which the 
variation of the kinetic energy is neglected, and the interaction restricted to a region of momentum space 
neighboring the Fermi surface—has been analyzed in a manner not dependent upon assumptions about the 
convergence of power series expansions or on partial summations of infinite series. The vacuum expectation 
value of the resolvent operator, (1/(H/—2))o, is expressed as the Laplace transform of the exponential of a 
function linearly dependent on the volume of the system. It is shown that the linked-cluster expansion of 
the vacuum expectation value of the resolvent operator has a zero radius of convergence as‘a power series 
in the coupling constant. The most serious physical consequence of this is that a nontrivial interaction 


never results in a ‘normal’ system. 


INTRODUCTION 


N spite of the complexity of the quantum mechanical 

many-body problem, progress has been made in 
recent years towards the understanding of both 
“normal” and “superfluid” systems. What has been 
achieved, however, has often been founded on approxi- 
mations or conjectures which determine the qualitative 
nature of the resulting solutions from the outset, and 
whose validity is difficult to establish on a rigorous 
basis. The investigation described in this article has 
been undertaken in an attempt to approach the many- 
fermion problem in such a way that one retains the 
possibility of obtaining qualitative information as long 
as possible, and so that one can obtain information 
which does not depend on assumptions about the 
convergence of power series expansions, or on partial 
summations of infinite series. 

A salient feature of the many-fermion system is its 
extreme degeneracy before the effects of interaction are 
taken into account. The system to be analyzed is the 
limiting case of the degenerate many-fermion system in 
which the degeneracy is so great (the Fermi energy is 
so large) and the interaction so weak, that the variation 
of the kinetic energy can be neglected in the zero-order 
approximation—the kinetic-energy operator being re- 
placed by its constant expectation value. We thus 
begin with a system all of whose “unperturbed” levels 
have precisely the same energy, the interaction term 
producing the entire level structure. The first step is 
then to diagonalize the interaction and to remove the 
degeneracy. 

In this sense the situation is similar to that in 
strong-coupling meson theory'; however, what is really 
at issue here is the tremendous degeneracy of the 
system and the relatively weak interaction which 
couples only single-particle states close to the Fermi 
surface so that the variation of the kinetic energy is in 
fact relatively unimportant. 

* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

t Alfred P. Sloan Research Fellow. 

1S. M. Dancoff and R. Serber, Phys. Rev. 63, 143 (1943). 


Although the strongly coupled system is a simplifi- 
cation, it is still in its essence a many-body problem— 
one for which most of the intricacy of the many-body 
dynamics has been retained. We thus present a simpli- 
fied, intrinsically many-body problem from which we 
can obtain detailed information about analytic proper- 
ties of the perturbation type expansions used in the 
analysis of many-body systems, and from which we 
hope to obtain qualitative information concerning the 
spectrum of such systems. This limit is thought to be 
of special relevance in the theory of finite nuclei* and 
in the theory of superconductivity; in the latter case 
it has in fact been shown® that the strong-coupling 
limit gives both qualitative and quantitive results 
similar to the full theory. One might hope, therefore, 
that the analysis of the strongly coupled system could 
be used to clarify the underlying pairing approximation 
in the theory of superconductivity.‘ 

In this paper we develop the theory of the strongly 
coupled system with special emphasis on the separation 
of the volume dependence in a manner not assuming 
convergence of any series, and obtain explicit infor- 
mation on the analytic properties of perturbation 
expansion used for many-body systems. It seems likely 
that some of the results can be generalized to the full 
many-fermion problem. 

In the first section the strongly coupled system is 
defined and the resolvent operator introduced. The 
vacuum expectation value of this operator is evaluated 
in the second section; this is obtained as the Laplace 
transform of the exponential of a function proportional 
to the volume of the system. The analytic properties of 
the resolvent operator are discussed in the third section. 
In particular it is shown that the linked-cluster expan- 
sion of the vacuum expectation value of the resolvent 
operator has a zero radius of convergence as a power 
series in the coupling constant. 


2 See, for example, B. R. Mottelson, in The Many-Body Problem, 
edited by C. Dewitt and P. Nozitres (John Wiley & Sons, Inc., 
New York, 1959), p. 283. 

3D. J. Thouless, Phys. Rev. 117, 1256 (1960). 

4J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957). 
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1. THE STRONGLY COUPLED SYSTEM 


The Hamiltonian of a system of particles interacting 
via two-body forces is written 


H=Hy+gV, (1.1) 


where the kinetic term, H/o, is 


h 
Hy E fvr(- a (1.2) 
a 2m 


the potential term is given by 


V=1>° f arr Wa*(r1)Ws* (re) 


ap 
Xov(ri—re)Wa(re)Wal(ri), (1.3) 


and the coupling constant, g, is written explicitly to 
make the investigation of analytic properties more 
convenient. : 

For a nonrelativistic Fermion system, y is a two- 
component spinor which satisfies the anticommutation 
relations 


{Va(r),wa(r’)} =0; 

The strongly coupled system is defined by neglecting 
the variation of the kinetic-energy term in the Hamil- 
tonian. This is done by replacing Ho by its expectation 
value, (H»)=T, the constant average kinetic energy of 
the system. In order that such a system have a ground 
state it is necessary to limit the region of interaction 
to some finite domain in momentum space, to provide 
the cutoff usually provided by the energy denominators. 
This can be done by using a momentum cutoff or, as 
we shall do, by limiting the interaction to a shell 
surrounding the Fermi surface. The last, which pre- 
serves the symmetry between particles and holes, is 
particularly germane since, if the strong coupling 
approximation is to make sense, the single-particle 
states involved must not vary widely in kinetic energy. 
This implies that they are restricted to a small region 
surrounding the Fermi surface. 

These conditions are most conveniently formulated 
in momentum space. Expanding y.(r), 


{va(r),Wa*(t’)} =5295(r—r’). (1.4) 


1 
Y.(r)= >, Cu, ca*e™-*, 
f/Ql ko 


(1.5) 


where & is the volume of the system and ,’ is also a 
two-component spinor, we obtain [for a spin-inde- 
pendent v(r—r) | 

H,.=T+gV- 


T+ pm 
k,k’,q,¢ 
k,k’ ,.k+q,k’—q ¢ shell 


- *. ok 
Ck+q,o Ck’—q,o’ 


a 


XCur,o’C,o0(q), (1.6) 


1 
v(q)=- fi (r)e—‘4-"dr, 
) 


COOPER 


and where we assume that »(r) is bounded. The commu- 
tation relations for the c operators are 
{CroCure’}=O; (Cu,oCe,o*} =Sue5e,o7. (1. 

We will simplify the notation by setting the constant 
T equal to zero, thus shifting all energies by T. By the 
notation: k, k’, k+q, k—q « shell we mean that the 
magnitudes of the vectors k and k’ satisfy the condition: 

ky—5< |k| <k,+5, (1.8) 
where presumably 6/k;<<1, while the vector q ranges 
over all values such that k+q and k’—q also satisfy 
(1.8). This has the effect of allowing only those scat- 
tering processes which take a particle or hole in the 
shell defined by (1.8) into another particle or hole in 
this shell. 

In our treatment we shall assume that the total 
number of single-particle “unperturbed” states of both 
spins in the shell defined by (1.8) is 4N and that the 
Fermi surface is symmetrically placed so that the total 
number of particles is 2. NV, of course, is proportional 
to Q for 6 constant. The vacuum state of the unper- 
turbed system is defined so that all single-particle levels 
below ky are filled, while all single-particle levels above 
kp are empty. All other “unperturbed” configurations 
|p;) (there are a total of (4N)!/[(2N)! ? configurations) 
can be obtained by creating holes below and particles 
above the Fermi surface, keeping NV constant. These 
are constructed from the vacuum by operating on the 
vacuum with the creation operators cx.*, ¢;,, where k 
lies above the Fermi surface and I lies below: 

| puy- + -Meysly---1,)=Chey*+ + -ck,*cly-++clg|Go). (1.9) 
We thus are presented with a well defined problem 
that of diagonalizing a finite dimensional matrix whose 
matrix elements are those of the operator gV between 
unperturbed states. 

Creation and annihilation operators can be defined, 
as has been pointed out by Hugenholtz and Van Hove’, 
for arbitrary definitions of the vacuum states. One can 
consider as the vacuum state any of the unperturbed 
states of the system, referring all other states to this 
vacuum by the addition of particles or holes. With 
respect to this arbitrarily defined vacuum, c,* is a 
creation operator if k is one of the states unoccupied 
in the vacuum, and it is an annihilation operator if k is 
one of the states occupied in the vacuum. On the other 
hand, cy is considered a creation operator if k is one of 
the states occupied in the vacuum. Any results obtained 
for vacuum expectation values of operators not depend- 
ing explicitly upon a particular choice of the vacuum 
state are equally valid for any diagonal matrix elements 
with all quantities suitably redefined. 

To analyze the strongly coupled system, we make use 


5N. M. Hugenholtz and L. Van Hove, Physica 24, 363 (1958) 
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of the resolvent operator, R(z), defined by 
(1.10) 


This operator has been discussed previously in connec- 
tion with the many-body problem by Hugenholtz® and 
Van Hove.’ An arbitrary matrix element of R(z) can 
be written 


(:| R(z)|6;)=(R(2))si- (1.11) 


If we expand the states (¢;| and |¢,) in eigenfunctions 
|y,) of the Hamiltonian, gV, where 


gV |Pr)=E,| pr), 


1Pi)= Din an‘ |Wn), 


(1.12) 
so that 
(1.13) 


we have 


(R(2)) j= (Gn')*an4 (1.14) 


4 mm & 
“n “ 


The analytic properties of (R(z));; are immediately 
evident from this last expression, since the sum is finite. 
The matrix elements of the resolvent operator are 
analytic everywhere except for poles on the real axis, 
and these poles are bounded both above and below by 
the maximum and minimum energy levels Eypx< E< En. 
Such maximum and minimum energies exist, since the 
strongly coupled system is finite and v(r) is bounded. 
This will be discussed further in Sec. 3. An arbitrary 
matrix element of the resolvent operator, (R(z));;, may 
be expanded in powers of the coupling constant to give 


(1.15) 


1 
(R(2)) j= on ithind dX (g, '3) “Vii, 


where (V");; is independent of g or z. From (1.14) we 
know that (R(z)),; is analytic in 1/z for |z| >| Emax| 
and so can conclude that (1.15) has a nonzero radius 
of convergence and that the radius of convergence is 
determined by the energy level of maximum absolute 
value 

| Zo] = | Emax(g)|. (1.16) 


It is further true that the poles of matrix elements of 
R(z) reveal the energy levels of the interacting system. 
However, it is clear that the absence of a pole from a 
particular matrix element at a point on the real axis 
does not indicate the absence of an energy level there. 
It may only indicate that a particular coefficient a, 
does not appear in the expansion of the wave function. 
If, for example, we were considering the poles of 
(¢o| R(z)|@o0) as is done in order to obtain the Goldstone 
formula® and if the “true” ground state |yo) had a 
different symmetry character from the state |@o), then 


®N. M. Hugenholtz, Physica 23, 481 (1957). See also N. M. 
Hugenholtz, in reference 2, p. 1. 

7L. Van Hove, Physica 21, 901 (1955); and 22, 343 (1956). 

8 J. Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957). 
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the coefficient ap would be zero and this pole would not 
appear. This may be related to the difficulty uncovered 
by Kohn and Luttinger.’ 


2. EVALUATION OF THE RESOLVENT OPERATOR 


To evaluate the resolvent operator we make an 
expansion in powers of the coupling constant 


1 « 
R(z)= Sith bY (g/z)"V", 


a= 
Zz n=0 


(2.1) 


having established that such an expansion has a finite 
radius of convergence. We will be interested primarily 
in diagonal elements of the resolvent operator and, 
keeping in mind the possibility of defining any state as 
the vacuum state, we consider the vacuum expectation 
value of the resolvent operator (¢0| R(z) |¢0)=(R(z))o: 


1 @ 
(R(2))o= — - 2 (g/2)™(V")o. 


Z n=0 


(2.2) 


The crux of the problem lies in the evaluation of 
vacuum expectation values of powers of the interaction 
V. 

For an interaction of the form (1.6) the evaluation 
of matrix elements like (V")» has been treated in detail 
in many places. In a form particularly convenient for 
this discussion one can refer to Hugenholtz.® In brief, 
these matrix elements are evaluated using Wick’s 
theorem.'° Each matrix element is given by a sum over 
contractions of the operators and can be put into one- 
to-one correspondence with Feynman-like diagrams. 
There are two basic types of diagrams; the first, called 
connected diagrams, are proportional to the volume of 
the system; the second, or disconnected diagrams, have 
a volume dependence depending upon the number of 
connected diagrams of which they are composed. A 
connected diagram is defined as one which cannot be 
divided into two separate diagrams without cutting 
at least one line. A disconnected diagram can be so 
divided. 

A traditional problem in the perturbation analysis 
of many-body systems is the volume dependence of 
higher order terms in the perturbation expansion. Both 
Goldstone’ and Hugenholtz® have solved this problem 
by showing that the interesting physical quantities can 
be obtained from “‘linked-cluster” expansions which 
have a linear volume dependence, but their proofs 
depend upon the assumptions of convergence and exist- 
ence which we would like to verify. For the strongly 
coupled system the volume dependence can be sorted 
out in a particularly transparent way and in such a 
way that no unwarranted assumptions concerning the 
analytic properties of the functions introduced need 
be made. 

The matrix element (V")o is the sum of all vacuum- 


9 W. Kohn and J. M. Luttinger, Phys. Rev. 118, 41 (1960). 





1024 LEON N. 
to-vacuum graphs of order ». Some of these are con- 
nected and thus are linearly dependent on NV; others 
are disconnected and have a dependence upon NV 
proportional to the number of disconnected graphs of 
which they are composed. In order to make the volume 
dependence of the matrix elements explicit, we con- 
struct all graphs of a given order from connected graphs 
only. This is done by observing that if a number of 
connected graphs are combined to make a disconnected 
graph the weight of the disconnected graph is just the 
product of the weights of the connected graphs. This 
differs from the situation in the usual case in that one 
here does not have to consider the combinations of the 
energy denominators. One has only to consider the 
number of different ways connected graphs can be 
combined in order to produce disconnected graphs. 

To explicitly decompose (V")o into products of 
connected graphs we introduce S,, which is the sum 
over all connected vacuum-to-vacuum graphs of order 
n; letting So=0, we can write 


(V")o=Sat Zz Sad af en" + oe 


at+fp=n 


Sasa Cass" 


at+fS+y=n 
+ at AD +S 3"C44...1". (2.3) 


Determining the coefficients, Cas,..." is a simple combi- 
natorial problem. The number of graphs which can be 
made of s connected graphs of order a, a2-:-as, 
where a1 a2~a3- - + az, is just 


*Qs) ! ‘(ay lors I. : 


(ay+a2+ :- *as!). (2.4) 
Taking into account duplications that occur if any of 
the a; are equal, and those that occur in the summation 


over a}+ae+---a,=n, we obtain 


1 


Cai op a;">= ae 


(2.5) 


Inserting (2.5) into (2.3) and (2.3) into (2.2), we can 
write the vacuum expectation of the resolvent operator 


a. 22 7 * 
, we - () 
z gn=1 \g 
n! 


1 
x {Sa a a Saar pf = +5," . 


ay !ae! 


(R(z))o= — 


(2.6) 


2! aj+az=n 


It will be shown later that the term proportional to 
the first power of the volume in (2.6), which is related 
to the Goldstone series,* does not exist as a power series 
in g. This is so because (2.6) is not absolutely con- 
vergent. To proceed further, we introduce an integral 
representation of the gamma function: 


T(n+1) an! 
r gt gn 
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which is defined for Rez <0; 
to get 


we can then rewrite (2.2) 


(R(z)o= > 


n==() 


(2.8) 


0 


The domain of definition is now the left half-plane with 
the semicircle |z| <|z,| omitted. 

The integration and summation can be interchanged 
if the sequence {u,(/)} is uniformly and absolutely 
convergent, where 


u,(t) (2.9) 


since (R(z))»9 as defined by (2.8) exists in the domain 
defined above. Using the asymptotic expansion of the 
gamma function, it is easy to show that 


| wen(t)| <| (g"/2"XV" (2.10) 


so that, since the series (2.2) has a finite radius of 
convergence, we conclude that {,(/)} is absolutely 
and uniformly convergent. 

We can then write 


L 


2 (V")o(—gt)’ 
(R(z))o f ed z ; (2.11) 


0 N. 


inserting (2.3) into (2.11) and using (2.5), we have 


l a! 


n=! 


“ » (Sy 
(R@)o= f eval + ys | (— gt)” 


( _ pt) | | (2.12) 
n! 

The series above is shown in the Appendix to be 
absolutely convergent so that the orders of summation 
now can be interchanged. We then obtain 


a 1 1 
(R@= f eval 1+ B+ —B+ 
,! >' 


where 


= 2) 


B(—s)= > - (2.14) 


The bracketed term in (2.13) sums to an exponential 
yielding 


(R()= f e*dt exp[ Bo(—gé) ]. (2.15) 


0 


It is convenient at this point to recall that 


Saz= > (bi 


connected graphs 


V"| do), 
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and that each such graph is linearly dependent on N as 
N — «. To make this dependence explicit, we write 


S,=0,N, (2.16) 


where o, is a number which contains the details of the 
diagrammatic sums. Using this, we can rewrite (2.15) as 


ra 2 On 
(R@))o= f dt e* exo VE “*(—g)*} (2.17) 


9 n=l 


We have in this way expressed (R(z))o as the Laplace 
transform of a function proportional to V. This function 
is a sum over connected diagrams and will be shown 
shortly to be convergent. We can invert (2.15) to 
obtain" 


1 vio 
expt Bo(—g)]=— f (R(z))oe~**dz, (2.18) 
2ri nin 

where n»=*<—|Emax|. This is defined for ¢>0 but 
can be analytically continued into the entire / plane. 
If we now insert (1.14) into (2.18) and do the inte- 
gration, we are left with 


exp[Bo(—gt) =X | am|?e-*™*. 


The right-hand side of (2.19) can be identified as the 
vacuum expectation value of the U matrix, 


(U(—it))o=Xom| am |2e-F™, 


(2.19) 


(2.20) 
so that 


exp[ Bo(— gt) |=(U(—it))o. 


It is clear from (2.14) and (2.21) that the ground state 
is proportional to N and to g. This is a direct conse- 
quence of the restrictions implicit in the strongly 
coupled system. 


(2.21) 


3. ANALYTIC PROPERTIES 


The analytic simplicity of the strongly coupled 
system is due largely to the fact that an expansion in 
powers of the coupling constant, g, is at the same time 
an expansion in powers of 1/z so that analyticity at 
g=0 is equivalent to analyticity at z=. We now 
proceed to an investigation of some of the analytic 
properties of the strongly coupled system. 

It was stated in Sec. 1 that the expansion of 
(R(z));; in powers of g/z had a finite radius of conver- 
gence. This depended upon the existence of a bound on 
the energy levels of the system. Now using a device 
similar to that employed by Yennie and Gartenhaus,” 
we can obtain an upper bound on the absolute value 
of any eigenstate—albeit an almost uselessly large 
upper bound—and thus establish explicitly the con- 
vergence of the power series expansion of (R(z));;. 

0 G. C. Wick, Phys. Rev. 80, 268 (1950). 

11D). V. Widder, The Laplace Transform (Princeton University 
Press, Princeton, New Jersey, 1946). See especially theorem 7.6a, 
». 69. 

2D). R. Yennie and S. Gartenhaus, Nuovo cimento 9, 59 (1958). 
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We note first that the vacuum expectation value of 
products of fermion operators satisfies the inequality 


|@o)| <1. (3.1) 


In fact, such vacuum expectation values will usually be 
zero. Referring to (1.6), we can then write 


(VSG) | 2X »(q1)---v(gn)| 
ki +> -kn; ky'+++kn's Qi-++dn 


1+ On; Oi ++ on" 


= (8N?)"| 204 0(9)|". 
|e 0(9)| =2, 


[(V")is] S (80N?)", 


(3.2) 
Defining 

(3.3) 
we have 

(3.4) 
where v is independent of g, z, or NV. 


We can now introduce a comparison series 


T(z)= > (g/z)"(8vN?)", 


n= 


(3.5) 


which is larger in absolute value term by term than 
|2(R(z));;| defined using (1.15) as (80N?)">|(V™),;|. 
The series (3.5) can be summed to give 


1 1 
T(2)=— —(— rena ), 3.6) 
SvN?\ g/s—1/8vN? 


so that T(z) has a pole at g/z=1/8vN? and is analytic 
elsewhere. Since |2(R(z));;| is bounded term by term 
by T(z), (1.15) must be analytic for g/z <<1/8vN? so that 


Emsx| S| 8gvN?|. (3.7) 
In spite of the fact that this upper bound has the 
wrong volume dependence it is sufficient to prove that, 
for N finite and for » bounded, a ground state exists 
and the expansion of (R(z));; in powers of the coupling 
constant has a finite radius of convergence. 

The fact that the coupling constant expansion of the 
resolvent operator has a nonzero radius of convergence 
does not guarantee that the related linked-cluster 
expansion which is linear in the volume of the system 
has a finite radius of convergence. We show below, on 
the contrary, that the linked-cluster expansion related 
to the resolvent operator expansion is not analytic in g 
at g=0. 

To demonstrate this it is sufficient to consider the 
linked vacuum expectation value of the resolvent 
operator which is denoted after Hugenholtz® by Bo(z) 


(o| R(z) | bo)-= Bo(z) 
1 « 
=_— pz (g 2)"“V")o connected. 


Zn=0 


(3.8) 


This function is used by Hugenholtz in his derivation 
of the Goldstone expression for the shift in ground-state 
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energy of the many-fermion system, and closely related 
functions are fundamental to his further conclusions 
concerning the many-fermion system. 

Using the notation defined immediately preceding 
(2.3), we can write 


1 
By(z)=— 


(3.9) 


We will show that (3.9) has a zero radius of convergence 
by demonstrating that the related series Bo(—gt) 
defined by (2.14) has a finite radius of convergence. It 
then follows that (3.9) has a zero radius of convergence.” 

We can show that Bo(—gt) has a finite radius of 
convergence as a power series in gi as follows. From 
(2.21) we see that (U(—it))» can have singularities or 
zeros at points in the complex / plane only if Bo(—gf) 
becomes singular at these points. We conclude from 
(2.20) that (U(—it))) is an entire function of ¢, but 
from (2.20) we can also show that in all but trivial 
cases (U(—it))) must be zero at some point in the 
finite ¢ plane. In fact we can show that either 


(U(—it))o= Ae™, (3.10) 


where A and B are constants, or (U(—it))y has at 
least one zero in the finite / plane. 

The last statement is established by using Hada- 
mard’s factorization theorem" which in this case asserts 
that an integral function of order p with no zeros can 
be written in the form 


f(z)=ee, (3.11) 


where ((z) is polynomial of degree not greater than p. 
Since >>| a,,|2e~"* can increase as t-> « 
than Ae!“max!* it is of order one. Therefore 


no faster 


O(z)=Bs+C, (3.12) 


so using (3.12) and (3.11) we see that if (U(—it))» has 
no zeros in the complex / plane it must have the form 
(3.10). 

It follows that Bo(—gt) has an infinite radius of 
convergence if and only if the system has only a single 
energy level. We can therefore conclude that for the 
strongly coupled system, if the energy spectrum con- 
tains more than one energy level the expansion of Bo(z), 
which is the connected diagram expansion of (R(z))o, 
has a zero radius of convergence as a power series in 
the coupling constant. 


43 By the Cauchy test, the radius of convergence, R, of a series 
Da GnX" is given by R=limy..|@n/adn41|. Suppose two series, 
denoted by S$; and Ss, are given by Si:=2b,X", and S: 
=2(b,/n!)X". Then, if the radius of convergence of S¢ is finite 
so that limy..(m+1)|bn/bayi|=Re<M, it f that R; 
<lim,..M/(n+1)=0. 

“4 FE. C. Titchmarsh, The Theory of Functions (Clarendon Press, 
1939), 2nd ed. See especially Chap. 8. 

18 The author wishes to express his appreciation to Dr. C. Davis 
and Dr. J. Werner for pointing out the relevance of Hadamard’s 
theorem to the problem of the zeros of (U (—it))o. 
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The linked-cluster expansion, Bo(z), is most closely 
related to zero-temperature perturbation expressions. 
Related finite-temperature perturbation expansions, 
such as those used by Matsubara'® or by Bloch and 
De Dominicis’’ involve the grand partition function 
whose analytic properties are similar to those of the U 
matrix, whose diagonal elements are expressed by (2.21) 
as the exponential of a linked-cluster expansion Bo(— g?). 

We can show that the power series expansion of 
Bo(—gt) given by (2.14) has a finite radius of con- 
vergence by combining (2.14) and (2.19) to get 


» On 
ep(vE ( -s)") U(—il 
n=0 1! 


Since (U(—it))o is, as noted above, an entire function 
of ¢, singularities of Bo(—gt) 
zeros. However (U(0))o=1 and there must exist some 
neighborhood surrounding /=0 for which (U (—it))9#0. 
Therefore By(— gt) must be analytic in the neighborhood 
mentioned above. It then follows that its series expan- 
sion has a finite radius of convergence. Such quantities 
as the ground state can be obtained using (2.19) as 


Bo(—gt) 
Eo= —im| | 
t—roe ; 


but they cannot be calculated as a power series in g 
since the series (2.14) has only a finite radius of con- 
vergence in gf. 

Nondiagonal matrix elements of the U matrix can 
be related to the linked-cluster expansion of such 
matrix elements by 


@|U 


must correspond to its 


(3.14) 


| )=(i|U| jz | U0). (3.15) 


The diagrams of which (i|U| 7); is composed contain 
no vacuum-to-vacuum components—that is, no compo- 
nents of the form (¢»|A|@o)—but they are not neces- 
sarily connected. Since the matrix element of any 
scattering process in the presence of the “real” vacuum 
is composed of linked graphs only, we must compute 


21 U | 7)r=(t| U | 7)/(0| U | 0). (3.16) 
From the previous arguments we can conclude that 
(i|U| 7) is an entire function of g; the matrix element 
(0| U|0) we know has zeros in the finite g (or ¢) plane, 
but there exists a neighborhood about g=0 for which 
(0|U|0)¥#0. Therefore (i|U| 7)x has a finite region of 
analyticity about g=0 and a finite radius of convergence 
as a power series expansion in g. This last result is 
similar to one obtained by Yennie and Gartenhaus.” 


4. CONCLUSION 


The basic result we have obtained is that, for the 
strongly coupled system, the linked-cluster expansion 
16 T, Matsubara, Progr. Theoret. Phys. (Kyoto) 14, 351 (1955). 
17 C, Bloch and C. De Dominicis, Nuclear Phys. 7, 459 (1958). 
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of the vacuum expectation value of the resolvent 
operator has a zero radius of convergence as a power 
series in the coupling constant. The related linked- 
cluster expansion—that which occurs in the U matrix 
or the partition function—is, however, a convergent 
series for small enough values of the coupling constant. 
We therefore have available a method for calculating 
the properties of the strongly coupled system in terms 
of quantities which have a linear dependence on the 
volume. 

A question that occurs immediately is whether these 
arguments can be generalized. Although this has not 
yet been done, comparison of the linked-cluster expan- 
sion of the resolvent operator for the strongly coupled 
system and the full many-body system seems to make 
it unlikely that one should converge if the other does 
not. The many-body resolvent operator is not likely in 
any case to have an expansion in powers of 1/z, but 
this is not related so easily to an expansion in powers 
of g as in the strongly coupled case. 

For those many-fermion systems for which the 
strongly coupled system is a good limiting approxi- 
mation, the most serious implication of the divergence 
of the linked-cluster expansion (aside from the doubt 
it casts on any formal results obtained from a manipu- 
lation of this expansion) is that such many-fermion 
systems are not “normal” systems. This already 
appears to be quite generally true for attractive 
potentials where superconductivity occurs, and has also 
been suggested for repulsive potentials.'* In the case of 
the superconductor it is known that the qualitative 
nature of the actual solution is entirely different from 
that of the “normal” solution. Whether or not this is 
the case for repulsive potentials is not known. The 
divergence of the linked-cluster expansion may be 
related to some phenomenon such as zero sound” while 
a physically interesting class of normal solutions still 
exists. On the other hand, it may indicate that even for 
repulsive potentials there are qualitative changes in 
the system that are not yet understood. At the very 
least, one should be cautious in drawing conclusions 
from calculations of energy shifts and other properties 
of many-body systems using expansions that may not 
be convergent. One has from the beginning guaranteed 
that no new qualitative features will be introduced in 
a situation where they may very well exist. 

In spite of this, one can be somewhat sanguine about 
the use of even nonconvergent linked-cluster expansions 
as some manipulations do lead to correct results. 
Hugenholtz,® for example, has shown that the ground- 
state energy shift for the full system is given by 


18L. Van Hove, International Congress on Many-Particle 
Problems, Utrecht, June, 1960 (unpublished). During this 
conference Van Hove also presented an analysis of the ideal 
Fermi gas which showed that a linked-cluster expansion had 
poorer convergence properties than the corresponding expansion 
including all diagrams. 

L, D. Landau, Zhur. Eksp. i Teoret. Fiz. 32, 59 (1957) 
[translation: Soviet Phys —JETP 5, 101 (1957) ]. 
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lim,+0[2°Bo(z) ]. This also can turn out to be the case 
for the strongly coupled system, but one must not 
expand Bo(z) in powers of g; that expansion does not 
exist. 

In conclusion we should like to suggest that the 
strongly coupled system treated here offers the possi- 
bility of obtaining information concerning the many- 
fermion system by approximations quite different from 
those usually made, approximations which may be 
more appropriate for many-body systems or which 
may serve to illuminate some of the qualitative proper- 
ties of many-body systems. It also suggests a possible 
connection between the theory of entire functions of 
finite order, or the theory of Dirichlet series, and the 
many-fermion problem as the zeros and rate of growth 
of the U matrix will be intimately connected with the 
degeneracy and spacing of the energy spectrum. 

Work is being continued on these and related 
questions. 

APPENDIX. PROOF OF THE ABSOLUTE 
CONVERGENCE OF (2.12) 
The U matrix is defined by 
U(—it)=exp(—gV2); (Al) 
its vacuum expectation value expanded in power of g is 
(—gt)” 
ocean V")o. 


n= 6 yh! 


(U)o= (A2) 
Since the radius of convergence of (2.2) is finite, that 
of (A2) is infinite, so that (U(—it))o is an entire 
function of gf. Further, (U(0))o=1, so there exists a 
neighborhood, | g/| <n, about g/=0 in the complex gf 
plane in which (U (—it))»+0. 

We therefore have 


(U (—it))o=exp[£(—gt) ], (A3) 


where £(—gi) is analytic in the neighborhood defined 
above, and can be written 


© dy 

£(—gi)= DL —(—st)", (A4) 
n=0 1! 

with do=0. Since (A4) is absolutely convergent we can 

manipulate the expansion of (U (—it))» to obtain 


(U(—it))o 


« 1 da} dan 
ate "2. en el ON Ce 
n=1 2! a1---anQy! = Qn! 

x an 1 ‘ da, a2 
=145(-g4{"+— 5 = 
n=1 nN: é 


| aptag—n a! ay! 


a,” 
iy eee 
n! 


which is valid at least for | g¢| <7. 
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On the other hand, if we insert (2.3) into (A2) we get 


Se 1 Sa 2 


2! artar=n a! ae! 


x A. lie 
(U(—it))o=1+ dO (—gt)” oe 
1! 


n=l Ll 


Si" 


+:> (A6) 


n! 
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Since both (A5) and (A6) are convergent in the 
neighborhood defined, the coefficients of (— gt)" can be 
equated to yield 

a,= a 


(A7) 


We therefore can conclude that (A6) and at the same 
time (2.12) is absolutely convergent. This justifies the 
change of order of summation following (2.12). 
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Radiation from Fast Particles Moving through Magnetic Materials* 
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The problem of the generation of a changing magnetic field due to the interaction of a fast particle with a 
magnetic medium is studied. This combined Cerenkov-spin wave effect is shown to give rise to a “ringing” of 
the spin system under certain conditions of frequency and angle of observation, at least within an approxi 
mate evaluation of the general Green’s function for the problem. Some striking differences from the usual 
Cerenkov effect are discussed and possibilities of using this effect as a neutral magnetic moment detector or as 


a probe of magnetic materials are mentioned briefly. 


I. INTRODUCTION 


ONSIDER the lecture-demonstration apparatus 
consisting of a two-dimensional array of compass 
needles suspended on pins, over which one passes a bar 
magnet. Then the short-range magnetic forces between 
the bar magnet and individual needles, combined with 
the interaction of the needles among themselves, gives 
rise to waves of motion of the needles, which could be 
used, for example, as a signal that a bar-magnet passed 
by.' 

In the above demonstration, the waves are short 
ranged, and the oscillations rapidly die out. However, if 
we consider the microscopic problem of a point magnetic 
dipole moving through a nonmagnetic medium, we 
would expect a long-range effect, namely Cerenkov 
radiation,’ although the intensity would be very low. 
Now the question arises, would it not be possible to have 
the best of both cases, namely, the long-range Cerenkov 
radiation, and a reasonably large magnetic field change 
due to cooperative waves in a magnetic material? In 
other words, could not, at least at certain angles, the 
magnetic fields in Cerenkov radiation generate spin 
waves, which in turn give changing magnetic fields, etc., 
so that the combined particle-spin system “rings”? 

In order to answer these questions, we must study the 

* Supported in part by a National Science Foundation grant. 

1 Playing with this simple device shows the marked dependence 
of the amplitude of the waves on the velocity and orientation of the 
little magnet. (The magnet had better not be big, or the needles 
jump off their pins.) 

2See W. K. H. Panofsky and M. Phillips, Classical Electricity 
and Magnetism (Addison-Wesley Publishing Company, Inc., 
Reading, Massachusetts, 1955), Chap. 19, particularly problem 8 
on p. 313. 


equations for the radiation field, and for the spin system 
for magnetic materials. In Sec. II we write the separate 
Maxwell and spin-wave equations in a form convenient 
for obtaining their joint solutions. In Sec. III we 
formally solve these equations for arbitrary external 
sources, and see to what the intuitive feeling expressed 
in the above question corresponds. In Sec. IV we give an 
approximate evaluation of the complete Green’s func- 
tion for the problem, while in Sec. V we consider special 
cases of this approximate Green’s function and look at 
the possibilities, in this approximation, for “ringing” the 
system. We also consider certain other effects which 
arise in this problem and which are different from the 
usual radiation in nonmagnetic materials. In Sec. VI we 
consider the special cases of point charges and magnetic 
moments, while finally in Sec. VII we summarize the 
results and consider some applications of these effects. 


II. THE MAXWELL EQUATIONS AND THE 
SPIN-WAVE EQUATION 


Consider a general medium of dielectric constant e 
and conductivity o, in which there may be a net mag- 
netization and through which an external electric charge 
current jo moves. Then Maxwell’s equations giving the 
electric and magnetic fields,” 


¥-D=0, 
Vx< E=— 0B/di, 


V-B=0, 
VXH j + dD/dt, (1) 
are to oe combined with 


D=E, j=jotcE, 
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and in particular with 
H= B/uo— M, (3) 


to give the equation governing the change in magnetic 
field: 


VH— en : + . 


fa) 
al € 


al 
0 


; o]aM 
= —VX jot eno _—- F-vw-m. (4) 
dt eldl 


If, more generally, there is also an external magnetic 
moment current M,x:, then the last term in Eq. (4) can 
be replaced by J, where 


. 9 o\OMext 
J=—Vxir-+ uu +") —V(V-Mext). (5) 
Ot ie al 


In magnetic materials, the link is provided by Ec. (3) 
to the equation which governs the magnetization,’ the 
spin-wave equation : 


dM /dt= (2/M,)) MXV7M+yMXH 
+ (a/Mo)Mx (dM/dé). (6) 


In Eq. (6), we have assumed a uniform net magnetiza- 
tion Mo when there are no currents J. The constants 9D, 
a, and y are, respectively, the exchange constant,‘ the 
damping constant,® and the gyromagnetic ratio. 

The two equations (4) and (6) are to be solved 
simultaneously, subject to the existence of a constant, 
uniform magnetic field Ho and magnetization My when 
there are no external currents J. We take Ho and My 
along the « axis (Mo may point in the negative x 
direction). 

We now Fourier-analyze the equations, with the 
convention 


A(r,i)= (2m) f ded A (kw) exp[i(k-r—w/) |. (7) 


Equation (4) becomes (with c=1 for convenience) 


(—k-+- no?) H (kw) 
= J (kw) — uM (ko) +k k-M(kyo)], (8) 


i 
n= au( 14+—). (9) 
WE 


where 


In component form, in which only terms linear in the 


3 See R. F. Soohoo, Phys. Rev. 120, 1978 (1960). We would like 
to thank Dr. Soohoo for sending us the results of his investigation 
prior to publication. The literature on spin waves is very extensive, 
and we refer only to the recent review by J. Van Kranendonk and 
J. H. Van Vleck, Revs. Modern Phys. 30, 1 (1958). 

See, for example, C. Kittel, Phys. Rev. 110, 1295 (1958). 

5 See, for example, H. Suhl, Proc. Inst. Radio Engrs. 44, 1270 
(1956). 
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changing M and H are kept, Eq. (6) becomes 
(?D+wo)w,H .—iww,H, 
M,(k,w)=— 
(k?D+a)?—w* 
(?D+wo)w,H ,+iww,H, 
M ,(k,w) =———— 
(k?D+wo)?—w* 
M (kw) ~O(M2,MH)~0. 





, 


In Eqs. (10), 
wo= wo +iaw= yHotiaw, 
w,=yMo. 


(11) 


Equations (10) may be written very neatly if, for a 
vector quantity A(k,w), we define the particular combi- 
nations of components 


A,=A,+tiA,. (12) 


Then Eqs. (10) become 


[(2D+wo)w,Fww, | 
PP thet sce ne N 


(13) 
(k?D+w)?—w 


or, more succinctly, 


M,= (w, /D.)H. (14) 


Here, the denominator D. is not a combination of vector 
components, but is defined as 


Dz =h?D+wokw. (15) 


(No confusion is likely to arise in practice.) 
Using the last of Eqs. (10) and the definition Eq. (12), 
we get 


k-M=}3(k,M_+k_M,), (16) 


so that Eq. (4) may be written 
Maxwell: 


(—k?+ no") Hs 


=J,—n’wtM .+4ks(kyM_+kM;). (17) 


Equations (13) and (17) are then the equations whose 
joint solutions we seek. 


III. COMBINED SPIN-MAXWELL EQUATIONS 


Before proceeding to combine Eqs. (13) and (17), we 
point out what corresponds to the intuitive feelings 
about “ringing” the system expressed in the introduc- 
tion. If we start to solve Eqs. (13) and (17) by iteration, 
then the zeroth approximation to solution of Eq. (17) 
will be 


Hs (Kw) = J.(k,w)/(—F?+ 1’). (18) 


As we will see in Sec. VI, this is just the usual radiation 
from a current, and for point particles gives the 
Cerenkov radiation. If we use this approximation in 
Eq. (13) (“driving” the spin system with the Cerenkov 
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radiation), then the resulting change in magnetization is 
M.™ (kw) =- 


If, now, this is put back in Eq. (17), then the “ringing” 
will occur in the “radiative” (i.e., k?= nw?) mode for H_ 
when 
D_| 42= n'g?=90= n*e®D+a0—w. (20) 
Since 2’w*D is small (~ 10~ in the kMc/sec region) the 
resonant frequency w is almost wo. While the above 
iterative treatment of the spin-Maxwell system of 
equations is intuitively appealing and makes more 
plausible the original conjecture, as we will see below it 
is very misleading and should not be taken too seriously. 
We now return to combining Eqs. (13) and (17); by 
straightforward algebra, we get 


H(kw)=[A(k,w) [Asia tAszeJ=], (21) 


where the denominator A is 


A(k,w) = (D, D_/w,?)(—k?+n?w")? 
+[(Di+D_)/w, |(—k?+n?w*) 
XK (— 4h k_+ 1?) + 7"? (— ky k++? w"). 


The numerators are 


A, (Kw) = (Ds/w,)[ (D=s/a,) 
X (—#?+ nw”) + n?w?— Fk R_], 
and 


Asx (kw) =3(kx)2Ds/oy. 


These functions depend on the magnitude of k and also 
on the directions of k through the k,k_ and (k)?*; if the 
angles of k relative to the external axis, Ho, are 0:., ¢x2, 
then 

kik_=k? sin0;:, 


(ki.)?= (+)R? sin’6,. exp (2i¢,-) ]. (25) 


In order to put the complete answer, Eq. (21), in a 
form which makes the Cerenkov-like behavior obvious, 
we invert the momentum part of the Fourier transform 
according to Eq. (7). Then we get 


H(t.) = for rr’; w)J s(t’) 
+G.+(r,1'; w)J=(r'w)}. (26) 


In this form, the Green’s functions G...(r,r’; w) are given 

by 

G...(r,r’ ; w) = (27) sf a exp[ik- (r’—r) ] 
A...(k,w)/A(Kw). (27) 


In Eq. (27), the numerators A...(k,w) may be pulled out 
of the integral, and in the usual’? way replaced by the 


DAY 


appropriate differential operators. Thus, 


G...(r,r’; w) = (2r)A.,.(—iV,, w) 


x fae exp(ik-o)/A(Kjw), (28) 


where we define 
o=Tr 4 


(29) 
We are really interested, therefore, in a “reduced” 


Green’s function 


g(r,r’; w)=2(9,0,2,P,23 ) 
(27) fe k exp(ik- 0) A(kw), (30) 


where we have indicated explicitly that g depends on the 
angles 0,2 ®,. of the vector 0 relative to the given 
external axis defined by Ho. 


IV. EVALUATION OF THE REDUCED 
GREEN’S FUNCTION 
The evaluation of the integral in Eq. (30) depends, of 
course, on the functional dependence of A on k. We re- 
write the expression for A of Eq. (22) in a different form 
[using the first of Eqs. (25) ] as 
A(K,w) = F(R?) + Fo(k?) f(r, ¢%03 Op2,Ppz), (31) 
where 6;, and g,, are the angles of k relative to o.° In 
particular, we choose the function f to be 
f=cos*0,.=[cos0;, cosO,- 
+sind,, sin®@,, cos(¢i,—®, |’. 
For reference, then, 
F(k?) = (D,.D_/w,”) (—k?+ n°")? 


+[(D,+D_)/w,](—k+n2u*) 


X (—Fh2+ n'a?) + n'w(— k++ n'w?), 
and 
F.(k?)=[ (Dy +D_)/ws](—k?+ n°?) (AR 


+ ?w, 


In this form, we are interested in 


g= (2n)-* [ Hakd(cos0s, de f 


al 
I i(k?) +F 2(R*)f (0; oPko> ©, nV, x) 

As it stands, the integrals in Eq. (35) are too compli- 
cated to perform. However, the form of the function f is 
such that when @;, is 0 or z, 


10, G93 0,2,V, :)= f(x, Pko; Opz,®, 2)=c "Op 2, (36) 

® This choice simplifies the exponent. The other obvious choice, 
of measuring the angles of k from Hp, simplifies A somewhat, but 
complicates the exponent. 
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and is independent of ¢;, (and of ®,,). This makes 
possible the usual’ integration by parts for such Green’s 
functions in order to get a series in powers of 1/p. We 
show in Appendix I that the first term of such an ex- 
pansion is given by 


2k? 
2(p,0,2; w)= To > > 


4 etki 
i a le a 
4m i= p LA(R,O, 230) |ke=2 


(Note that g, in this approximation, does not depend on 
®,..) In Eq. (37), the four k; are the four zeroes of the 
equation 


A(k,O,2;#)=0, (38) 


which lie in the upper-half of the complex & plane. Re- 
ferring to Eqs. (22) and (15), we see that Eq. (38) is a 
fourth-order equation in k?. (See also Soohoo, reference 
3.) The important point here is that, in this approxima- 
tion, the A in Eq. (37) is the same function as that in 
Eq. (22), except that the angle is now the polar angle 
between the vector o and Hp. 

Putting this approximation for the reduced Green’s 
function in Eq. (28), we get 


1 4 
G...(p,0,230)=-- } [A,..(—iV,; we***/p | 
4a i=! 


x ny | (39) 
A(R’,O,2; w) | kt=k;? 


Now, when we put the G.., in Eq. (26), and we look at 
the fields for large distances r, we use the usual* ap- 
proximations 


(1/p) — (i r), 
(40) 


exp(ikip) — exp(ikir) exp(—ik;-1’), 


where the vector k; is in the direction of observation, 7, 
and 


k;= 


An important simplification in this limit, in the same 
spirit as Eq. (41), is 


kf. (41) 


Q,: — 0,,, (42) 
so that the angle in the denominator of Eq. (39) be- 
comes the polar angle ©,, of the direction of observation 
relative to the external magnetic field Hp. 

Also, when we look at Eq. (39) for large r, we replace 
the differential operators (—iV,) in A... by the corre- 
sponding operators (—iV,). But we can go even further: 
since we only want the terms in 1/r, we restrict these 
differential operators to act only on the exponential 

7J. Sucher, “Lectures on Relativistic Quantum Mechanics, 
Volume 1,” University of Maryland Physics Department Tech- 
nical Report No. 192, p. 22 (unpublished). 
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factor.* This has the practical effect of recovering the 
explicit forms for the A... of Eqs. (23) and (24), where 
now we have replaced the k?, k,k_, etc., in those two 
equations by k,, ki,ki_, etc. [In other words, k—> k,, 
where k; is defined in Eq. (41). ] 

If we define some two-dimensional matrices by 


H, 
=( ), 
H_ 
I, 
=( ), 
Js 
Re 4: 
(a)=( ), 
Se oe 


we can put the results of all the above approximations 
and manipulations in the form 


(43) 


(44) 


and 


(45) 


k ) 
> 4 
: 


4 ethir 
(H(r,w))= > —| 


i=l 4zr 


FUP Be Jodo) 
A(R,Q,2; @) |k=k,2 


x fav exp(—ik;-r’)(J(t',w)). (46) 


This is the desired approximate solution of the problem. 
V. FUNCTION A(R?*,6,.; w) 


The behavior of the magnetic fields as a function of 
the frequency w depends on the residues of the reduced 
Green’s functions, i.e., on the A(k?,O,.; w) in Eq. (46).° 
In this section we consider some special properties of 
this function, which properties will be independent of 
the external currents J. 

We rewrite A in the form 
A(k?,O; w) 

= (D,D_/w,?)(—k?+n’w*)? 

+[(D,+D_)/w, |(—k?+n’w)(—k* sin?O+ n*w*) 
+n*w?(—k? sin?O+n’w*). (47) 


(a) Then it is clear that the “radiative pole” 
(—k?+n*w) which we encountered in the iterative 
solution of Eqs. (18) and (19), contrary to what might 
be expected, is not present in general. Rather, from Eq. 
(47) it can only be present, and contribute one of the 
modes k; in Eq. (46), when we observe at right angles 


8 For the explicit term in 1/p?, Eq. (A.12), one can use the 
Riemann-Lebesgue theorem, or its extension by Hobson to show 
that the integrals themselves will go asymptotically to zero as 
p— «. [See E. C. Titchmarsh, Introduction to the Theory of 
Fourier Integrals (Clarendon Press, Oxford, 1948), 2nd ed.] The 
two theorems are on p. 11 and p. 238, respectively. Even more 
powerful theorems concerning the asymptotic behavior of Fourier 
transforms are proven in S. Bochner and K. Chandrasekharan, 
Fourier Transforms (Princeton University Press, Princeton, New 
Jersey, 1949), p. 31. 

® Some of the results in this section were independently arrived 
at by Soohoo (see reference 3 above). 
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to the applied field, i.e., O,.=90°. [We will see in the 
next section that for this mode, and this angle, the 
various numerators in Eq. (46) vanish for point charges 
or point magnetic moments. | 

(b) Next we point out that the “magnetostatic 
mode’”’””’ where one of the k;=0, occurs in Eq. (47) when 


[ (we? —w?)/w.2+ 2wo/w.+ 1 ](n?w*)?=0, (48) 


w= (wotw,)*. (49) 
Since w is real, referring to Eq. (11), the presence of this 
mode, wherein the whole spin system moves as a unit, 
requires that the damping constant a be zero, and is 
independent of the value of the exchange constant D. 
We now go on to consider the possibility of “ringing” 
the system. What this corresponds to in the complete 
solution of Eq. (46) is having one of the factors in the 
square bracket get very large. In other words, for some 
one of the modes &;, we look for the possibility of 
(k?—k2) A(R, 0,2; w)| =k 2=0, (50) 
for some value of the frequency w, which we might call 
the resonant frequency." 
(c) If we consider the special case of 0,,=0°, then 
from Eq. (47), the function A factors into (ky =k_=0): 


A(R?,0°; w) 
=[(D,/w,)(—k+n’w*)+ n'a" | 
X[(D_/w,)(—k’+ 1°") + na" ] 


= (w,?/D,D_)A,+(k?,0°; w)A_-(k?,0°; w), (51) 


and the solution, Eq. (46), reduces to 


1 
H,(0°) - 
} 


x 
{ (D5/w,) (—R?+- nw?) + 2?) | k= ke 52 
x fav exp(—ik;-r’)Jx(r’yw). (52) 


Because A factors, [Eq. (51) ], the sum over modes in 
Eq. (52) for H, is restricted to those two k,? which solve 


(D./w,)(—k?+n?w*)+ nw? =0, 


(53) 
respectively.’? Thus, the four modes of propagation are 


 L. R. Walker, Phys. Rev. 105, 390 (1957) ; J. Appl. Phys. 29, 
318 (1958). 

" Actually, what we call here resonant frequencies really corre- 
spond, in Soohoo’s language (reference 3) to double zeroes of the 
fourth-order secular determinant for &,?, i.e., double zeroes of Eq. 
(38). Or, they are double poles in the reduced Green’s function, 
Eq. (35), for particular angles @,, and for particular frequencies w. 

2 The other two modes give zero from the (#—&,2) factor in 
Eq. (52). 


DAY 


given by 


k2FD= 3 [ne D— (wow) | 
+3{[n?w* Y— (wo-tw) P 


i \ 


+4n*u"D(wotwstw)}#. (54) 


Since, in the region of interest, ’w?D is small, we may 
approximate these roots by 


and 


Consider first the modes for H,, k1,*, and ka,?. If we 
set the damping constant a=0 and the conductivity 
o=0 in Eq. (11) for simplicity, then wo and m are real 
and positive. Then, k1,? is negative and this mode gives 
a decaying exponential in Eq. (52), so is of no further 
interest. The mode k2,? is real, positive, and almost 
“radiative.” The condition for “ringing” in this mode 
(or any mode in this special case) is when the square 
root in Eq. (54) vanishes, so for H. we need 


[n?w? D— (wotw) P+422" D(wotw 


If w, is positive, this is never accomplished for real w. If 
w,<0 (i.e., Mo points along the negative x direction, H, 
along the positive x direction), then there is a positive, 
real solution of Eq. (57+), but only for very large w 
(due to the smallness of ). 

The case for H_ is more interesting. For w<wo, ki? 
corresponds again to a decaying exponential in Eq. (52), 
and the analysis for ke 
k2,?, For w>wo, however, both modes become normal 
propagation modes, and now the condition for ringing, 


Eq. (57+), becomes for H 


2 is much the same as above for 


[n'a D— (wo—w) P+4n*?D(wotw,—w)=0. (57—) 

Again for w,>0, no resonant frequency is found in the 
g | 3 

region of interest, but for w,<0, we get such a frequency 

where (to order D) 


(w—wo)’~4 wD! w (58) 


(This is the condition for either mode, ki_ or k2_.) 
Thus, when we observe along the direction of Ho, and 
look at the polarization H_, we expect from Eq. (52) a 
very rapidly varying and large response in the frequency 
range around wo given by Eq. (58). 
(d) Next consider the other angle of special interest, 
0,,=90°. Then A becomes 


A(k?,90°; w) 
= (—k?+n%w*){ (D, D_/w2)(—k?+ nw") 


+[(D,+ D_)/w, |(—4k?+n%u*)+n%w"}. (59) 


Thus the “radiative mode” (—?+-n’w) appears ex- 
plicitly, as discussed in (a) above. For this mode, the 
residues or denominators in square brackets in Eq. (46) 
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go through zero (for real wo) when 


nwD+wotw,=0. (60) 


We get a magnetostatic solution (@#=0=k) when 
(wo+w,) is zero [see (b) above ], and we get a resonance 
when w,<0. We do not pursue this “radiative mode” 
further for reasons, pointed out in passing in (a) above, 
which we will discuss in the next section. 

For the other modes, we set the curly bracket in 
Eq. (59) equal to zero and solve for k,?. To approximate 
this, we ignore the term in D? from D,D_, and get 
[ (wo?) /w.? ](— k++ 0*w?) 

+[(k?D+w)/ws }(—k?+2n*w*)+n?w?=0. 


The roots are given by 


k2D= —4[ (we? —w*+-wow,)/ws— 2n?w?D ] 
+3{[(we?—w*+-wows)/ws— 20? D P 
+ (4n?w*D/ws)[(wotws)?—w* ]}#. (62) 


Expanding the square root, the modes are given to 
lowest order in D by 


kP[w*— wo (wows) |/wsD, 
w— (wotw,)? 

ki We ibint sk aE. 
«”— wo(wo+w,) 


and, of course, from inspection of Eq. (59), 


(61) 


(63) 


(64) 


k? =n. 


(65) 


Once again we will “ring” the system when the square 
root in Eq. (62) vanishes, which occurs when (to 
order D) 


[(wP—w*+wow,s)/ws P-—4n*wD(wotw,). (66) 


This can only occur when 


w,<0; (67) 


| we | > wo. 


Then the resonant frequencies w are given by 


w= | Ws | nl D(|w,| —wo) |} 


+[(|ws| —wo)(nw2D—wo) }', (68) 


and are only real and positive (assuming again a=o=0 
for simplicity) when 


O<wo<n*w2D, (69) 


which is an impractically small range. 

Therefore, at 0,,=90°, the three modes are not of 
interest: The “radiative” mode we will see gives no 
contribution; the other two modes Eqs. (64) and (65), 
while they are proper modes of radiation for the condi- 
tions of Eq. (68), do not show the resonance behavior 


under realistic circumstances. 


VI. PARTICULAR CURRENTS 


We consider here only currents consisting of point 
charged particles, or point particles with a magnetic 
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moment. Before proceeding to consider such currents in 
our general magnetic medium, we review briefly the 
usual Cerenkov effect as a special case of our problem. 

It must be true, of course, that in the limit where our 
medium becomes nonmagnetic, we should recover the 
usual Cerenkov effect for point particles. We do indeed 
recover this result, as we shall see, from either of two 
directions. (In what follows, we generally imply, for 
clarity, that a=o=0.) 

The limit of. the medium becoming nonmagnetic 
corresponds to the limit of w,— 0 in our equations. 
Then in the complete algebraic solution of our problem, 
Eq. (21), we see that 


H.(k,w) — J .(k,w)/(—#?+ n°"), (70) 


since 


A(k,w) hic: (D,D_ lw 2) (— k?+-n*w*)?, 


ws—0 


Ass (kw) ——? (DsDz/w,?)(—k?+n’a*), 
@s 0 


(71) 
(72) 


and 

As+ (kw) — 3 (ks)*Ds/w.. (73) 
Equation (70) is, of course, just the solution of Maxwell’s 
equation (17) with no magnetic material, and will be 
shown below to give the usual Cerenkov effect. 

The other approach is to take the limit w, — 0 in the 
approximate solution in r space, Eq. (46). Then from 
Eq. (71) in this limit the four modes k; are found from 
the equation 

D,D_(—k?+n**)?=0. (74) 


However, from Eqs. (72) and (73) it is clear that three 
of these modes give zero contribution in Eq. (46), and 
we are left with the “radiative mode,” so that Eq. (46) 
becomes 
1 etkr 
Hi(t@) —- -——— 
~~ a 2, 6 


f dr'e-*-' J, (n'a), (75) 


where 
k=nw. 


(76) 


This is just the inverse transform" of Eq. (70). The fact 
that we arrive at the same (correct) result via either the 
complete solution Eq. (21), or the approximate solution 
Eq. (46) gives us some confidence that the terms neg- 
lected in arriving at the approximate solution (see 
Appendix I) do not change our qualitative results. 
Since the effects considered in the previous section are 
mostly independent of the currents J, and are therefore 
just superimposed on the usual Cerenkov effect, we 
write down the rest of the derivation of the Cerenkov 
effect? for later reference. Using Eq. (75) [or actually, 
since the components are now uncoupled, the same 
equation for the vector components of H(r,w) ], and the 
definition of J, Eq. (5), for a current due to an external 
13 Poles on the real k axis are handled by the usual limiting 
procedure (see reference 7) of adding an imaginary part, inte- 


grating by contours, and then letting the imaginary part go to 
zero. 
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charge, we have 
jo(r,t) = evd(r—vi), 
J(r,t)= —VXjo(r,0). (77) 
Write 
5(r—vi/)=6.(r,)6(r-6—v!), 


where 62(r,) is the two-dimensional 6 function for those 
two components of the vector r perpendicular to the 
velocity v and @ is the unit vector in the direction of the 
velocity. Then 


jo(t.a)= (2x) f dt e%%jo(r,f) 


= (29) —ted52(r,) exp[i(w/v)r-d ]. 


Integrating Eq. (75) by parts, we get 
H(r,w) = (—i/4) (e**’ rekx0 f ard(r-2) 


Xe-**-*'S0(1') exp[i(w/v)r’-6], (80) 


where we define 


Finally, then 


H(r,w) = (—i/2(2z)!) 


X (e*"/r)?inw sin6(w/»— nw cos), 
where the angle @ is defined by 
?-d=cos6. 


The 6 function in Eq. (82) is, essentially, the Cerenkov- 
effect cone of radiation from a particle moving in a 
medium of index of refraction n with velocity v greater 
than the velocity of light in that medium, c/n. Finding 
the radiated intensity from Eq. (83) as usual, we get for 
the number N of photons emitted per unit path length L 
in an interval of frequency dw, 


6N/8L= (1/137)(1—c2/n**)deo/c, (84) 


so that, in the region of frequencies of interest here 
(kMc/sec), the number of photons emitted per centime- 
ter is quite small (~10-*). 

We now proceed to look at the case of magnetic 
materials, and of a current Ji(r’,w) in Eq. (46) due to 
point charges or point magnetic moments. We show 
first, what was mentioned in passing in Sec. V, that the 
magnetic fields H, will vanish for 0,,=90° in the 
“radiative mode,” k?=n?w*. 

Considering a charge, from Eq. (77) and integrating 
by parts in Eq. (46), we get 


fer exp(—ik;-r’)J.(1’,w) 


= —1(2r)'e5(w/o—k;-6) [+h 03 Fhyv.||k=n;. (85) 


DAY 


If k?=n*w, then at 0,,=90° (Riz 
(24), and (25) 
As+(90°) | kg=no= (Dz/ws) FR R_| ponte, 


A+ (90°) | ke=nw=4(Ds/w.)ha?| panto’, 


0) from Eqs. (23), 


(86) 
so that 


Ha AgsJa+AgzJ4 «hy kha t(ky)?(—kz)=0. (87) 


Thus, observing at right angles to the field Ho, no 
radiation in the mode k=mw should be observed, in 
contrast to the case when w,=0 (if the velocity is so 
oriented that ©,, lies on the Cerenkov cone, of course). 
For a point magnetic moment, from Eq. (5), the 
equations which correspond to Eq. (77) and (85) are 


M.xt(r,0) (88) 


ud(r—vi), 
and 


fer exp(—ik;- 1’) Js.(1',w) 


= —(2r)(u/v)5(w/o—k;-8) [nwt — Rig (k;-2) ], (89) 
where # is a unit vector in the direction of wu. From Eqs. 
(86), at O,.=90° (k,=0), 


nur, —ks(k-i)| , fi, —4(ks)20 


(90) 
so that 
Hi «kkk kt, —kyti 


+hk(k,k_te—kz2uzJ=0. (91) 


Therefore, the same observations as follow Eq. (87) 
hold also for point magnetic moments. 

For other angles, Eqs. (85) and (89) should be com- 
bined with the general solution Eq. (46). The Cerenkov 
cone, 


5(w/v—k,-96), (92) 


is thus just a common multiplicative factor, and all the 
considerations of the last section about possible reso- 
nances are just superimposed on it. In particular, the 
considerations for the other special angle, 0,,=0°, 
apply and merely describe the frequency spectrum of the 
disturbance." 

A final point to be made from Eqs. (92) and (46) is 
that the Cerenkov-effect cone, which tells the angle at 
which the disturbance is propagated, is a cone of con- 
stant polar angle of the direction of observation meas- 
ured relative to the particle velocity; the modes k, of 
propagation, and the conditions for “ringing” are de- 
termined by a cone of constant polar angle of the direc- 
tion of observation measured relative to the external 
magnetic field Ho. Thus, only in the special case of 
motion along the x direction will the modes and possible 
resonances be independent of the azimuthal angle of the 

4 At O,2=0°(k, =0) from Eqs. (85) and (89), the H, will, in 
general, not vanish unless v, (for charges) and uw, (for magnetic 


moments) vanish ; that is, unless v and w point along the x axis, in 
which case again H, =0. 
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direction of observation. For the general case of velocity 

at some angle to the « axis, the frequency spectrum will 

depend on the azimuthal angle of direction of observa- 

tion (measured relative to the direction of motion), and 

could be found from Eq. (46) by finding the modes and 

resulting resonances for all the angles 0,2 which inter- 

sect the Cerenkov-effect cone, Eq. (92). 


VII. SUMMARY AND CONCLUSIONS 


We have shown, subject to the qualitative validity of 
our approximate solution, Eq. (46) (see Appendix I), 
that the intuitive idea of driving a magnetic material’s 
spin system in resonance with the magnetic fields of the 
Cerenkov effect (“ringing” the system) seems to have 
some correspondence with the nature of the solutions of 
the coupled Maxwell-spin-wave equations. In particu- 
lar, we have shown that these effects occur at one angle 
of particular simplicity, @,,=0° (at which angle the 
resonant field is polarized, H_) and expect them to occur 
at other angles also. 

We have also shown that in the complete solution of 
the coupled Maxwell-spin equations, the usual mode of 
propagation for nonmagnetic materials, k=nw, is only 
allowed, for magnetic materials, at 0,.=90°; and that 
at that angle it vanishes for currents due to a point 
charge, or point magnetic moment. 

Finally, we have pointed out that for general motion 
of point particles at some nonzero angle relative to the 
external field Ho, the modes of propagation, the condi- 
tions for resonance, and therefore the frequency spectra 
of the disturbances due to the motion of fast particles in 
magnetic materials will depend on the azimuthal angle 
of the point of observation around the direction of 
motion. 

We should point out that in all of the above, the 
actual vanishing of denominators, the reality of the 
modes of propagation, etc., usually required the (un- 
physical) condition a=¢=0. While magnetic materials 
with c=0 are known, all magnetic materials have a non- 
zero a. This means that resonance, in the sense of a 
vanishing denominator, cannot be achieved. However, 
the relaxation times in some cases can be fairly long,'® 
and we therefore expect enhancements by many orders 
of magnitude. 

This leads to the pleasant thought that if an insu- 
lating, magnetic material with sufficiently long relaxa- 
tion time could be found (and if the charged-particle 
background is sufficiently well eliminated), then the 
possibility of detecting (electromagnetically) the pas- 
sage of a neutral particle with a magnetic moment 
would exist. Such a detector would obviously have 
great use in high-energy particle physics.'® 


16 J. A. Giordmaine (private communications). 

16 Tt was actually the search for such a detector (for A° particles, 
say) which led the author to the ideas of the Introduction and 
hence to spin waves. With presently available materials, the 
damping constants @ are too large, and a detector for neutral 
magnetic moments does not yet seem feasible. For charged 
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The other category of usefulness for these ideas would 
be in the use of charged particles as probes of the 
properties of magnetic materials. Such a probe would be 
contained in the experimental observation of the 
enhancement effect; in the variation of the fre- 
quency spectrum with the conditions of the material 
(wo,w,,a,”,0) ; and in the variation of the spectrum with 
direction (say azimuthal angle about the direction of 
motion). 
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APPENDIX I. EXPANSION OF THE REDUCED 
GREEN’S FUNCTION 


We wish to get an approximate evaluation of the 
integral of Eq. (35) in the text. So, we want to consider 


J #aka(coso,,)ae, » et%e comthy 


XLFi(P)+F 2k) fio, Pk03 Oo2,Po2)l, (A-1) 


where 

(0; p»Pkp; 0,2,Ppz) 
= C0S70;,.2 
=[cos6,, cosO,2 


+sin@;, sinO,2 cos(¢ip—P,z) f, (A.2) 


and 
f(0,¢%o* +: )=S(4, P%.° +) =cos?O,. 
= fo. (A.3) 
We integrate by parts (henceforth we drop the subscripts 
on the angles), 


fen exp(itk-p)[Fi1+-F2f 7 


27 sinkp 
= [eae v(ikp) {= +1 (A.4) 
Fi +Fofo 


n= f 


The problem with J; as it stands is that the integral is 
over d@ rather than d(cos@). To overcome this, we first 


r 


df 
d6 et ke 089 F,+-F, f | rs (A.5) 
dé 


particles, however, using the material constants of reference 3, we 
estimate that several hundred microwave photons per centimeter 
would be emitted ; such yields should be detectable with current or 
proposed maser techniques. [See J. Weber, Revs. Modern Phys. 
31, 681 (1959); and N. Bloembergen, Phys. Rev. Letters 2, 84 
(1959).] This estimate ignores the dependence of the effect on 
azimuthal angle. In order to take account of this dependence in a 
more careful estimate, a machine calculation of Eq. (50) would be 
necessary. 
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perform the ¢ integration by parts, to get 


f dg I= J eea(costye'te ent 
0 


Py F; 
x +B | 
(PitFPof?? (Fit Ff)? 


where the functions A and B are given by 


A= —2 cos*© cos@+-2 sin*© cos@ cos*(¢—) 
—4 siné cos® sin® cos(¢y—®), 
and 


B=8 cos@ sin’? sin?(¢—®) 


X[cos@ cosO+siné sin® cos(g—)]. (A.8) 


We can then integrate again over d(cos@) by parts to get 


fe exp(ik-9)[Fi+F2f }° 


2 sinkp 4 coskp 
= f watae| (Fi+F 2 fo) — 
kp (kp)? 


PF 
x(t —cos"@+sin?@ cos?( g—®) | 
(Fi+Fofo)? 


+sin?20 sin?(¢—®) 


— 
(Fi+F 2 fo)? 


d 


+[1 (oI f dO ee cost 
0 dé 


PF, F? 
x : +B—— | (A.9) 
(Fit Pf)  (Fi+F2f) 


Recognizing that 


Fit+Fs fy A(k?,0, 23) 


, 


DAY 


we get, finally 


8(0,0,2,P,2; w) 


1 ; k sinkp 
= f dk LK 
2rp J A(R?,O,2; ) 


where, explicitly 
2 " ( (} sin?©,.—1)F 2(k?) 
K=— f dk coskp}{ 
r Jo | [a(#,0,2; 0)? 
x sin?20, .F.7(k?) 
+-— 7s ey, 
[A(K,O, 230) } | 


d F, F 
x ff akdos der, eke cote, | A +B 
d6,, A? A? 


| T) 


, (A.12) 


In the first term of Eq. (A.11), we can write [see Eq. 
(22) of the text ] 


4 { 
A=const J] (#2—k;?)=const [TT (k+2,)(k—&,), (A.13) 
i=] l 


so that the integral in the 1/p term can be done by 
contours, to get 


‘ k—k; 
f kdk sinkp A=nr om oe (a ) 
m 0 i= A ,A 


In Eq. (A.14) we consider only the poles in the upper 
half of the complex & plane, so 


D 


(A.14) 


(k—k;) : 
k— =}[const [] (2—&;)}° 
A |k=+k; Z 


(A.15) 


ok | 


This gives Eq. (37) of the text directly. As mentioned in 
reference 8, some general statements can be made about 
the asymptotic behavior of K in Eq. (A.12), but we do 
not pursue this further here. 





PHYSICAL REVIEW VOLUME 


122, 


‘NUMBER 4 MAY 15, 1961 


Cyclotron Emission from Plasmas with Non-Maxwellian Distributions* 
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Cyclotron emission from high-energy plasmas is calculated for two classes of electron distribution func- 
tions: (a) those that decrease monotonically with increasing electron energy, and (b) those that have one 
or more maxima displaced from zero energy. In (a) the emission does not differ greatly compared with the 
emission from a Maxwellian plasma of the same energy. In (b) the emission can grow exponentially with 
distance traversed in the plasma, resulting in a greatly enhanced loss of radiant power. 





I. INTRODUCTION 


HE success of proposed thermonuclear reactors 

rests, among other things, on the balance be- 
tween the gain of energy from thermonuclear reactions 
and the loss of energy by electromagnetic radiation. 
Loss by radiation has received increasing attention’ 
since it -was pointed out that cyclotron emission from 
plasma electrons, gyrating in a magnetic field, could 
outweigh bremsstrahlung. 

Previous calculations considered an idealized plasma 
in the form of a homogeneous slab or cylinder, immersed 
in a uniform static magnetic field B and with plasma 
electrons in a Maxwellian distribution of velocities. 
Here we remove the latter restriction and compute the 
cyclotron emission from plasmas with arbitrary dis- 
tributions, f. We use a method of computing the 
emission that was outlined in a previous paper.® 

A single electron of speed v radiates in an infinite set 
of harmonics n of its orbital frequency. The radiant 
energy propagates through the plasma at an angle @ 
to the magnetic field in two characteristic modes of 
propagation, sometimes called the ordinary and extra- 
ordinary, that will be denoted by letters o and x. The 
rate of emission at the radian frequency w is 


ut 
- 2; A,,:*) (B,0) 


Sx eoc =! 


Joa *(B,0)= 


Xd[nw,(1—B6?)'—w ]}. (1) 


* This research was supported in part by the U. S. Army Signal 
Corps, the Air Force Office of Scientific Research, and the Office 
of Naval Research; and in part by the Atomic Energy Commis- 
sion. This paper was presented at the Second Annual Meeting of 
the Division of Plasma Physics, The American Physical Society, 
November, 1960, Gatlinburg, Tennessee. 
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31, p. 93; B. A. Trubnikov and A. E. Bazhanova, Plasma Physics 
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Moscow 1958 [translation: Atomic Energy Commission Rept. 
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Here c and ¢ are the velocity of light and permittivity 
of free space, respectively, and 8=v/c. The dimension- 
less parameter A, determines the strength of the radia- 
tion and w, is the orbital frequency eB/m reduced to 
the rest mass m of the electron. 

The radiation intensity J,,(@) that escapes from unit 
area of plasma surface, per unit solid angle, is obtained 
by tracing the energy degradation along a ray within 
the plasma. For a homogeneous, uniform plasma, in 
the absence of reflections at the plasma boundaries, 


1°” (0)= B®” (w,T,){1—exp[—au” (OL ]}. (2) 


B(w,T,) is the equilibrium “blackbody” intensity, a, 
the absorption coefficient of the plasma, and / the length 
of the ray within the plasma. 

The blackbody intensity, generalized to an arbitrary 
distribution of electron energies f(e), is® 


B@:*) (w,T,) 


J ioslorap 
pil a oy 


9 
w* 


82*c? 


fi )(e)[Of(e)/dlpdp 


where p is the momentum of the electron, p= «8/c, and 
e the total energy (rest plus kinetic), e=mc(1—6*)—}. 
For simplicity of computation, the distribution function 
is assumed to be spherically symmetric in velocity 
space and is normalized so that f f(€)4rp*dp=1. The 
bracketed term of Eq. (3) is equal to kT, and it thus 
defines the radiation temperature 7, of a non-Maxwel- 
lian plasma. When the distribution is Maxweilian, the 
bracketed term becomes kT, where T is the electron 
temperature, and Eq. (3) reduces to the Rayleigh-Jeans 
limit of Planck’s blackbody intensity, B(w,T)=kTo*/ 
8x°c?. The absorption coefficient a, which can be de- 
duced from 3 and from Kirchhoff’s law, is, 


a6) = —[32eten /o*) f 5.0 (OL0 0 /de\pdp, (A) 


where N is the electron density. 
Equations (1) through (4) allow us to evaluate the 
radiation intensity, /,=7.°°+J., that leaves the 
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Fic. 1. The radiation intensity for various harmonics 
(n=1, 2, 3...) and the total intensity (Z,), as a function of fre- 
quency, with self-absorption neglected. Maxwellian plasma with 
p=me/i=20/3 and A=w,7L/wryc = 10*. 


plasma surface. For purposes of calculation we make 
the following assumptions: The plasma is in the form 
of a homogeneous slab of thickness L, and the uniform 
magnetic field is oriented parallel to the faces of the 
slab. Since the emission takes place mainly in a narrow 
cone inclined at 90° to the direction of the magnetic 
field, we compute only the intensity J, at right angles 
to B (and hence at right angles to the slab surfaces). 
By considering emission only at an angle @=2/2, some 
error is incurred in the estimate of the absolute, total 
cyclotron emission from the plasma. However, we are 
mainly concerned in estimating the relative emission 
from non-Maxwellian plasmas compared with a Max- 
wellian one, and hence our errors are not appreciable. 

Difficulties arise unless the complicated strength 
function A, of Eq. (1) is simplified by suitable approxi- 
mations.':® For electron energies less than 100 kev the 
following approximations were used: 

(a) At low harmonic numbers (n=w/w,<3), the 
ordinary wave (0) which is polarized with its electric 
vector along B, carries little energy and most of the 
radiation is carried by the extraordinary wave polarized 
at right angles to B. Under these conditions, 

A a =0, 
A, =[n?"/(2n+1)!]6" for 


Since there is little overlapping of the radiation from 
these harmonics (for energies less than 50 kev) the 
radiation from each harmonic can be considered as a 
separate entity, and the summation in Eq. (1) need 
not be carried out. 

(b) For harmonic numbers greater than approxi- 
mately 3, a good approximation for A, is 


n<3. ©) 


®H. Rosner, Republic Aviation Corporation Report AFSWC- 
TR-58-47, 1958 (unpublished). 
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A, =0, 
A, = (me*/e)*[ (e—mce*)/ (e+e?) |" 


exp 2nmc?/e | 


xX ; . (0) 

+(an*)} 
Here, overlapping of the radiation from successive 
harmonics can be large and the net emission generally 
becomes a monotonically varying function of frequency. 


II. RESULTS 


The magnitude and spectrum of the cyclotron emis- 
sion fall into two distinct classes, given by the de- 
pendence of the distribution function f(¢) on the elec- 
tron energy «. When f(e) is Maxwell-like, that is 
when f(e) decreases monotonically with increasing 
e, LOf(€)/de<0], the general characteristics of J, do 
not differ appreciably from those for a Maxwellian 
distribution of the same mean electron energy. The 
total emission is also insensitive to small perturbations 
from the Maxwell distribution. However, when the 
distribution function has one or more maxima displaced 
from zero energy [0/(€)/de>0 in some range of €], the 
characteristics of the cyclotron emission are altered 
greatly: At certain frequencies the self-absorption a 
becomes negative with the result that the radiation, 
instead of being attenuated in its passage through the 
plasma, grows exponentially, and J,, can exceed black- 
body emission by many orders of magnitude. If the 
growth is too excessive, nonlinear effects can set in and 
the plasma can become unstable. It has been shown 
that this amplification process is not confined to cy- 
clotron emission alone. However, in the case of cyclo- 
tron emission, it is a relativistic effect and will not take 
place in the limit when terms of order (v/c)? are neg- 
lected. Hence, first-order Doppler broadening (which is 
of order v/c) will not give rise to amplification. 


A. Emission for Maxwell-like Distributions, 
of 02e<0 


We assume distribution functions of the form 


f(8) « exp(— 06°), (7) 
where / and 0 are positive constants; /=2 represents a 
Maxwellian distribution of a given mean kinetic energy 
ii, whose magnitude determines the value of 6; 1<2 
implies that there is an excess of energetic electrons in 
the tail of the distribution function, compared to a 
Maxwellian distribution of the same mean energy i. 
The opposite is true when /> 2. 
The absorption coefficient of 
from Eqs. (1) and (4), is 


the plasma, obtained 


6) L= — (49? mic® A) /0? 


x 
XY nw (n/2)?—-1)}! 
n>Q 


X [An (€) [0 f(€)/de€ | Jeme*n/2- 





CYCLOTRON EMISSION 


Here 2=w/w». The dimensionless parameter A=w,?L/ 
w»c (where w, is the plasma frequency Ne?/me) specifies 
the electron density, size of plasma, and the strength 
of the magnetic field. 

The characteristics of the spectrum of cyclotron 
emission from a plasma with a Maxwellian distribution 
of electrons (/=2), with a mean energy of 75 kev 
[u=(mc?/ai)= 20/3], are illustrated in Fig. 1. A was 
chosen to be 10‘. This means that when L=1 meter 
and B= 10* gauss, the electron density is approximately 
10“ cm~, and the outward kinetic pressure, 2NkT, of 
the charged particles is approximately balanced by the 
inward magnetic pressure B?/2yo. 

The various curves of Fig. 1 labeled 1, 2, 3... 
represent the emission from the individual harmonics, 
with self-absorption neglected. They were obtained 
from the individual terms of Eq. (8) and from J, 
= B(w,T)a,l, which is the limit of Eq. (2), as a, — 0. 
The total emission, obtained by summing over all the 
harmonics, is shown by the upper curve of Fig. 1. At 
frequencies w/w,>3, the harmonics overlap so strongly 
that the net emission forms a monotonically decreasing 
function of frequency. However, since the emission 
cannot exceed the blackbody limit [J./B(w,T)=1 on 
the ordinate of Fig. 1], most of the harmonics are 
“trapped” in the blackbody continuum. The plasma 
will thus radiate almost as a blackbody from w=0 to 
some characteristic frequency w*. This characteristic 
frequency (equal to w*=11.2w, in our case) is a func- 
tion of the electron energy, density, and the plasma 
dimensions. At frequencies greater than w*, the cyclo- 
tron emission can escape almost freely from the plasma. 
The dividing line between the two regimes of emission 
is conveniently defined by 


a(w=w*)L=1. (9) 
Thus the total cyclotron emission /(@=2/2) from unit 
area of plasma surface is 


[= J B(w,T)[1—exp(—a,L) \dw 


~ | Blw,TdotL f Blu, T ade. 
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The second term of Eq. (10) represents the free emis- 
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Fic. 2. The radiation temperature 7, as a function of frequency, 
for various distribution functions f« exp(—b8). 


sion of cyclotron radiation for frequencies w>w*. This 
radiation decreases nearly exponentially with increasing 
frequency and we shall neglect it. Performing the inte- 
gration in Eq. (10) leads to an energy loss of kT (w*)*/ 
24r'c? watt meter~ [for /(€) Maxwellian ], which, when 
added to the bremsstrahlung loss, should not exceed 
the power produced by thermonuclear reactions. 

To offset cyclotron radiation, we see that the dimen- 
sions of the plasma must be increased, since the cyclo- 
tron effect is largely proportional to the surface area, 
while the energy production is a volume effect. For the 
plasma we have chosen and for a D-D thermonuclear 
reaction, the minimum plasma size (ZL) is several 
meters.! 

The approach outlined above, and Eqs. (2)—(4), are 
applicable only for tenuous plasmas, w,/w<1, and our 
results would be in error if w, were near w*. However, 
for w,<w* (as was the case considered here) the re- 
fractive index of the plasma differs only slightly from 
unity near w*, and the equations were correctly applied 
in estimating the value of w* and of the total energy 
loss.*4 

A procedure similar to that used above in the case of 
a Maxwellian distribution was used for the more 
general distribution functions given by Eq. (7). To 
calculate w* and the total emission, one must first find 
the spectral distribution of B(w,T,). We substitute Eq. 
(1) into Eq. (3) and evaluate the integral, with the 
result that 


1R— 1 |) A n (€) f(€) lemme?n Q 


Dw (n/2Q)P—1} LA n(OLOS(©)/de } emme*nja 


n22Q 


where Q=w/w,. Figure 2 shows the variation of the 
radiation temperature 7, [defined by the bracketed 
term of Eq. (11)] with frequency, for different distribu- 





tion functions /. The absorption coefficient is obtained 
from Eq. (8), and w* from Eq. (9). The results are 
plotted in Fig. 3. The total emission between frequen- 
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Fic. 3. The number of harmonics w* trapped in the blackbody 
continuum, and the total cyclotron emission (normalized to the 
emission from a Maxwellian plasma), as a function of the dis- 
tribution of electron velocities, f« exp(—b8'). 


2) 


cies w=0 and w=w* was calculated from Eq. (10) 
using the results of Fig. 2. This emission, normalized 
to that of a Maxwellian plasma of the same mean 
energy %, is illustrated in Fig. 3. 

From this figure we conclude: (1) Cyclotron emission 
is not greatly diminished by inducing the plasma to 
have an excess of slow electrons (/>2); (2) a large 
excess of fast electrons in the tail of the distribution 
(1<2) causes a large energy loss and is very detrimental 
to the operation of a thermonuclear device; (3) small 
perturbations of the Maxwellian distribution (/~2) 
do not affect the energy loss. 


B. Emission in the Presence of Peaked 
Distributions, df/de>0 


Here we assume distribution functions of the form 


f(8) <B” exp(—6?); p20. (12) 


When p=0, the distribution is Maxwellian; when 
p¥0, the distribution function is peaked at some 
electron velocity 80. For a fixed mean electron energy 
Gi the spike in the distribution function becomes 
narrower, the larger the value of p. 

The peaked distribution function implies the existence 
of an excess of energetic electrons (maintained there by 
some external agency) in some energy range, as com- 
pared with the population in neighboring energy 
ranges. This excess of electrons can cause the stimulated 
emission of photons to exceed the spontaneous absorp- 
tion of photons, with the result that the total effective 
absorption, [Eq. (4) ], becomes negative. However, a 
peaked distribution function, though necessary, is not 
sufficient to ensure that the integral of Eq. (4) remain 
positive. The second condition is that® 


O{ ju(e)eLe— (me*)? }4} /de<0. (13) 


[To use this inequality one must first remove the 6- 


function dependence of j,(¢). This can be done by 
allowing the electron to make collisions with atoms or 


ions. | 
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Equation (13) is satisfied near the peaks of the 
various harmonics of the cyclotron emission. Substi- 
tuting for A, from Eq. (5) into Eq. (8) and making 
use of the distribution function given by Eq. (12), we 
obtain the following expression for the absorption 
coefficient : 
L(p+3 
L(p4 
a n*" 
XL 


n>2 (2n-4 


= — 2rAp? 


(14) 


X=[(p+3)/4 ]u[1—(Q/n)*] is the frequency variable, 
and Q=Xp"[(p+3)/4}" is a parameter which is 
generally small compared with unity. When X¥<p/2, 
a is negative and when X>p/2, it is positive. Thus, 
in narrow frequency ranges near the maxima of the 
harmonics, a, becomes negative (the radiation is am- 
plified), and outside these ranges the radiation attenu- 
ates in the normal way. Figure 4 illustrates this effect 
for the first two harmonics. The calculations are for a 
distribution function with p=0.2. Despite the fact that 
this represents a relatively small perturbation of the 
Maxwellian distribution, the amplification of the radia- 
tion (—a,l) is appreciable. For a magnetic field of 10 
gauss, a mean electron energy @ of 75 kev and an 
electron density of 2X10" cm, the peak value of 
(—a,) for the first harmonic, as found from Fig. 4, 
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Fic. 4. The transition from a positive to a negative absorption 
coefficient, with varying frequency, for the first two harmonics. 
The plot is for a distribution function / «8? exp(—06*), with 
p=0.2. 
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is aj~0.11 cm~', and the wave amplifies at a rate of 
0.5 db per cm path length. When #=7.5 kev, the am- 
plification is 5 db/cm. 

Figure 5 shows the variation of the intensity of 
emission J,, as function of frequency, for the first two 
harmonics, as calculated from Eqs. (2) and (11) and 
from the data of Fig. 4. Along the ordinate is plotted 
the intensity J, normalized to what the blackbody in- 
tensity B(w,7) would be, had the distribution function 
been Maxwellian [B(w,T) = 2iw*/242*c?]. We note the 
large peak of intensity, [J../B(w,T)>>1], superimposed 
on the blackbody emission. This peak occurs in the 
region of the first harmonic where the amplification is 
very large, but does not occur at higher harmonics for 
the plasma considered here (u=mc?/#=20/3, p=0.2 
and A= 100). Had we taken a larger value for A (or p), 
amplification would have taken place also at higher 
harmonic numbers. However, we have purposely chosen 
A to be as small as 100. This means that when L=1 m 
and B=10* gauss, w,=1.8X10" rad sec, and w, 
=7.3X10" rad sec~. Therefore, at the frequencies of 
interest (w~w», 2ws, etc.), the plasma frequency is less 
than w, and only then (when the plasma is tenuous), 
is the theory strictly applicable. 

Figure 6 shows a complete view of the emission 
spectrum. Except for the peak at w~w», the emission 
follows closely the trend of events of the Maxwellian 
plasma discussed in connection with Fig. 1: The radia- 
tion intensity is blackbody up to a frequency w*= 4.3,, 
and at frequencies greater than w* the cyclotron emis- 
sion leaves the plasma with negligible self-absorption. 

Despite the narrowness of the emission spike at 
w=w, (the half-power width Aw is 3X10~w,), the 
total emission under the spike exceeds the blackbody 
emission summed between frequencies w=0 and #=*. 
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Fic. 5. The radiation intensity, normalized to B(w,7) 
= (2iw*/24r%c?), as a function of frequency, showing amplifica- 
toin for the first harmonic n=1, and no amplification for n=2. 
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Fic. 6. Complete view of the emission spectrum, showing 
the large peak at w=w». (p=0.2). 


Therefore, the amplification process plays an important 
part in the total radiation loss from thermonuclear 
reactors, since in these devices we have no reason 
to assume that the electron distribution is strictly 
Maxwellian. In fact, the form of the perturbation of 
the Maxwell distribution we have been considering, 
[ fx p°* exp(—6*)], is observed’ in existing mirror 
devices in which scattering depletes the plasma of slow 
electrons. 

As the electron distribution departs more and more 
from a Maxwellian, (p increases), the magnitude of the 
amplification (—aZ) rises rapidly. Figure 7 shows the 
maximum amplification attainable in each of the first 
three harmonics, for progressively larger values of p. 

The calculations of the amplification were made for 
each harmonic separately [the summation over in 
Eqs. (1) and (14) was neglected ]. This can be justified 
only for the low harmonics, when overlapping of the 
radiation from successive harmonics is negligible; that 
is, when the separation between harmonics, (Aw), 
=mcw,/e, is large compared with the second-order 
Doppler broadening of the radiation, (Aw) p~ nw, (mc*/e) 
X (Ac/e), where Ae is the spread of the distribution of 
electron energies. It follows that the condition for 
negligible overlapping is approximately 


nAe/e<1. (15) 
For mildly relativistic electrons (61) with a Maxwel- 
lian distribution, (Aw) p~n'2a/3me lw,; when #=75 
kev, overlapping becomes important beginning with the 
third or fourth harmonic (see Fig. 1). 


7R. F. Post, Lawrence Radiation Laboratory, University of 
California (private communication). 
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Fic. 7. Maximum value of the amplification coefficient a, with 
increasing perturbation (») of the Maxwell distribution. 


It is found that amplification of cyclotron emission 
does not occur (inequality 13 is not satisfied) when 
overlapping of the radiation is so pronounced that the 
emission becomes a smoothly varying function of fre- 
quency. For instance, for highly relativistic electrons, 
(€>mc*), the harmonics are spaced very near to each 
other, the summation in Eq. (1) over ” can be replaced 
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by an integration, and the emission j, per electron 
becomes! : 


0 


jo ca f Ks3(t)dtF Ke (a) | (16) 


a 


Here a= (2/3) (w/ws)[mc?/e ? and K, is the modified 
Hankel function of order v. The integral of Eq. (16) has 
been tabulated.’ The emission 7, of Eq. (16) increases 
with energy ¢ for low energies, reaches a maximum at 
a1, and then decreases with increasing e. However, 
[ej.(€)] is a monotonically increasing function of 
energy. Therefore, Eq. (13) is not satisfied and ampli- 
fication does not occur. 

Amplification of cyclotron emission by highly rela- 
tivistic electrons has been suggested’ as a possible 
mechanism leading to the intense nonthermal radiation 
from certain extraterrestrial radio sources. Whether the 
almost monoenergetic electron distribution functions 
necessary for amplification, as required by Eq. (15), 
exist in interstellar space, is not known. 

Note added in proof. Since the time of writing this 
paper, the following related work has been brought to 
our attention: J. Schneider, Phys. Rev. Letters 2, 504 
(1959); Z. Naturforsch. 15a, 484 (1960). 


8V. V. Vladimirsky, J. Exptl. Theoret. Phys. U.S.S.R. 18, 392 
(1948). 

*R. Q. Twiss, Australian J. Physics 11, 564 (1958). Here Twiss 
concludes (in disagreement with us) that amplification can occur 
even if the harmonics overlap. The basic difference is between 


his Eq. (47) and our Eq. (4) for the absorption coefficient. We 


integrate over momentum space d3 p « eLe 


(mc?)? Jide, while 
Twiss integrates over energy de 
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Linked-Pair Expansions in Quantum Statistics* 


Franz Moutincf , 
Department of Physics, Columbia University, New York, New York 
(Received July 21, 1960) 


In the quantum statistical method of Lee and Yang, the cluster functions of quantum statistics are ex- 
pressed in terms of the cluster functions of Boltzmann statistics, which in turn are computed in terms of 
certain two-body functions. In the present paper, following a detailed study of the Boltzmann cluster 
functions, it is shown that the symmetric representation can be used for the two-body functions and that 
large classes of diagrams can be summed. This leads to the introduction of linked-pair graphs to describe 
the functions of quantum statistics. The two-body functions are expressed in terms of two-body wave func- 
tions, and are therefore well-defined for hard-core repulsions. For weak potentials the method is shown to 
be equivalent to the theory of Bloch and DeDominicis. 





INTRODUCTION 


ONSIDERABLE attention has been devoted in 
recent years to the development of systematic 
methods for calculating the low-temperature properties 
of many-body systems. Generally speaking, there exist 
two approaches to such problems, namely generalized 
perturbation theoretic methods and the methods of 
quantum statistical mechanics. In this paper we discuss 
only the latter. 

The central problem of quantum statistics is the de- 
termination of the logarithm of the grand partition 
function, i.e., the grand potential f“, because with a 
knowledge of the grand potential one may calculate all 
quantities of physical interest in a large system of par- 
ticles. A standard approach to the problem is to use the 
well-known method of Ursell to express the grand po- 
tential in terms of integrals over cluster functions.’ An 
important development in this drection has recently 
been made by Lee and Yang,? who have shown that 
the cluster functions of quantum statistics, Uy“, can 
be expressed in terms of the unsymmetrized cluster 
functions of Boltzmann statistics, Uy, which Lee and 
Yang have in turn reduced to a series of quadratures 
over two-body cluster functions. Subsequently, in a 
remarkable series of papers* these authors have applied 
their method to the calculation of the low-temperature 
properties of a Bose gas of hard spheres. They have also 
shown how to calculate the thermodynamics of a Fermi 
gas of hard spheres at low temperatures. 

In an investigation of the higher order corrections to 
the thermodynamics of a Fermi gas, one finds that the 
method of Lee and Yang involves extremely tedious 
combinatorial problems. Lee and Yang have simplified 
this problem somewhat in their paper IV,* and we use 


* Work supported in part by the U. S. Atomic Energy 
Commission. 

Tt Now at Cornell University, Ithaca, New York. 

1B. Kahn and G. E. Uhlenbeck, Physica 5, 399 (1938). See also 
D. ter Haar, Elements of Statistical Mechanics, (Rinehart and 
Company, New York, 1954), Chaps. VII and VIII. 

2T. D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959)- 
(LY I). 
T. D. Lee and C. N. Yang, Phys. Rev. 116, 25 (1959)-(LY II); 

, 12 (1960)-(LY III); 117, 22 (1960)-(LY IV); 117, 897 
(1960)-(LY V). 


their results as a starting point for this paper. It is 
shown that a systematic study of the unsymmetrized 
cluster functions leads to a linked-pair expansion of the 
grand potential in which the combinatorial problems of 
the Lee-Yang method are considerably simplified. More 
important, however, the linked-pair formulation is an 
essential step in the calculation of the momentum 
distribution of a Fermi gas, as we shall show in the 
following paper. 

In Sec. I, the equations of quantum statistics are 
reviewed within the framework of the method of Lee 
and Yang. In particular, the basic equations which occur 
in the theory of the grand canonical ensemble are first 
presented and then the method of Ursell is briefly out- 
lined. Section I concludes with Eqs. (21) and (22), 
which express the grand potential of quantum statistics 
in terms of contracted 0-graphs (LY IV).’ In order to 
simplify subsequent analysis, all expressions are written 
in the interaction representation. 

The detailed study of the Boltzmann cluster func- 
tions is initiated in Sec. II, following a method due to 
Jacobsohn.* In analogy with Lee and Yang,? X dia- 
grams are introduced to represent the temperature 
integrals over products of two-particle cluster functions 
mentioned above. In the X diagram notation, sym- 
metrized combinations of the two-particle functions do 
not explicitly appear. However, using the notation of 
dashed-line cluster graphs, which we introduce, it is 
possible to express a symmetric combination Ty of the 
Boltzmann cluster functions Uy in terms of integrals 
over products of symmetrized matrix elements of the 
two-particle cluster functions, which we call pair func- 
tions. The Ty, incidentally, are not equal to the cluster 
functions of quantum statistics, i.e., Ty~ Un, since 
they do not include the effect of wave function overlap 
due to thermal motion. The principle result of Sec. II 
is Eq. (47) for the Ty. 

Section III is devoted to the rather complicated 
process of summing over the large class of dashed-line 
cluster graphs which consist of all ways of including 
“double bonds” in a given cluster graph. This is the 
4F. Mohling, thesis, University of Washington, 1958 (un- 
published). 
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step which is essential to the investigations described 
in the following paper, and it leads to the introduction of 
wiggly-line cluster graphs. In the final relation of this 
section, Eq. (54), the 7» are expressed in terms of 
these wiggly-line cluster graphs, instead of the dashed- 
line cluster graphs. 

The linked-pair expansion of the grand potential, 
Eq. (57), is derived in Sec. IV by substituting Eq. 
(54) for the Ty into Eq. (21) for f. The linked-pair 
formulation is therefore merely an extension of the con- 
tracted 0-graph formulation of Lee and Yang. It is also 
quite closely related to the method of Bloch and 
DeDominicis,®> which is another of the methods of 
quantum statistics. The correspondence is established 
at the end of Sec. IV by expanding the pair function in 
terms of the two-body potential. 

In the theory of Bloch and DeDominicis the grand 
potential is expressed in terms of the two-body potential. 
It is therefore only a useful theory when the two-body 
potential is truly weak. This is not the case, however, 
for any system in which a hard core repulsion is an 
important part of the two-body interaction. On the 
other hand, the pair functions of the present paper, and 
the corresponding two-body functions of Lee and Yang, 
are well-suited for dealing with strong, short-range 
interactions. Thus, in Sec. V it is shown that the pair- 
functions can be expressed entirely in terms of two- 
particle wave functions, which, of course, are finite and 
well-behaved for all interactions. 

Because of the complexity of the derivations out- 
lined in this paper, a large number of examples and 
figures have been included. Also, the momentum repre- 
sentation has been used almost exclusively, for reasons 
of clarity and simplicity. 


I. A REVIEW OF THE EQUATIONS OF 
QUANTUM STATISTICS 


The theory of the grand canonical ensemble becomes 
useful when one is interested in calculating not only 
the average energy of a system, but also the average 
density and its fluctuations. For a system in which the 
only conserved quantities are the energy E and the 
total number of particles NV, the grand partition func- 
tion is 


el=> 2% Try[exp(—BH™?) |, (1) 
N= 


whe 


B=1/kT, (2) 


and Q is the volume of the system. The symbol Try 
indicates that the trace of exp! —8H™] is to be taken 
over a complete set of V-particle state vectors. More- 
over, we shall assume that the V-particle Hamiltonian 
H™ includes only two-particle interactions. The quan- 
tity f is called the grand potential and it is assumed to 
be an intensive quantity, i.e., we assume that limf(z,0,8) 
for 2—> © exists. Finally, the fugacity z can be shown 


*C. Bloch and C. DeDominicis, Nuclear Phys. 7, 459 (1958). 
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to be related to the thermodynamic (or Gibbs) potential 
per particle g by the equation 


(3) 


In terms of the independent variables 8 and g, the 
thermodynamic properties of a system of particles can 
be determined using the following equations: 


Pressure, 
0 
e=B"—(QP). 
02 
Particle density, 


p=(N)/Q=B8"df/dg. 


Energy per particle, 
(E)/(N)= g—p(0f/08). (6) 
These equations relate the thermodynamic properties 
of a system to the grand potential, which with the aid 
of the well-known Ursell method! can be written directly 
in terms of certain cluster integrals by“ (Q,8): 


for 


> by“ (Q,B). 


In Eq. (7) the superscript (s) indicates that for quantum 
statistics the complete set of state vectors to be used in 
Eq. (1) must be symmetrized or antisymmetrized. 

Our first departure from the treatment of Lee and 
Yang is that we employ the interaction representation 
in obtaining expressions for the cluster integrals. Let 
us define an operator 


W v(8)=exp(6Ho?) exp(—BH™?), (8) 


which is equivalent to unity for free particles.® If one 
writes the matrix elements of Wy(8) as 


12---N 
wen Jaa... Wy (6) 1'2’---N’) 
1’2’.--WV’ 


=> pe?’ P(12---N|Wy(B)|1'2’---N’), (9) 


where e= +1 for Bose-Einstein statistics and e= —1 for 
Fermi-Dirac statistics, and }- p- denotes the sum over all 
permutations of the primed indices, then the grand 
partition function is given in terms of the Wy“ as 
follows: 

0 oN N 


exp(Qf)= >> > exp(—B > w,) 


— 


N=0 N! x:-- kN i=! 


k,k.- oa ky 
XW ( ), (10) 
oe 


where w;=#*k;?/2m.’ For convenience, in Eq. (10) we 
® We assume in this development that there are no applied 
external fields. 

7 Strictly speaking, the right-hand side of Eq. (9) should include 
an additional factor I,2:% (N;,!)~, where for a wave function 
which is a product of single particle functions the NV, are the num- 
bers of particles in each of the different states, but this factor 
cancels out in the derivation of Eq. (10). 
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have chosen the momentum representation for the 
sum over states, since the free particle operator 
exp| —8H,)™?] is diagonal in this representation. Now, 





1 


1 2 12 
TCs ( )ur( )+u/ ), 
a’ y 4 1/2’ 
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the Ursell method consists of defining “cluster func- 
tions” Uy“ in terms of the Wy“ by the following set 
of equations: 


123 1 2 3 1 23 
)-r-(idorCorGior(idone) 
1'2'3’ 1’ 2’ ¥ 1’ 2'3’ 


+u(, Jur( 
- 


These equations are such that the Nth equation con- 
nects Wy“ with all of the U,;, U,,---Uy™. 
Without modifications they are only useful for systems 
in which the particle interactions have a finite range, 
and in this case the equations have the significance that 
they represent all possible ways in which N particles 
can be grouped into clusters which are both noninteract- 
ing and have nonoverlapping wave functions. Thus the 
Uy are indeed “physical cluster functions,” and one 
can show that the cluster integrals dby“(Q,8) are 
given by 


N 
by (2,8)=(QN)7 YY exp(—BY ow) 
, 


ky---k 


i=l 


k, ko: - 
xu 
kik, -- 


in the momentum representation. 
The quantity which is a measure of the spread of 
particle wave functions is the thermal wavelength, 


Ar= (2rh?/mkT)'= (22h?8/m)!. (13) 


For example, one can show in the Heisenberg and posi- 
tion representation that the one-particle cluster function 
is given simply by the expression 


(r| exp(—8H») |r’) 
=r? exp[—mAr 2 (r—-2’)?] > 6 (r—r’). (14) 
Ar>0 


The expression (14) can be understood better when one 
separates the effect of particle interactions from that 
of overlapping wave functions, i.e., from statistics, in 
the Uy“. For this purpose one defines with Eqs. (11) 
the corresponding set of ‘‘unsymmetrized cluster func- 
tions” Uy of Boltzmann statistics. Now, the Uy con- 
tain only the effect of particle interactions, since they 
are defined with unsymmetrized wave functions. More- 
over, it is a straightforward matter to solve for the 
Uy in terms of the Uy using Eqs. (9) and (11). Thus, 


31 3 3 123 
)+v(?)oo(!2)+00('2), ae 
7T , we Yr rs 


for example, for the two-particle cluster function one 
readily obtains 


12 12 1 2 
oor 2a oC) 

ie fe ad r a 
where (12| 72| 1’2’) comprises a symmetrized or antisym- 
metrized combination of (12| U»| 1’2’) and (12| U2|2’1'), 


namely: 
12 12 12 
r( )=u( )+eu( ). 
12’ 12’ 2'1' 


One sees then that the effect of overlapping wave func- 
tions is that U,“*) contains not only 7(12;1’2’), but 
also ‘‘coupled”’ one-particle cluster functions. According 
to Eq. (14), a measure of the importance of the term 
eU (1; 2’)U(2; 1’) is the thermal wavelength Az. 

It is clear from the structure of Eqs. (9) and (11) 
that in general Uy‘? may be expressed in terms of 
sums over “connected products” of symmetric or anti- 
symmetric 7 functions, where 


12---N 12---N 

r(.,, it iT. hi, } (17) 
The factor e” has been introduced for convenience in 
later manipulations. Thus, using Eqs. (7) and (12), the 
grand potential f“) may be expressed in terms of a 
sum over all connected products of T functions. The 
exact character of this sum is most simply described in 
terms of primary 0-graphs, as introduced by Lee and 
Yang (LY IV).* These graphs, as well as the corre- 
sponding ¢ graphs for ¢>0, which are needed in the 
calculation of distribution functions, are defined in the 
following two paragraphs. 

A primary ¢ graph (¢=0, 1, 2---) consists of a collec- 
tion of vertices connected by directed lines, with ¢ 
external incoming lines and ¢ external outgoing lines. 
Each vertex is characterized by anumbera (a= 1,2, ---) 
which gives the number of incoming and the number of 


(16) 
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| Fic. 1. Some examples 

6 of contracted 0-graphs. 
With each graph has 
been included its in- 
verse symmetry number 
S~, [In (LY IV), dashed 
lines are used for these 
graphs ]. 


CO 
© 
se 
o 
, 


outgoing lines at that vertex. Two primary graphs are 
different if their topological structures are different. 

To each primary ¢ graph we assign a term which is 
determined by the following procedures: 


(i) Associate with each internal line a different in- 
teger 7 (i=1,2,---m) and a corresponding momen- 
tum k;. 

(ii) If ¢0 then associate the external lines with 
certain pre-given momenta. 

(iii) To each @ vertex, assign a factor 


kay: ++Kag 
7 ; 
ka): ‘ka, 
where ka,---ks, are the momenta associated with its 
incoming lines and k.,---ka, are the momenta associ- 
ated with its outgoing lines. 
(iv) Assign a factor ee*‘¢-”*) to each internal line, 


where w,=/?k?/2M is the energy variable for that line.® 
(v) Assign a factor S~' to the entire graph, where 


S=symmetry number. 


(18) 


The symmetry number is defined to be the total number 
of permutations of the m integers associated with the 
internal lines that leave the graph topologically (in- 
cluding the positions of these numbers relative to the 
lines) unchanged. 

(vi) Assign an over-all sign ¢«?® to the entire graph, 
where Pz is the permutation of the (m+¢) bottom row 


8 The apparent difference between our rule (iv) and the corre- 
sponding rule (iv) of Lee and Yang is due to our use of the inter- 
action representation. 
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coordinates (in the 7 product) with respect to the 
(m+¢) top row coordinates. 
(vii) Finally, sum over all the internal momenta 


ky, ko, «+ - Kp. 


With these definitions the grand potential f/f‘ is given 
in the momentum representation by: 


Qf (g,2,8)=> (all different primary 0-graphs). (19) 


} 


For further discussion and examples the reader is re- 


ferred to Sec. 3 of (LY IV).! 


Now, each 1-vertex corresponds to a factor U,=1. 
It is therefore a simple matter to sum over all ways of 
including 1-vertices along the internal lines of any 
primary ¢ graph which originally has no 1-vertices. The 
result of such a sum has been defined by Lee and Yang 
to be a contracted ¢ graph. More precisely, contracted ¢ 
graphs are calculated in the same manner as primary ¢ 
graphs except that 


(1) there are no 1-vertices in contracted ¢ graphs. 
(2) rule (iv) is replaced by 
(iv)’ Assign a factor ev; to each internal line, where 


(20) 


1—e«e® 


In terms of contracted 0-graphs, the grand potential is 
given by 
Of (g,2 


= Of (g,2,8) 


8) 
+> (all different contracted 0-graphs), (21) 
where 

fo (g,2,8)= —Q" >, Inf 1—ee®'e”) ], (22) 


a 


Some examples of contracted 0-graphs are shown in 
Fig. 1 together with their inverse symmetry numbers 
S—. In this paper, we will not be concerned with ¢ 
graphs for ¢>0. 


Il. THE Ty IN TERMS OF TWO-BODY FUNCTIONS 


Equation (21) is useful if one can calculate the un- 
symmetrized cluster functions (12---N | Uy|1/2’---N’) 
or at least the (12---N|7y/|1'2’---N’), in an explicit 
manner. This is indeed the case, for Lee and Yang? 
have shown that the Uy(8) can be written entirely in 
terms of two-body wave functions, a result which they 
have applied in their studies of a gas of hard spheres. 
We shall now outline a new derivation of their results, 
due in part to Jacobsohn,‘ which we shall then extend 
to arrive at the “linked-pair expansion” of f‘. The 
reader should recall throughout that we are using the 
interaction representation. 

We begin by defining an operator 
W v(8,8’) =exp(BH ?) exp(—BH™?) 

Xexp(6’H™) exp(—6’Ho™?), (23) 
Wy(8,8)= 1, 
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which reduces to Wy(8) for 8’=0. In the development 
below we shall first show how Wy(6,6’) can be ex- 
panded into an infinite series of two-body operators. 
When this series is appropriately grouped, it becomes 
clear that the various groups are in one-to-one corre- 
spondence with the terms of the Nth Ursell equation 
(11) (as written for Boltzmann statistics). It is then 
easy to identify an operator Uy(6,8’) whose matrix 
elements (for 6’=0) are exactly the unsymmetrized 
cluster functions. 

The operator Wy(6,6’) has a simple transitive 
property : 


W w(81,82)W w (82,83) = W w(B1,83). (24) 


Moreover, it satisfies the differential equations, 


re] 
ry 'N (B,8’) — Vy (8) Ww (8,8’), 
0 
—Wvy(8,8’)= Wy (8,8) Vw (8), 
op’ 
where 
Vv (8)=exp(8Ho) Vw exp(—BHo), 
Vy _ : Ve 


The subscript u refers to a coordinate-pair chosen from 
the NV coordinates. The summation over p indicates the 
summation over all 3N(N—1) pairs. 

Watson and Riesenfeld® have shown that differential 
equations such as (25), in which the Vy are given by 
Eqs. (26), are equivalent to the following set of integral 
equations: 


(26) 


8 
Ww(3.8)=1-¥ ff at W*(B,)V,()M, (1,8), 
# p’ 
(27) 
8 
Map) =1-¥ f dt W.’(8,)V.()M,™ (t,8’). 
vtpd gr 


It is readily verified that the Wy(8,8’) of Eq. (27) 
satisfies the differential equations (25) together with 
the initial condition Wy(8,8)=1. 

It is an important feature of the Lee-Yang method 
of quantum statistics that it expresses the unsym- 
metrized cluster functions in terms of two-particle wave 
functions and not in terms of potentials, since the latter 
may be highly singular (as for hard-core repulsions) 
whereas the former are always well-behaved. In the 
present treatment we must also remove the explicit 
appearance of the operator V(¢) in Eqs. (27). We there- 
fore introduce an operator 


0 


R(8,8')= ere W.(8,8’)= —W2(8,8)V(8'), (28) 


®°W. B. Riesenfeld and K. M. Watson, Phys. Rev. 104, 492 
(1956). 
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—+--t, 


= 3 


Fic. 2. (a) The symbol for the matrix elements of R(¢2,t:), see 
Eq. (30); (b) a forbidden structure in X diagrams; (c) a typical 
fifth order X diagram for four particles, see Eq. (31); (d) a double 
bond in X diagrams; (e) the two X diagrams in (12| W2(g)|1’2’). 


and in Sec. V we shall show that the matrix elements of 
R(8,8’) can be expressed entirely in terms of two-body 
wave functions. Thus, we replace Eqs. (27) by 


B 
Wy(8)=1+2D f dt R,(8,t)M, (0), 
u 2 (29) 
M,(¢)=14+> dt R,(8,)M, (2). 


vee 9 


In Eqs. (29) we have set 6’=0, since it is no longer 
necessary to carry along the extra variable §’. 


X-Diagrams 


Equations (29) may be solved by iteration, and in 
any particular representation the result may be easily 
described in terms of X diagrams. The basic unit of an 
X diagrams is the symbol of Fig. 2(a) for the matrix 
elements of R(t2,t1). 


[symbol of Fig. 2(a) ]=(12| R(ts,t1) | 1’2’) 


2712 "721 
as 0) a PD 
rr ty ‘ey ty 


The X diagrams associated with the N-particle matrix 
elements of W (8) for N>2 are formed by first drawing 
N vertical lines and labeling them from left to right 
at the top from 1 to N and at the bottom from 1’ to 
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N’. One horizontal line labeled 8 is then drawn at the 
top of the diagram, and Q>0 horizontal lines, labeled 
(t,t2,---t@) from bottom to top, are drawn below this 
line. An X diagram is completed by inserting the crosses 
of Fig. 2(a) in the boxes formed, according to the 
fotlowing two rules. 


(1) One and only one cross can occur between any 


two horizontal lines. 
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(2) Two crosses can never have two points in com- 
mon, i.e., the structure of Fig. 2(b) is forbidden. 


The number (Q is defined to be the order of the X dia- 
gram, and it is equal to the number of crosses which the 
diagram contains. 

A typical fifth-order X diagram for four particles is 
shown in Fig. 2(c), and its explicit expression is as 
follows : 


[X diagram of Fig. 2(c) |= (+1) af auf “f “fe dt, 
2 lef 


In this expression, the “internal” coordinates, which 
arise from the sums over intermediate states in any 
particular representation, are labelled with lower case 
letters. The Q temperature integrations are over the 
interval from 0 to 8 such that 0<t;<le<ils--- 
It follows from the above definition of an X diagram 
that the matrix elements of Eqs. (29) can be written 
as follows: 


<tg<p. 
(12-++N|Wy(8)|1’2’---A 


=> [all different Qth-order X diagrams 


Q=0 


for N particles]. (32) 


Examples 


I. Because of rules (1) and (2) above Eq. (31), only 
two X diagrams contribute to (12|W2(8)|1’2’). These 
are shown in Fig. 2(e), and the corresponding expres- 
sion for (12| W.(8)! 1/2’ 

)? 


8 8 12 
(12| =2(8)|1’2"=8; de tf a ( ) _ (33) 
0 7 t) 


Now, according to the second of the Ursell equations 
(11), the operator U,(8,8’) is given by 


(8,8’)—1. (34) 


is 


U.(8,8’) 


Upon comparing these last two equations, we see that 
the function (12| U2! 1'2’) of Eq. (16) is simply 


(12 6 8712 
2) fa) 
27 J, 12’ 1, 


second symbol of Fig. 2(e), 


vs) f dt; R(8,t1). 


{ 


(35a) 
(35b) 


II. We next introduce the concept of a connected X 
diagram. A Qth-order connected X diagram for N par- 


ticles 


ab cd tz 3'4’ to ey ty 

is one in which all N vertical lines remain inter- 
connected when the (0+1) horizontal lines are removed. 
Thus, the X diagram of Fig. 2(c) is connected. Now, if 
Eq. (35b) is substituted into Eqs. (29) for N=3, then 
one can verify with the aid of the third of the Ursell 
equations (11) (when written for Boltzmann statistics) 
that 


U;(8)=>. x f at, f dti,R,,(B,te) 
B Pepe | ( 
XR, (te,t4,)M, (ty). (36a) 


one then 
27): 


Upon taking matrix elements of Eq. (36a) 
verifies the following expression for (123| U; 


123 x 
u( )-z [all different Oth-order 
1'2'3’7 ae 


connected X diagrams for 3 particles |. (36b) 
III. The generalization of Eq. (36b) is that Uy is 
given by the sum over all connected, V-particle X dia- 
grams. The ease with which we proved this result for 
N=3 was due to the fact that there were only a few 
unconnected X diagrams. However, in the case of V=4, 


Fic. 3. (a) The diagrammatic representation of Eq. (39); 
(b) the diagrammatic representation of Eq. (39) with the replace- 
ment 8 — s. In this case the leading factor /('ds Ri3(8,s) is miss- 
ing from each of the terms of Eq. (39). 
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and for all higher values of NV, there are an infinile 
number of unconnected X diagrams in 


(12-++N|Wy(8)|1’2"-- +N’). 


For example, all unconnected X diagrams of the type 
shown in Fig. 3(a) occur in (1234| W,(8) | 1’2’3’4’). 

We shall now show that the sum over all “uncon- 
nected products” in W,4 may be identified with the 
products UU» in the fourth of the Ursell equations (11). 
For this purpose we first write the operator product 
(U2),(U2), for two disjoint pairs » and pv as follows: 


(U2), (L 
B 


-{ dtedt,R,(B,l2)R,(B,1) 


0 


(37) 
6 te 
= f at. f dif Ry (Bylo) R,(B,41) + R,(B,l2) Ry (8,4) |. 


The operators R, and R, commute only when they are 
associated with disjoint pairs, i.e., when they are 
associated with four different sets of coordinates [ they 
do not commute when p= (1,2) and v= (1,3) ]. 

Now, from Eqs. (28), (24), (34), and (35b), 


follows that 


ts 
R(ts,t1) = ji+f ds Rta) [Rot 
te 


(38) 


for any value ¢2. With the aid of this identity one may 
verify the following expansion for the first term in the 
second line of Eq. (37). 


B te 
f ats f di, Ry(8,t2)R,(8,t1) 
B t2 
-{ ats f dl, R,(B,l2)R, (to,t) 
0 0 
8 t3 te 
+- anf ats dl, R,(B,t3) Ru (ts,to)R, (lo,t1) 
“0 0 0 
8 t4 t3 te 
+f anf ats f ats f dt, 
0 0 0 0 


XR, (Byta)Ry (tarts) Ry (tayla)Ro(to,h)+-++. (39) 


Equation (39) is shown schematically in Fig. 3(a). If 
this equation is now substituted into Eq. (37), then 
one obtains 


),=> [sum over all terms in the itera- 
tion of Eqs. (29) which depend only 


on the disjoint pairs» and vj. (40) 


By using Eqs. (35a), (36b), and (40) one may readily 
verify that the generalization of Eq. (36b) to the case 
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N=4 is valid, through the isomorphism of terms in 
Eq. (32) for N=4 with the fourth of the Ursell equa- 
tions (11). 

IV. A double-bond in X diagrams is defined to be a 
structure in. which two crosses are connected by the 
same two vertical lines, as shown in Fig. 2(d). There 
are no double bonds in Fig. 2(c). Now, the sum of Eq. 
(40) is a sum over a certain class of unconnected dia- 
grams with double bonds [see Fig. 3(a) ]. However, 
there is no reason why these diagrams must be un- 
connected, and in the next section we will also perform 
such sums over connected diagrams with double bonds. 
For example, by simply making the replacement 8 > s 
in Eq. (39) one can obtain the sum whose matrix ele- 
ments are shown in Fig. 3(b). 

By an extension of the method used in example III, 
one can identify all of the unconnected X diagrams in 
Eqs. (32) for N>4 with corresponding product terms 
in the Vth of the Ursell equations (11). After making a 
series of induction proofs,‘ one finally obtains for the 
unsymmetrized cluster function Uy 


12---N 
ee 
1'2’..-NN’ 


> [all different Qth-order connected 

Q=N-1 
X diagrams for N particles]. (41) 

Equation (41) is the generalization of Eq. (36b), and it 
is essentially equivalent to the result obtained by Lee 
and Yang." In principle it permits one to calculate the 
Ty of Eq. (17), which are in turn necessary for an 
evaluation of f‘ via Eq. (21). However, the prescrip- 
tion of Eqs. (21) and (41) is unnecessarily complicated, 
as we shall now show by developing the linked-pair 
expansion of f“?. 

As a preliminary to our further manipulations we 

make the observation that whenever a connected N- 
particle X diagram is written explicitly in terms of the 
two-particle symbols "( )1, cf. Eq. (31), that 


e?8=%, for connected \-particle X diagrams. 


(42) 


The sign of the permutation of the bottom-row co- 
ordinates with respect to the top-row coordinates is 
equal to e’ for a connected N-particle X diagram. Of 
course, if one uses only the notation of X diagrams in 
calculations, then this observation is unnecessary, since 
the definition (30) allows no ambiguity in the arrange- 
ment of bottom row coordinates with respect to top 
row coordinates: The sign in Eq. (31) is +1. We shall 
now adopt a different notation, however, in which Eq. 
(42) will be a quite useful relation. Equation (42) is 


” The two-body operator R(8,8’) is not the same as the binary 
kernel B(8—8’) used by Lee ve Y ang. In terms of our notation, 
B(8—8’) =exp(—8Ho™)[ (0 /a8)U2(8,8" ) J exp(6’Ho®). It * a 
simple matter to verify that w hon n written in terms of B(sp— 
our Eq. (41) is equivalent to the general prescription of (LY ‘A : 
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verified by examining some simple X diagrams, and 
then generalizing to arbitrary X diagrams by making 
induction proofs. 


Dashed-Line Cluster Graphs 


Let Il be a permutation which simultaneously per- 
mutes the same sets of top and bottom row indices of a 


function, e.g. 
12 21 
on 
rm ey 


One may then verify from their definitions that since 
the V-particle Hamiltonian is symmetric in its NV vari- 
ables that all of the Uy and Wy functions of Sec. I 
are invariant under any permutation of the type II. 
In particular: 


12-+--N 12+.-N 
nu( ) u( ) (43) 
1'2’---N’ 1'2’---N’ 


If this result is used in Eq. (17), then one may obtain 
an alternate form for Ty. 


Messin) 
1/2’. + +N’ 


12---N 
=(N!)7 5 nr pp'u( ). (44) 
P,P? 1'2’.--N’ 


Thus, the 7y# Uy“ are symmetrized matrix elements 
of the operators U'y(8). 

From Eqs. (44) and (41), we conclude that we may 
directly determine the Ty by taking symmetrized 
matrix elements of Eqs. (29) and then subtracting all 
unconnected U products. To represent the terms which 
occur in Ty, we shall introduce the notation of cluster 
graphs, which are essentially symmetrized combinations 
of X diagrams. Moreover, it is immediately clear that 
only symbols for the symmetrized matrix elements of 
the operator R(ts,/,) will be necessary in these graphs. 
We shall call such matrix elements pair functions. 


ar 2 #2 71{2 "712 
| = ( ) +e ( ) =a pair function 
s. th 7 ty y sd 'g ty 


; ’ (45) 
= (12| R(lo,t1) | 1’2’)+-€(12| R(to,t;) | 2’1’). 


The basic unit of a cluster graph is a symbol for the 
pair function of Eq. (45) in the momentum representa- 
tion (which representation we shall henceforth use) and 
we shall call such a symbol a cluster vertex. At any cluster 
vertex there must be two incoming and two outgoing 
lines, equipped with arrows, which correspond to the 
four momenta of the pair function. In these symbols we 
distinguish between internal (I) and external (k) mo- 
menta by drawing the internal momentum lines as 
dashed lines and the external momentum lines as solid 
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(a) 
ky 


Fic. 4. (a) An example of a cluster vertex in the dashed-line 
formulation of cluster graphs; (b) a cluster vertex with no internal 
momentum lines; (c) a double bond in cluster graphs; (d) the five 
different, third order 4-particle dashed-line cluster graphs [see 
expressions (46) ] for fixed assignments of the external k momenta. 


lines. Only the lower temperature label ¢; is attached to 
a cluster vertex, since the upper temperature label of 
the corresponding pair function is always ¢,4; (or 8). 
Two examples of cluster vertices are shown in Figs. 
4(a) and 4(b). 

A Qth-order, N-particle, dashed-line cluster graph is 
defined to be a set of Q cluster vertices which are entirely 
interconnected by (20—N) dashed lines. The rules for 
connecting the Q cluster vertices of a dashed-line cluster 
graph, together with the prescriptions for writing down 
the corresponding expression are as follows: 


1. It must not be possible to complete a loop in a 
cluster graph by following the arrows on dashed lines. 
Cluster graphs therefore always have a braided struc- 
ture as shown in Fig. 5. 

2. Every dashed line is attached to a cluster vertex 
at each end, so that the temperature variable ¢; at the 
tail end is less than the temperature variable ¢; at the 
head end. Moreover the Q temperature variables are 
labelled so that 


O<t,< lo< = oe tg<lg 1 B. 


4 < 


3. A double bond in a cluster graph is defined to be a 
structure in which two dashed lines connect the same 
two vertices [of Fig. 4(c) ]. In this case the temperature 
variables ¢; and ¢; must be attached so that ti41<¢j. 
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4. Associate with each of the (20—N) internal lines 
and the 2N external lines an integer i(i=1, 2, 
20+ N) and a corresponding momentum |I,, k, or k,’ 
according to whether the line is internal, outgoing ex- 
ternal, or incoming external. 

Two dashed-line cluster graphs are different if 
they cannot be topologically (including the relative 
positions of the external momentum and the temperature 
labels) deformed into each other. 

6. For any given assignment of the temperature 
labels, the temperature integrations /p*dlgfo'@dig_1:-: 
JSo*dt,; must be performed over the corresponding pair 
functions. 

7. When the cluster graph is written in terms of the 
associated pair functions, (a) a factor of e” is included, 
where Pz, is the total permutation of the bottom-row 
momenta (both external and internal) with respect to 
the top-row momenta; (b) a factor of 4 is included for 
each double bond; (c) the sum over the (2Q0—N) in- 
ternal momentum (and spin) coordinates is performed. 


In Fig. 4(d) we exhibit the five possible third-order 
4-particle cluster graphs for fixed assignments of the 
external k momenta. Their explicit expressions are as 
follows: 


erkikey “risks &rks Is 7 
Ef ; LI; ‘I, ba » Lky’k.’| 
rks 157 “pf Ie ka) 

rs "he! Sep Lika’! 

ke] Kak 9 PAs Is 7 

iy Ie lig Lola’ Jeg Uy’ky’] 
®rkake7] “pki ksy? fds be 
L Agks’ Jes Uk! Is deo Us’ ky’ 
°rki key “Cisks7] °C Ie ky 7 


Lk,’ Is ‘ ik,’ Ie 4 i,k, | % 
(46) 


| 
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“dh a 


2 


“a of dt, 
2. sie 0 


The right-hand side of Eq. (44) for Ty may now be 
rewritten as a sum over all different cluster graphs: 




















[all different Qth-order N-particle 
= N—I 

dashed-line cluster graphs]. (47) 
Equation (47) can be verified by referring to the re- 
marks below Eq. (44), and by using Eqs. (44), (41), 
and (42). Alternatively, by using Eq. (45) for each 
pair function, Eq. (47) can be expanded to give 
[> p-(e%+?’)P’] times Eq. (41). 


EXPANSIONS 


IN QUANTUM STATISTICS 


Ss 
@ 
yf» 


a 
-e& 


Fic. 5. A cluster graph with 28 vertices in the dashed-line for- 
mulation. For convenience the external lines and some of the 
temperature labels have been omitted. The encircled regions are 
proper cluster parts. 


Ill. WIGGLY-LINE CLUSTER GRAPHS 


The calculation of Ty in terms of dashed-line cluster 
graphs, Eq. (47), is already a great simplification over 
the method of calculation with X diagrams, Eqs. (17) 
and (41). In this section, we shall show that further 
simplification is possible by performing the sums over 
all double-bonds in dashed-line cluster graphs. When 
this is done, we will find that the prescription for the 
resulting ‘‘wiggly-line cluster graphs” will be a simple 
geometrical one. More important, however, the sums 
over double-bonds are a necessary, preliminary step 
to the work described in the following paper. 

For reasons of simplicitly, we shall write down only 
operator expressions for cluster-graphs in the first part 
of this section, and we shall indicate this fact by the 
symbol = in equations. We shall begin our considera- 
tions by writing down operator expressions for the first 
set of cluster graphs of Fig. 4(d), which we have re- 
drawn in Figs. 6(a) and 6(b). 


[Cluster graph of Fig. 6(a) ] 


8 t3 t2 
~f ats f ats f dl; R4(8,ts) Re (ts,to)Re (t,t), 


[Cluster graph of Fig. 6(b) ] 


B t3 te 
~{ asf at. f dt, R4(8,ts) Re (ts,to) Rp (tet). 
0 0 


(48) 
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Fic. 6. (a) A third order, 4-particle cluster graph with dashed 
lines, [see Eq. (48) ]. (b) The other possible temperature labelling 
of the cluster graph of Fig. (a) [see Eq. (48) ]. (c) The cluster 
graph of Figs. (a) or (b) with the dashed lines replaced by wiggly 
lines [see Eq. (50) ]. (d) The second set of third order, 4-particle 
cluster graphs with dashed lines. (e) The wiggly-line cluster graph, 
see Eq. (51), which corresponds to the dashed-line cluster graphs 
of Fig. (d). (f) A fourth order, 5-particle cluster graph with wiggly 
lines [see Eq. (52) ]. (g) Another fourth order, 5-particle cluster 
graph with wiggly lines. (h) The fourth order, 5-particle cluster 
graph with wiggly lines of Eq. (53). For convenience, the external 
lines have been omitted from each of these cluster graphs. 


We next consider the sum of dashed-line cluster 
graphs indicated in Fig. 7, 
X-diagram sum of Fig. 3(b). 


8 t3 te 
f ats f ain f dl; R4(Byts)R p(ts,toe)Re(ta ty) 


«[sum of cluster-graphs of Fig. 7 ]. 


which is analogous to the 


(49) 


We see that Fig. 6(a) is merely the first term of the 
series that consists of all possible dashed-line cluster 
graphs which differ only in the number of double-bonds 
along the two branches (A—B) and (A—C), and in 
which the temperature variable /; is associated with the 
lowest C vertex. We note that because of the rules for 
including double bonds in dashed-line cluster graphs, 
the number of double bonds along the branch (A—C) 
minus the number of double bonds along the branch 
(A—B) can only be zero or one. 

We now define the wiggly-line cluster graph of Fig. 
(6c) to be the sum of Eq. (49) plus the corresponding 
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8 >» 
fos fatefan Ral B,t3)Ralty, ta) Reltypt)) 
o “ % 


Fic. 7. The sum over dashed-line cluster graphs of the type in 
Fig. 6(a), which differ only in the number of double-bonds along 
the branches (A —B) and (A—C). In each of these cluster graphs 
the temperature variable ¢, is associated with the lowest (C) ver- 
tex. For convenience, the external lines have been omitted from 
each cluster graph. 


equation which has Fig. 6(b) as its leading term. 


[Cluster graph of Fig. 6(c) | 


8 ’ 


~f dts R,(B.l )f dl lt; Ry(tsto)R, 
B ts t2 
-f at, f dts f dl, R 1 (6, 
“4 0 


When all possible ways of including double bonds in a 
cluster graph have been summed and all possible ways 
of ordering the temperature labels have been included, 
we shall draw a cluster graph for the resulting expression 
with wiggly lines instead of dashed lines, as with Eq. 
(50). 


Re(ts, Lal } |. (50) 


Proper Cluster Parts 


The motivation for performing the sums of Eqs. 
(49) and (50) to obtain wiggly-line cluster graphs 
can be understood by examining Fig. 5. Consider, 
for example, the cluster vertices labelled (18), (19), 
and (20). According to the rules for writing down 
dashed-line cluster graphs, the corresponding tem- 
perature variables are associated with the integrations 
+ fi *dtoo So'Mdtig Jo''dlis: « - Therefore, the two re- 
gions enclosed by the wiggly lines in Fig. 5 have a 
complicated interdependence of their 
variables. 

We define a proper cluster part as a part of a cluster 
graph which is connected to the rest of the cluster 
graph by only one incoming and/or one outgoing 
dashed line. (There may be any number of solid line 
connections.) The encircled regions in Fig. 5 are there- 
fore proper cluster parts. We shall show that after the 
sum over all possible ways of including double bonds 
and over all orderings of the temperature variables has 
been made for a given dashed-line cluster graph, that 
the only temperature variables which proper cluster 
parts then have in common with the rest of their 
cluster graphs are those at the connecting vertices. 
Thus, the temperature variables which the encircled 


temperature 
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proper cluster parts of Fig. 5 will have in common with 
the rest of the (wiggly-line) cluster graphs wil! be only 
tis and fis. In the following paper we shall need to know 
the temperature dependence of a proper cluster part 
independently of the rest of its cluster graph, and it is 
mainly for this reason that we are here performing the 
sums over double bonds. The fact that the resulting 
prescription for writing down wiggly-line cluster graphs 
will be simpler than the prescription for dashed-line 
cluster graphs is merely an added bonus. 

The “disentangling” of the temperature dependences 
of proper cluster parts is very much related to the 
identification of product terms of the Ursell equations 
(11) for Boltzmann statistics, as they are contained in 
Eqs. (29) or (32). Thus, Eqs. (49) and (39), or Figs 7. 
and 3, are quite similar. Moreover, we see from Eqs. 





[Cluster graph of Fig. 


6(e)] 
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(49) and (50) that after summing over all possible 
ways of including double bonds and over both ways 
of ordering the temperature variables ¢, and fs, the 
“upper” temperature labels for both the vertices B and 
C become ¢3. The temperature dependences of the 
“proper cluster parts” B and C are no longer inter- 
related except through the variable /; of the vertex A 
where they are attached. 

We next consider the dashed-line cluster graphs of 
Fig. 6(d). In this case, it is important to note that 
Eq. (39) remains valid even when the same arbitrary 
function of ¢; is included in the integrand of every term. 
Because of this fact, one can readily show that the sum 
over all possible ways of including double bonds along 
the branches (A—C) and (B—C) of the cluster graphs 
of Fig. 6(d) leads to the result: 


8 t3 te 
‘ f at, f dts f dts R (sls) Rp(B,ts) Re (tots) +R g(B,ts)Ra(Byts)Re( tots) 
0 0 0 


8 ts te 8 tz 
-f arsRa()| f ats f dtsRul(B,2)Relss) + f ats f dtsRo(82)Reltst) 
0 0 0 t3 0 


8 t3 4 t3 B 
-f atsRa (34) f aul f dtsRu(B,t)Reltasi)+ f daRo(B42)Re(tut)| (51) 
0 tl te 


We see that when two proper cluster parts with incoming dashed lines (the vertices A and B) attach at a common 
vertex C, that they do not “attach independently” as we might have expected. There is an ordering preserved, 
even after the sum over all ways of including double bonds has been performed, which is that the upper tempera- 
ture label at the vertex C is always the lesser of the set {72,3}. 

We next determine what changes occur in Eqs. (50) and (51) when a fourth vertex is included, i.e., when the 
cluster graphs become 5-particle graphs instead of 4-particle ones. One finds the following results: 


8 t4 t3 
[Cluster graph of Fig. 6(f) ] ~f if dtsRa(B,t)Ro (tt) J dt, 


t3 8 
x| f dtsRe(By2)Ro (lsh) + f dtRe(8,)Ro(st) | (52) 
: ty t3 
In this case the quantity 


B 
Rap(8,ts)= f dtsR 4(8,ls) Rp (tats) 


t3 


can effectively be considered to be a single vertex, in which case Eq. (52) reduces to Eq. (51). A similar result is 
found for the wiggly-line cluster graph of Fig. 6(g). An important fourth order, five-particle cluster graph to in- 
vestigate is the remaining simple case which we shall treat, namely: 


8 t4 
[Cluster graph of Fig. 6(n)]~ f dtsR4 (x0) f dl; 
0 0 


8 


t 


4 te 8 te 
dtsRe(Bs4)Ral ts) f dtsRo(tess)+ f dsRo(Bs)Ro( tots) f dtsRo( tat). (53) 
0 t4 0 
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“teed 


if tj < tk 
if t) > ty 


Fic. 8. Three examples of cluster vertices in the wiggly-line 
formulation of cluster graphs. The upper temperature labels of 
the corresponding pair functions are determined by the nature of 
the outgoing lines and the labels of the other vertices where the 
wiggly lines (if any) attach. 


If the vertex D is removed, then Eq. (53) reduces to 
Eq. (51). When the vertex D is included, it “hangs 
freely” from the vertex C. 

Equation (53) can be described in words. Start with 
the vertex A and write down its pair function R4 (6,4) 
(or 4[A ]ts). The final integration to be performed will 
be /o®dt,. Consider next the vertex B. Its pair function 
is Rp(s,t3), where we cannot yet specify the tempera- 
ture label s, since two wiggly lines leave the vertex B. 
However, the /; integration, to be performed next to 
last, is /o'‘dts. Consider next the vertex C, whose pair 
function is R¢(8,te). The fs-integration region must be 
broken into two parts /is"dlz and /is®dte, where t, is the 
temperature label at the vertex A. For the first part, 
the temperature label s=/2, and for the second part 
s=t,. Finally, consider the vertex D. Its pair function is 
Rp(ts,t:) and its integration region is /o"dt,. 

It is important to note that the description of the last 
paragraph also follows from Eqs. (50) and (51). It is a 
geometrical prescription for the expression on the right- 
hand side of Eq. (53), since it can be written down by 
only looking at the corresponding cluster graph of 
Fig. 6(h). Finally, we note that it was not essential, but 
merely convenient, to begin with the vertex A. We can 
apply Eqs. (50) and (51) to the determination of the 
expression (53) no matter what order we choose to do 
the four temperature integrations. 

Equations (50), (51), (52), and (53) comprise all of 
the cases which need to be studied in order to under- 
stand the wiggly-line formulation of cluster graphs. We 
shall present this formulation, which is nothing more 
than a generalization of the above description of Eq. 
(53), before discussing the validity of using wiggly-line 
cluster graphs in Eq. (47) to calculate Ty. 


Wiggly-Line Cluster Graphs 


The basic unit of a wiggly-line cluster graph is again 
a symbol for the pair function of Eq. (45), and we shall 


again call this symbol a cluster vertex. In this case, the 
lower temperature label ¢; of the pair function is again 
attached to the cluster vertex, but now, unlike the 
case of dashed-line cluster vertices, the upper tempera- 
ture label is determined by the nature of the outgoing 
lines and the labels at the other vertices where the 
wiggly lines (if any) attach, as shown in Fig. 8. For 
example, if both outgoing lines are solid (external) 
lines, then the upper temperature label is 8. The wiggly 
lines represent internal | momenta. 

A Qth-order, N-particle, wiggly-line cluster graph is 
defined to be a set of Q cluster vertices which are entirely 
interconnected by (20—N) wiggly lines. The rules for 
connecting the Q cluster vertices of a wiggly-line cluster 
graph together with the prescriptions for writing down 
the corresponding expression are as follows: 


1. It must not be possible to complete a loop in a 
cluster graph by following the arrows on wiggly lines. 

2. Double-bonds in wiggly-line cluster graphs, i.e., 
structures of the type shown in Fig. 4(c), are not 
allowed. 

3. Every wiggly line is attached to a cluster vertex 
at each end, so that the temperature variable ¢,; at the 
tail end is less than the temperature variable ¢; at the 
head end. 

4. Associate with each of the (20—J) internal lines 
and the 2N external lines an integer i(i=1, 2, -- 
2Q0—N) and a corresponding momentum I,, k,, or k 
according to whether the line is internal, outgoing 
external, or incoming external. 

5. Two wiggly-line cluster graphs are different if 
they cannot be topologically (including the relative 
positions of the external momentum labels) deformed 
into each other. 


? 
/ 
: 


The next two rules determine the integration regions 
for the Q temperature variables of a (th-order wiggly- 
line cluster graph. 


6. Superimpose a grid of vertical lines on the cluster 
graph so that one and only one of its vertices falls be- 
tween any two of the vertical lines. The cluster graph 
must also be drawn so that the vertex at the tail end 
of every wiggly line is lower than the vertex at the head 
end. The cluster graph of Fig. 5 has been redrawn in 
Fig. 9 according to these requirements, and we note 
that its vertices are now ordered (arbitrarily of course) 
from right to left. The Q vertices are to be labelled 
from right to left starting with ¢; and ending with fg. 
The iabels can, however, be placed along the bottom of 
the grid of vertical lines to avoid cluttering the compli- 
cated parts of the cluster graph. 

7. The determination of the integration limits of the 
Q temperature variables is now very simple. Two 
horizontal lines are drawn above and below the cluster 
graph and labelled by 8 and 0. The integration region 
for each variable ¢; is then that part of the region 
0<it;<8 which is consistent with rule 3 above. For 
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Fic. 9. The cluster graph of Fig. 5 redrawn in the wiggly-line 
formulation. For convenience, the external lines have been omitted. 
Note that either the vertex (21) or the vertex (24) of Fig. 5 cannot 
occur here, because there are no double bonds in wiggly-line 
cluster graphs. 


example, in Fig. 9 we can start at the left end of the 
cluster graph and obtain for the integration limits of 
each variable the result : 


B t27 t26 B B t25 t22 
f dts f diss f diss f dts f ites f diss f diy" ie 
0 0 0 (25 t24 0 0 


t13 tg 8 
f dts f ats f diy. 
t12 0 t5 


These integration regions must sometimes be sub- 
divided, however, for reasons which are typified by the 
example of Fig. 9. 

(a) The integration region /,, in Fig. 9 must be sub- 
divided according to whether ¢4>¢15 or tiu4<ts. The 
t13-integration region is then 


t15 15 
f dly3° *% | oe # when lis <li4, 
0 13 





There is, of course, also a ¢; dependence contained in 
the rest of the cluster graph through the vertex (10). 

Equation (47) for Ty will now be written in terms 
of wiggly-line cluster graphs 


12---N 
"vo..) 
1'2’---N’ 
= > [all different Qth-order N-particle 


Q=N—1 


wiggly-line cluster graphs]. (54) 


IN QUANTUM STATISTICS 


t14 tia 
f dly3° e* 2 when lis> li. 
0 t13 


We have explicitly included the pair function corre- 
sponding to the 4:3; cluster vertex here, because its 
upper temperature label also varies according to whether 
tig>tis or ti4<ty5. The dots represent the rest of the 
expression for the cluster graph. 

(b) The ¢,.-integration region in Fig. 9 must be sub- 
divided as follows: 


tis B t16 
f atw--| | | | eee 
t17 t16 17 
B B tis 
and oo | 77% 
t18 116 17 


This situation is analogous to the /s-integration regions 
of Eqs. (51), (52) and (53). The f22-integration region 
in Fig. 9 does not have to be subdivided, however, 
because we always have to2<¢fs4. Thus, the fa: integra- 
tion is of the form: 


tee tee 
fi ata: | | cee 
t21 


0 


and 


The final two rules which we must give for wiggly-line 
cluster graphs are: 

(8) When the cluster graph is written in terms of its 
associated pair functions, then (a) a factor of e?? is 
included, where Pz is the total permutation of bottom- 
row momenta (both internal and external) with respect 
to top-row momenta; (b) the sum over the (20—N) 
internal momentum (and spin) variables is performed. 

The above rules completely specify the wiggly-line 
cluster graphs. From rules (6) and (7) it is evident that 
the temperature dependence of a proper cluster part is 
now indeed only related to the rest of its cluster graph 
by the temperature variable(s) at the connecting vertex 
(or vertices). From Fig. 9, for example, we can write 
the temperature dependence of the proper cluster part 
made up of the vertices (7), (6), (5), (4), (3), and (1) 


as follows: 


jor fof e fof fe TL TTL TLL: 





The general verification of Eq. (54), i.e., that the sum 
over all dashed-line N-particle cluster graphs equals the 
sum over all wiggly-line N-particle cluster graphs, is 
rather complicated. It is made by generalizing the 
method outlined at the beginning of this section with a 
series of induction proofs. In particular, one can begin 
by generalizing Eq. (52) to the case of M vertices along 
the branch from A to D [see Fig. 6(f)]. When all 
possible ways of including double bonds between these 
vertices and between the vertices C and D, together 
with all possible ways of ordering the temperature 
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labels, have been summed, then one can show that the 
resulting expression has the same form as Eq. (52). 
The M vertices along the branch A to D can effectively 
be considered to be a single vertex. One can then pro- 
ceed with an examination of even more general cases. 
We shall not give the general proof of Eq. (54), but 
rather shall content ourselves with its partial justifica- 
tion as presented at the beginning of this section. We 
note that the complete proof of Eq. (54) can be viewed 
as a generalization of the proof of Eq. (41) through the 
identification of unconnected U products in Eq. (32) 
[compare Figs. 3(a) and 3(b), for example ]. 


IV. THE LINKED-PAIR EXPANSION OF f® 


The linked-pair expansion of the grand potential f“ 
is derived by substituting | Eq. (54) into Eq. (21). We 


[Third contracted 0-graph of Fig. 1] 
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One sees that there are only two different second-order 
terms in Eq. (56), although one starts with nine terms 
in Eq. (54) (and with 36 terms in the X-diagram nota- 
tion). The relabelling of k momenta in contracted 0- 
graphs leads to very large numbers of identical terms. 

We now state the general result which one obtains 
when Eq. (54) is substituted into Eq. (21) and all terms 
are gathered together which become identical after re- 
labelling of k momenta: 


Qf (g,0,8)=Qfo (¢,2,8) 


+ >> [all different Qth-order 


Q=1 


linked-pair 0-graphs]. (57) 
The proof of Eq. (57) will be given after we have de- 
fined Qth-order linked-pair 0-graphs. 

For the purpose of studying the distribution func- 
tions of a system, such as the momentum distribution, 
it is necessary to define not only linked-pair 0-graphs, 
but also linked-pair ¢ graphs for ¢>0. We therefore 
define a QOth-order, linked-pair ¢ graph ({=0, 1,2---) to 
be a collection of Q cluster vertices [see Figs. 4(b) 
and 8], which are entirely interconnected by m solid 
lines and n wiggly lines, and which have ¢ incoming 
external solid lines and ¢ outgoing external solid lines, 
where m+n+{=20Q. The rules for connecting the Q 
cluster vertices by the (m-+-n) internal lines of a linked- 


tr 1 ky 
aL] 
lo kok; 


+ >a [all different Qth- order, 3-particle, wiggly-line cluster graphs | 
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first observe that for 2-particle cluster graphs Eq. (54) 


reduces to 
k, ky B B k, k 
r( ) f di 
k,’k,’ 0 k 


which according to Eqs. (45) and (35a) is the same as 
Eq. (16). Therefore, the result of substituting Eq. (54) 
into Eq. (21) does not lead to any changes for the con- 


(55) 


tracted 0-graphs which contain only 2-particle cluster 
graphs. 

We next consider the result of substituting Eq. (54) 
for V =3 into the third contracted 0-graph of Fig. 1. In 
this case one obtains: 


ender) 
| 2 ] k; to kk. t} 


(56) 


pair ¢-graph, and the procedures for determining the 
corresponding expression are as follows: 


(i) When connecting the (m+ 2) internal lines to the 
Q vertices, the m wiggly lines must be 
cluster vertices according to rules (1), (2), 
wiggly-line cluster graphs (Sec. ITI). 

(ii) Two linked-pair ¢ graphs are different if their 
topological structures, including line types and direc- 
tions, are different. 

(iii) Associate with each internal line a different 
integer 1(t=1, 2, ---, m+n) and a corresponding mo- 
mentum k; or I; according to whether the line is solid 
or wiggly. 

(iv) If ¢0, then associate the external lines with 
certain pre-giver. momenta. 

(v) According to rules (i)—(iv), every linked-pair ¢ 
graph consists of connected wiggly-line cluster graphs. 
For each cluster graph, perform the integrations over 
the temperature variables of its cluster vertices accord- 
ing to rules (6) and (7) for wiggly-line cluster graphs 
(Sec. ITI). 

(vi) Assign a factor ev,, where », 
(20), to each internal solid line. 

(vii) Assign a factor S~' to the entire linked-pair 
graph, where 


connected to 
and (3) for 


is given by Eq. 


S=symmetry number. (58) 


The symmetry number S is defined to be the total 
number of permutations of the m integers associated 
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Fic. 10. In the second column are shown the one and two vertex 
linked-pair 0-graphs. By cutting lines in these graphs, one obtains 
the corresponding linked-pair 1 graphs shown in the third column. 
The inverse symmetry number has been included with each graph, 
but the temperature labels of the vertices have been omitted for 
convenience. 





with the solid internal lines that leave the graph topo- 
logically (including the positions of these numbers 
relative to the m solid internal lines) unchanged. 

(viii) Assign a factor e”” to the graph, where Pz is 
the total permutation of the 20 bottom-row momenta 
of the pair functions with respect to the 20 top-row 
momenta. 

(ix) Finally, sum over all (m+n) internal momentum 
(and spin) coordinates. 


According to the above definition, Qth-order linked- 
pair ¢ graphs contain Q pair functions, Eq. (45). In 
Fig. 10, we have drawn all of the one- and two-vertex 
linked-pair ¢ graphs for ¢=0 and {=1. With each graph 
we have included its associated symmetry number. 
Now, the only two-pair terms which occur in the grand 
potential, Eq. (21), are those given by Eq. (56), and 
the two contracted 0-graphs which are products of two 
T, functions. But these four terms can also be described 
by linked-pair 0-graphs, cf. Fig. 10. Therefore, both the 
Q=1 and Q=2 terms of Eq. (57) are correct. More- 
over, a tedious examination of all the three-pair terms 
in the grand potential leads to the conclusion that the 
29, 0=3 terms of Eq. (57) are also correct. 





[ Linked-pair 0-graph of Fig. 11(a) ] 
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The general proof that Eq. (57) is correct proceeds 
in analogy with the proof in Appendix A of (LY IV).’ 
Let us assign a different integer i(i=1,2---m) to 
every solid internal line of a (contracted or linked-pair) 
¢ graph. The resulting graph is called a mumbered ¢ graph 
generated from the original ¢ graph. Two numbered ¢ 
graphs are different only if they have different topo- 
logical structures, including the positions of the num- 
bers relative to the solid lines. 

Let D be the total number of different numbered ¢ 
graphs which can be generated from the same ¢ graph. 
From the definition of the symmetry number given 
below Eqs. (18) or (58), it is easy to see that 

D=(m!)S—. 


We may therefore deduce the following result : 


(59) 


> [all different ¢ graphs with m solid internal lines ] 
=(m!)- > [all different numbered ¢ graphs 
(60) 


since after appropriately relabelling the k momenta 
corresponding to the solid internal lines, the D different 
numbered ¢ graphs of Eq. (59) have identical expres- 
sions. Equation (60) is true for both contracted ¢ 
graphs and linked-pair ¢ graphs. We next substitute Eq. 
(54) for each of the vertex factors in a contracted 
¢ graph to obtain 


with m solid internal lines ], 


> [all different contracted, numbered 
¢ graphs with m solid internal lines ] 
=> [all different linked-pair, numbered 
¢ graphs with m solid internal lines]. (61) 
Equation (61) follows from rule (5) in the definition 
of wiggly-line cluster graphs (Sec. ITI). We finally com- 
bine Eqs. (60) and (61) to arrive at 
> [all different contracted ¢ graphs 
with m solid internal lines ] 
=> [all different linked-pair ¢ graphs 
with m solid internal lines]. (62) 
Equation (57) is now obtained by substituting Eq. (62) 
into Eq. (21), as was to be proved. 


Examples 
We give below a few examples of the expressions for 
linked-pair 0-graphs. 
1. A linked-pair 0-graph which includes the cluster 
of Fig. 6(e), see Eq. (51), is shown in Fig. 11(a). The 
corresponding expression is: 


i; Is 


B t3 t3 B kk. 1 8 kk, 
=; ts QV: is f ie f dl | | | 
wie > a vonf sty 0 to k, 1; t3 kok; te Icky th 


a B kik ts 1; ly B k3k, 
Pm Are par Pa tte a 
t3 k, 1, t3 kok; te Igks th 
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ty 
Fic. 11. (a) The third order 4-particle linked-pair 0-graph of 
Eq. (63); (b) a fifth order 3-particle linked-pair 0-graph, see Eq. 
(65a); (c) the other fifth order 3-particle linked-pair 0-graph, 
see Eq. (65b). 


After relabelling variables, the second line of this 
expression is found to be equal to the first line, but it 
does not seem to be of value to exploit this symmetry 
by introducing further rules for our graphs. If the sums 
over double bonds had not been performed, then in the 
corresponding dashed-line expression, the last pair 
function in the first line of Eq. (63) would have been 


7 Kak, 
, 
ky ty 
whereas the first pair function of the second line would 
have been 


[Linked-pair 0-graph of Fig. 11(b) ] 


8 ts t4 ts te B kk. 
— , > > ravens ats auf ats f dts f dt, 
kikoks ll5---lio 0 0 0 0 “0 l, 1, 5 


[Linked-pair 0-graph of Fig. 11(c) ] 


k, 1; 3 
see third and fourth lines of (46). 


We shall show in the next section that for a short- 
range force in the scattering length (=a,) approximation, 


fa k, 


= §° (ki +k.— k,’— k,’) (constants) 
k,’k,’ ty 


Xa.1+O(ki2Xrange)*]. (64) 
This means that the pair function is independent of 
temperature to first approximation. Therefore, in the 
calculation of physical quantities which depend on only 
one, two, and three pair terms, the dashed-line cluster 
graphs lead to the same expressions as the wiggly-line 
cluster graphs, because the derivation of Eq. (62) did 
not depend on the difference between these two kinds 
of cluster graphs. For example, the calculation of the 
energy of a Fermi gas to third order in the parameter 
(kra,), where ky is the Fermi momentum, is equally 
well calculated with either wiggly-line or dashed-line 
linked-pair 0-graphs. On the other hand, it is essential 
to use the wiggly-line linked-pair 1 graphs in the 
calculation of the momentum distribution of a Fermi 
gas, as we shall show in the following paper. 

2. In Eq. (56) we saw that there were only two dif- 
ferent second order, 3-particle linked-pair 0-graphs. One 
can show, more generally, that there are only two dif- 
ferent Qth-order, 3-particle linked-pair 0-graphs. This 
is a special feature of the three-body problem. For 
example, the two fifth order 3-particle linked-pair 0- 
graphs are shown in Figs. 11(b) and 11(c). Their ex- 
plicit expressions are : 


5 


“riley “fle Is] oF Moho 
TEL TEL TAL TAL: « 
Ig], t4 Isl, t3 1, k, to kik» t} 


B ts t4 t3 ta 8 kk. 
= > 2. rivans ats f ats f ats f ats f dt, | 
kikeks lals---lio 0 0 0 0 0 1, Is des 


In this case, the expressions for the wiggly-line and 
dashed-line linked-pair 0-graphs are the same, because 
there are no ways of including double-bonds between 
the vertices of the corresponding dashed-line cluster 
graphs. 

There is a close connection between Eq. (57) for the 
grand potential and the corresponding expression de- 


ts kal, “Isl, fs 1, I, far Ighio 
1) AL Te) To 
Il; t4 Isl, t3 liok, to kok; ty 


rived by Bloch and DeDominicis.' In order to demon- 
strate this connection, it is necessary to replace our 
expansion in terms of the pair-function (45) by a de- 
velopment in terms of the potential V.(t) of Eq. (26), 
since the results of Bloch and DeDominicis are ex- 
pressed in terms of the latter quantities. According to 
Eqs. (28) and (25), the operator R(¢2,t;) can be expanded 
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in terms of the two-body potential by iterating an 
equation for W2(ts,t;) : 


R(to,t1) = —We(l2,t1)V (4) 
(66) 


te 
W 2(te,t1) = i-f ds Wo(to,s)V(s). 

t ; 
With the aid of Eqs. (66) it is possible to determine the 
precise correspondence between our Eq. (57) and the 
results obtained by Bloch and DeDominicis. For ex- 
ample, one first notes that in the latter work, factors of 
ev, and (1+) are assigned to lines according to the 
temperature integration limits, whereas we have intro- 
duced two kinds of lines and then assigned factors of 
ev, only to the solid lines. One may, however, rewrite 
our rules for linked-pair 0-graphs so as to explicitly 
exhibit the line factors of Bloch and DeDominicis. If 
this is done, then one finds that there is still a difference 
between the two theories, because we have no graphs 
with “‘wiggly-line double bonds,” whereas the pre- 
scription of Bloch and DeDominicis includes such 
graphs. Iteration of Eqs. (66) at every vertex finally 


(kym,, kom | Uo(to,t1) | hm, lone) 





(2n)° 
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achieves the exact correspondence, by introducing into 
our theory all of the missing graphs. 


V. THE TWO-BODY PROBLEM 
In the previous sections we have shown that the grand 
potential of quantum statistics can be expressed en- 
tirely in terms of the matrix elements of the two-body 
operator R(t2,t;), where according to Eqs. (28), (34), 
and (23), 


0 
R(t2,t1)= ——U2(te,t1), 


ty 
U2(te,t1)=exp(t2Ho) expl— (2-4) H® J 
Xexp(—hHo®)—1. 


We shall first determine the matrix elements of U2(to,t1) 
in the momentum representation for Q—> » and for a 
general, spin-independent, central interaction. Our pro- 
cedure will be to make a partial-wave decomposition of 
the plane wave matrix elements (ki k»| U2(te,t;) | ile) and 
to express each partial wave in terms of the two- 
particle reaction matrix (the A matrix). Thus, one can 
show that 


) " 


Te 1L-— a 7” = (2L+1)Pr(hxy- fy) {k| U 1 (te,t1) |), (68) 
Q 


where #, is a unit vector in the direction k= 4(k.—k,), 
fi, is a unit vector in the direction l= 4}(I,—1), Pz (cos@) 
is a Legendre polynomial, (27)*/Q? is a factor needed to 
convert momentum state sums to integrals, M1, M2, N41, 
and m2 are spin-state magnetic quantum numbers, and 
U1 (te,t1) is the radial part of the two-body operator 
Uo(te,t:) for the Lth partial wave. The state vectors 

k) and |/) are defined in the position representation 
by the expressions : 


(k|r)= (2) !k“F i (hr), 
(69) 
F 1(p)=pjx(p) > sin(p—3Lr), 


where jz (po) is the spherical Bessel function. 

The true radial state vector (r| ko), corresponding to 
the energy eigenvalue w(koL)=h?k,?/m, obeys the radial 
wave equation 


ad? L(L+1)° 
tee te |oritoz)— werent, (70) 


dr r 


where U(r)=(m/h?)V(r) is the two-body interaction. 
It is regular at the origin and has the asymptotic form 


(r| Rol) =, 2 ‘R)' sin[koR—$La+6z(ko) ]. (71) 


In Eq. (71), R is the radius of a large spherical box and 


( 2m)? L=0 





5, (ko) is the phase shift for the Zth partial wave. One 
cannot determine a general expression for the radial 
state vector, or even for the phase shifts. However, the 
radial state vector can be expressed in terms of the two- 
body reaction matrix or A matrix, which is then given 
for any particular interaction by a single integral. Thus, 
if one defines the A matrix in terms of the radial state 
vector by the equation 


2 a 
(r| koL)= ( -) cosé , (Ro) F (kor) 
R | 


* (k| A | ko) 
+291P J bik F(bn| ——|}. (72) 


0 


then one finds that the expression for the A matrix is 
simply 


(2 R)} cosd 1 (ko){k| A (L | Ro) 


=—k f dr F(kr)U(r){(r| RoL) 


(73) 


D 


=-(02n)f dr(k|r)U(r)(r| RoL), 


0 


(k| AM | k)=tand,(k) 





1060 


Essentially, the A matrix gives the correction to the 
free-particle state vector due to the interaction U(r). 
In Eq. (72), P denotes the principle value of the inte- 
gral. If bound states occur in the two-body problem, 
then we write the radial bound-state vectors as (r|yL), 
and the corresponding energy eigenvalues as w(yL) 
= —h*>*/m. In this case we define the Fourier trans- 


2r 
(| Ullah) |0)= (— Jee] A I) costb. Deore 
Pe-—pP 
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form of the states (r|yZ) by the equation 


) x 
(r|yL) f dk byt (k)F (kr). 
To 


Using Eqs. (72) and (74), one can express the matrix 
elements (k| Uz(to,t:)|1) in terms of the A matrix and 
any bound-state vectors as follows: 


(74) 


—k“(1| A™ | k)* cos*5,(R)e* 


4 . 1 1 
+( \f dq cos’6 1 (q)et2@k-#a ef °q “| A q)*{k Att g | ( )- r/ )| 
ke—]? 0 P-—¢ P—g . 


+2n(kl) >), by r* (Deron erg, 1 (k). (75) 


In order to derive Eq. (75), one must understand the 


principle value of the integral in Eq. (72) to mean the 
integral over the principle part of the integrand, where 


( 1 ) x 
r+ie x +e 


Moreover, one can show that the following identity 
holds for the product of two principle parts 


(76) 


P(1/x)P(1/y)= (y—x) “LP (1/x)— P(1/y)] 


+-9°5(x)8(y), 
€ 
ri(2)= tim ( ) 
e+ rte 


The derivation of Eq. (75) includes the use of this 
identity. 

If the interaction U(r) includes an infinite repulsive 
core, then, as Lee and Yang have shown, one must sub- 
tract from Eq. (75) a function which is proportional to 


(77) 


(kym,, kome| R(to,t1) | Lim, lente) 
(2m)® 


(2 


6 ; (k, +k.— l,- 1.) 5m yn 15m J 


(lt2—t1), where ¢(x)=0 for x>0 is a step function. The 


reason is that according to Eq. (67) we must have 
(kike| U2(to,te)| kik:)=0. The step-function term can 
also be understood as a correction term arising because 
the hard core wave functions do not form a complete 
set of functions over all space. In the particular case of 
a pure repulsive core interaction, one can show that the 


S-wave part of Eqs. (68) and (75), corrected by the 


step-function term, reduces to the corresponding equa- 
tion derived by Lee and Yang in reference 2." 

Equations (68) and (75), for the plane wave matrix 
elements of U2(ts,t:), give the T: function [see Eq. 
(55) ] which results from a first temperature integration 
in the expression for a cluster graph, e.g., the /, inte- 
grations of Eq. (63) and the /; integrations of Eqs. (65). 
For all but one of the cluster vertices of a cluster graph, 
one needs, in addition, expressions for the plane wave 
matrix elements of R(és,/;). According to Eq. (67), 
these matrix elements can be obtained by simply dif- 
ferentiating the matrix elements of Ue(to,/;) with re- 
spect to ¢;. 


‘a 


> (2L+1)P1(hx: i) 


X[C1(Al| tots) + Br (kl| tots) +8 (lo—t1)(R| Un (0 


where 


C (Rl | tots) = ( k) cos’5, (ket (eke! 


2rh? 2 . 1 
(—E)f dq cos6 (get? weuiee-e0 p( ye A‘)|9){k| A“ |), (79) 
m T 0 e— 


2rh*?\ 1 
Br(tl|t)=(——)& dyn Pb atpertorenrentn 
wo T 


m 


In these equations w,=77k?/m and w,=—h*y*?/m. We 
have also assumed that the A matrix and any ¢,,(k) 
are real functions, which is the case whenever the wave 
equation (70) is invariant under time-reversal. The 
5(t2—1;) term is the derivative of the step-function term 


“0g. 7 (k). 


(80) 
discussed above. It is zero for a finite repulsive core, 
but not for an infinite repulsive core. In either case, it is 
useful to include this term, for then substitution of 


(t.—th)H®] 


1! Lee and Yang use the notation U»(t2—t,) =exp|_— 
—exp[— (te—th) Ho J. 
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Eqs. (78)-(80) into Eq. (35a) yields the form of Eqs. 
(68) and (75) directly. 

Although it is necessary to solve the two-body prob- 
lem in order to completely determine the A matrix, 
there are physical systems such as dilute gases where a 
partial knowledge of the A-matrix suffices. For a gas of 
particles interacting with only short-range forces, it is 
sufficient to know only the scattering length and the 
effective range to first approximation. In this case the 
L=0 and L=1 A matrices can be expanded as follows: 


—La+2(P+e)n? 
+4(g—#)rs'+¢0(range)*], 
kg *(k| A® | g)= —a,*[1+O0(¢X range)? ]. 


g{k| A®|9)= 
(81) 


Since the A matrix is equal to the tangent of the phase 
shift on the energy shell, the lengths a,, r1, and a, are 
scattering parameters defined as a,= S-wave scattering 
length, ri’=}a,’re, where r.¢=eflective range, and 
a,= P-wave scattering length, i.e., 
—a,’=limk™ tané,(k). (82) 
k—0 
The parameter rz is not a scattering parameter, but 
rather it depends upon the close-in behavior of the 
two-particle wave function. In absolute value, the order 
of magnitude of each of these four lengths is the inter- 
action range. 

The usefulness of expressing the matrix elements of 
Uo(te,t:) and R(to,t:) in terms of the A matrix is that 
for a dilute gas one can use Eqs. (81) for the leading 
terms in the expressions for the energy and other 
thermodynamic quantities. In the following paper, for 
example, we will show that in the calculation of the 
thermodynamic quantities of a Fermi gas, only the 
three scattering parameters @,, r,, and a, enter to order 
(keXrange)*’. This fact has also been successfully 
applied in the many-body pseudopotential method.” 

It is possible to write down an explicit expression for 
the A matrix in the case of certain simple interactions. 
For example, the A matrix for a zero-range S-wave 
attraction outside of a repulsive core of diameter a is: 


j—— coska 


<|1-+008 'U.) J 


cosga— gb singa 


k 
[repulsive core+zero-range 


(Z=0) attraction |], (83 
gF (ka) - 
(k| A (L) g= sececiemeetes [1+0(¢ /U,) | 
kG (qa) 
[pure repulsive core ], 
where 


G1(p)= —pnz(p) — cos(p— Lr/2), (84) 
pn 


and the function z(p) is the spherical Neumann func- 


2K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957). 
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Tasie I. The low-energy expansion of the A matrix for a zero 

range S-wave attraction outside of a repulsive core. 
q{k|A®|q)= —[a,+-4(k2+¢@)ri?+4(¢—k*)re+¢O (range)*]. 

k'g*(k| AM |q)= —a,3[1+¢ O(range)* ]. 

a=diameter of hard core; )=scattering length (<0) due to the 

attraction alone. 





Repulsive core+zero- 


Parameter Pure repulsive core range attraction 


a+b 





as, a 
r= gal ress jas 4{ (a+b)*—B*] 
r3 4a* 4[2(a+b)?§—P(a+b)+87] 


a,3 4a has 


tion. The quantity 5<0 is the scattering length due to 
the attraction alone, and U, is the height of the repul- 
sive core. In Table I we have tabulated the range 
parameters of Eqs. (81) for this interaction, as deter- 
mined from Eqs. (83). 


DISCUSSION 


Recently, Kohn and Luttinger” have raised an im- 
portant question concerning the role played by “anoma- 
lous,’ or improper graphs in the determination of the 
ground-state properties of a Fermi system. Improper 
graphs are (th-order linked-pair graphs in which a 
group of V<(Q cluster vertices can be isolated so that 
there is only one incoming line and one outgoing line. 
Thus, in the Brueckner-Goldstone formalism™ such 
graphs are excluded by assuming that their effect on 
the calculation of ground-state properties is only to give 
a modified energy-momentum relation for the fermions 
while still retaining the free-particle momentum distri- 
bution. In the present context, one can readily see that 
an examination of the question raised by Kohn and 
Luttinger is much more feasible once the sums of Sec. 
III over all cluster graphs with double bonds have been 
performed. The reason is that the “proper parts” of 
improper graphs will often be proper cluster parts, 
and in the wiggly-line cluster graphs the temperature 
dependence of proper cluster parts is only upon the 
one or two temperature variables at the connecting 
vertices. This feature greatly simplifies the further in- 
vestigation of improper graphs, because a proper part 
can itself then be examined independently of the rest 
of its improper linked-pair graph. 

The following paper consists of a detailed study of 
the way in which improper graphs contribute in the 
calculation of the low-temperature properties of a 
Fermi gas. 
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The momentum distribution in a low-temperature Fermi gas is investigated using the methods of quantum 
statistics developed by Lee and Yang together with the linked-pair expansions of the previous paper. It is 
shown that in order to determine the momentum distribution at very low temperatures two coupled integral 
equations must be considered, one in momentum variables and due to Lee and Yang, and the other in 
temperature variables. It is also shown that the dominant low-temperature behavior of the momentum 
distribution can be extracted in terms of a certain function »v’(k). For a low-density Fermi gas with strong, 
short-range, two-body interactions, it is shown to third order in the scattering parameters of the interaction 
that at T=0 the function »’(k) is equal to the free particle momentum distribution. Also, the energy and 
other thermodynamic quantities are expressed in terms of »’ (k), so that the theory permits a generalization of 
perturbation theoretic results to nonzero temperatures. The ground-state energy, momentum distribution, 
and thermodynamic potential are calculated to third order in the scattering parameters 





INTRODUCTION 


HE momentum distribution in a very low-temper- 
ature Fermi system is a quantity of considerable 
interest to physicists. In the first place, it is a meas- 
ureable quantity which is quite sensitive to the nature 
of the forces which the Fermi particles experience. In the 
second place, the momentum distribution plays a central 
role in most many-body theories and can greatly affect 
the calculation of other thermodynamic quantities. 

A Fermi system of especial theoretical interest is the 
very low-temperature Fermi gas, which serves as a 
model, for free electrons in a conductor, for liquid He’, 
and for nucleons inside of a very large nucleus. In this 
paper, we are thinking mainly of the latter two prob- 
lems, for in our considerations we always assume that 
there are only two-body forces which are strong and of 
short range. However, the interesting case of attractive 
forces which are sufficiently strong to cause binding in 
the many-body system is not considered in this paper. 

In recent years, the importance of knowing the mo- 
mentum distribution in the ground state (i.e., the zero- 
temperature state) of a Fermi gas, has heightened, be- 
cause of the assumption in many-body theories that the 
true momentum distribution resembles the free particle 
distribution to first approximation. For example, this 
assumption is basic to the Brueckner-Goldstone formu- 
lation of perturbation theory.' In a recent paper, Kohn 
and Luttinger® have directed attention to this assump- 
tion by examining the Brueckner-Goldstone formalism 
from the point of view of quantum statistics. In a 
subsequent paper, Luttinger and Ward* have shown 
that it is correct to calculate the ground-state energy of 
a Fermi system for spin-} particles using the free-par- 
ticle momentum distribution (i.e., that the Brueckner- 


* Work supported in part by the U. S. Atomic Energy Com- 
mission. 

Tt Now at Cornell University, Ithaca, New York. 

1H. A. Bethe, Phys. Rev. 103, 1353 (1956); J. Goldstone, Proc. 
Roy. Soc. (London) A239, 267 (1957). 

2 W. Kohn and J. M. Luttinger, Phys. Rev. 118, 41 (1960). 

8 J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417 (1960). 


Goldstone formalism is correct), provided that certain 
terms (i.e., anomalous or improper diagrams) are omit- 
ted in the calculation. 

The work of Luttinger and Ward employs the methods 
of field theory. Although such an approach is quite 
fashionable in current literature, the particular applica- 
tion by Luttinger and Ward has the drawback that it 
can only be applied to weak interactions and not to the 
more realistic case of forces which include a hard core 
repulsion. It is therefore the purpose of the present 
paper to derive and apply methods for calculating the 
ground-state energy and momentum distribution of a 
Fermi gas in which the forces are both strong and of 
short range. 

The present treatment of a Fermi system is based on 
the quantum statistical method of Lee and Yang* and 
it does not rely on the methods of field theory. The 
analysis stems from an integral equation for the mo- 
mentum distribution, first derived by Lee and Yang,° 
into which the linked-pair expansion of the vertex 
functions® is substituted. The derivation of this equa- 
tion, which is in terms of momentum coordinates, is 
reviewed in Sec. I. It is then shown in Sec. II that in 
order to determine the leading corrections to the mo- 
mentum distribution of a Fermi gas in the temperature- 
density region p|a,|A7*>1 (p=density, a,=scattering 
length, Av=thermal wavelength) a second integral 
equation, which is in terms of (inverse) temperature 
variables, must be coupled to the Lee-Yang equation. 
It is shown that in the scattering length approximation 
p'|a,|<1 the first, as well as the zeroth, order solution 
to the coupled set of integral equations is the free- 
particle momentum distribution. 

In Sec. III, master graphs are introduced, which 
enable one to write down the above set of coupled 
integral equations in a simple manner. Possible ap- 


4T. D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959). 

5T. D. Lee and C. N. Yang, Phys. Rev. 117, 22 (1960), here- 
after referred to as LY IV. 

® F. Mohling, preceding paper [Phys. Rev. 122, 1043 (1961) ], 
hereafter referred to as I. 
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proximations methods for determining the solutions to 
these equations are reviewed in Sec. IV, and it is then 
shown that the dominant low-temperature behavior of 
the solution can be extracted by means of a temperature 
and momentum dependent transformation which is 
called the A éransformation. Before the A transformation 
is performed, the iterated solution to the integral equa- 
tions is in terms of a function »(k), where 


v(k)=exp[8(g—wx) |/{1+exp[P(g—wx) ]}, 
[w= h?k?/2m ], 


and g is the thermodynamic potential. At zero tempera- 
ture (8= ©), the function »(k) is a step function with 
the step at wx=g. After the A transformation, the 
iterated solution is in terms of a function v’(k), where 


exp[B(g—wx’) | 


= . rae [ we’ =wx+A(k,8) |, 

(1+exp[3(g—ox')} 
and the temperature dependence of A(&,8) is negligible 
at very low temperatures, i.e., A(k,8) — A(k) as T— 0. 
[As mentioned above, the leading term of A(k) in the 
scattering length approximation is also momentum 
independent. ] 

The functions »(k) and v’(k) reduce to the free- 
particle momentum distribution in the absence of inter- 
actions, since A(k,8)=0 for free particles. On the other 
hand, »(k) has nothing to do with the momentum 
distribution for interacting particles, whereas it is shown 
(to third order in p!-a,) in Secs. V and VI that for a 
Fermi gas the integral of v’(k) over all momentum 
space gives the density p. Therefore, when the quantity 
g—w,’ has only one zero at 7=0, this zero must occur at 
k=kp (or ox= Er), where 

p=[(2J+1)/6r7 jkr? and Epr=Wkp*/2m. 


(n(ko)) = > (NV!) 2 
N=1 


ki---kn 
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Thus, it is shown (to third order) that for a gas of 
interacting Fermi particles at T=0, the quantity v’(k) 
is the free-particle momentum distribution, and that the 
true momentum distribution differs from v’(k) only by 
terms which are O(kra,)*. 

An important consequence of the A transformation is 
that the grand potential f(= 8X pressure), and therefore 
also the energy, of a Fermi system can be calculated in 
terms of the quantity v’(k). This justifies (to third order 
for a Fermi gas) the oft-made assumption that the 
ground-state energy can be calculated in terms of the 
free particle momentum distribution. The result is 
perhaps not too surprising. On the other hand, the 
prescription given in Sec. VI for making the calculation 
is valid at nonzero temperatures as well as at T=0. 

The ground-state energy of a Fermi gas is calculated 
to third order in scattering parameters in Sec. VI, and 
the result is in agreement with previous calculations 
which have appeared in the literature. Curves are also 
presented, which show the orders of magnitudes of the 
various terms in the expansion of the energy for the 
cases of hard-core repulsions with and without weak 
attractive forces. 

The thermodynamic potential g at T=0 is calculated 
to third order in scattering parameters, and the mo- 
mentum dependence of A(k) is explicitly given to second 
order in (Rra;,). 


I. THE MOMENTUM DISTRIBUTION 

The theory of the grand canonical ensemble is useful 
for calculating not only the thermodynamic quantities 
of a system, such as the energy and the pressure, but 
also for calculating distribution functions such as the 
momentum distribution and the two-body correlation 
function. Thus, the probability that any particle in a 
system has momentum ky is simply? 


N 
(kik. - . -ky pn” Ki k.- . -ky)( > 5k;, kod m;, mo), (1) 
J=1 


where (kik: --Ky| py | kik.---ky) is a symmetrized (or antisymmetrized) matrix element of the N-particle 
density operator. Now, in I the grand partition function was written in the form 


D 


exp@f= EF (NIA + 


N=0 ki-+- Ky 


N 
exp(—8 © w,)(kiky: + sky | Wy | kik: - 
: = 


-ky), (2) 


where (kik): --ky|Wy|k,k.---ky) is a symmetrized matrix element of the operator Wy(8)=exp(@Ho) 
Xexp(—8H™?).® It therefore follows’ that the matrix elements of the density operator are 


N 
(k,- ° ‘ky! pw k,- af -ky)=2" exp(—Q/“) exp( —B > w)(k,- ° -ky Wy k,- ” -ky), (3) 
i=l 


and that the momentum distribution is given by 


(n(ko))=exp(—2f) > ZV(N!)7 > 
N=1 


ki---ky 


N N 
exp(—B Zz w,)(ki- ° ‘ky! Wy k;: . -ky)( >. 5k ;, kod mj, mo). (4) 
4 i=l 


j=l 


7 It is convenient to define (m(ko)) to be the momentum distribution for a fixed momentum and spin state. Therefore, in Eqs. (1) and 
(4) 5k;,ko is multiplied by the factor 5m;,mo, where m is the spin magnetic quantum number. 


8 We use the interaction representation throughout this paper. 


® D. ter Haar, Elements of Statistical Mechanics (Rinehart and Company, Inc., New York, 1954), Chap. VII. See also footnote 7 in I. 
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Upon comparing Eqs. (2) and (4) we see that, pro- 
viding the matrix elements of Wy»(8) are expressed in 
the plane wave representation, (n(k)) may be obtained 
by a simple functional differentiation of the grand 
partition function: 


6 
(n(k))=—f exp(—2)| — exp(ay”)| . 
bw Ww 


ik 


where the matrix elements of W (8) are to be held fixed. 
According to I, however, the matrix elements of W (8) 
can be expressed entirely in terms of certain functions 
(kiko: --ky| Ty| kike---ky), which are symmetric com- 
binations of the Boltzmann cluster-functions. Moreover, 
the grand potential f‘ can also be written directly in 
terms of these T functions, and therefore Eq. (5) may 
be replaced by 


s 


6 
ee 
bw T 


We now follow the development of Lee and Yang 
[LY IV], who have shown that Qf can be written 
either as a sum over all primary 0-graphs or as a sum 
over all contracted 0-graphs. The wx-dependence of 
the primary 0-graphs occurs explicitly in factors 
(es exp(—fw,)) which are assigned to the (internal) 
lines of the graphs. On the other hand, in the contracted 
0-graphs the wy-dependence is entirely contained in line 
factors ev; (e€=-+1 for Bose-Einstein statistics, e= —1 
for Fermi-Dirac statistics), where 


exp[B(g—wx) ] 


(n(k))=—@" 


z exp(— wx) 
y= 


1—e exp(—Bo) i—e exp[B(g—wx)] 


The quantity g is the thermodynamic potential per 
particle. Since we shall be concerned only with con- 
tracted 0-graphs, it is convenient to perform the func- 
tional differentiation in Eq. (6) with respect to v» 
instead of wy. Equation (6) then becomes 


(n(k))= ve t+ vy (1+ ery) 
X[6/5vx >> (all contracted 0-graphs) |7, (8) 


where the first term is the free-particle contribution v, 
to the momentum distribution. 

The differentiation in Eq. (8) can be graphically 
performed by breaking open the lines of contracted 0- 
graphs. This leads to the expression 


(n(k))= vet evx (1+ €vx)> (all contracted 1 graphs). (9) 


Contracted ¢ graphs are formally defined in LY IV and 
in Sec. I of I. 

An approximate evaluation of Eq. (9), in which only 
those contracted 1 graphs which have small numbers of 
vertices with each vertex representing a low-order T 
function, is obviously suggested. However, Lee and 
Yang have called attention to the fact that for a Bose- 
Einstein gas the resulting power series development is 
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inapplicable near and below its transition temperature. 
As we shall see in the next section, such a power series 
development is also not applicable for a very low-tem- 
perature Fermi gas. It is therefore necessary to write 
Eq. (9) as an integral equation before its solution can be 
attempted. This is accomplished by first writing Eq. (9) 
as follows: 


N(k)=»x[1+ x > (all different contracted 1 graphs) ], 
(10) 
where the function V(k) is defined by 


N(k)=exp[@(g—wx) |[1+ n(k)) ]. (11) 


Equation (10) for N(k) can then be written as an 
integral equation after introducing the concept of re- 
ducible and irreducible graphs [see LY IV ]. 

A contracted 0 graph or 1 graph is called reducible if 
by cutting two of its (solid) internal lines open the 
entire graph can be separated into two (or more) discon- 
nected contracted ¢ graphs (¢{=1, 2). An irreducible ¢ 
graph is a contracted ¢ graph which is not reducible, 
with its (solid) internal lines representing factors eN (k) 
instead of ev(k). With these definitions, it is shown in 
LY IV that 


N (k)=»(k)[1+N (k) 
X> (all different irreducible 1 graphs) ]. (12) 


The present paper is mainly concerned with the de- 
velopment of a systematic way of solving this compli- 
cated integral equation for a very low-temperature 
Fermi gas, using the linked-pair expansion introduced 
in I. We shall also consider the evaluation of the grand 
potential, which according to LY IV may be written 


Qf (N,O,8) =e >>» Inf 1+ «n(k)) | 
+-> (all different irreducible 0-graphs) 
—e>-« [vy (k)N (k)—1], 


and which completely determines the pressure, density, 
and energy in terms of the temperature 7, the thermo- 
dynamic potential g, and the interaction parameters of 
the system. 


(13) 


Il. LOW-TEMPERATURE MOMENTUM DISTRIBUTION 
IN A FERMI GAS; LOWEST ORDER 
CORRECTIONS 


In I we showed how the contracted {-graph vertex 
factors, i.e., the T functions, could be expressed in terms 
of two-body “pair functions” 


i 
kk, 


= (kk, R(to,L;) k k,) 
t) 
t € kik R(fo,11) k.k ), 
0 
R(lo,f1) = ——[exp(to.H™) exp[— (42—-h) H® | 


Ol; ; 
Xexp(—hHo) |, 
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by means of wiggly-line cluster graphs, and how this 
fact permits one to express the grand potential in terms 
of linked-pair 0-graphs with both solid and wiggly lines. 
Such a treatment of the T functions is applicable to 
irreducible ¢ graphs as well as to contracted ¢ graphs. 
W e may therefore express the grand potential (13) and 


ir k. ‘|- 


O(x)=+1 if 
=0 if 





where 
x>0 


é 
x<0, (16) 


which may be substituted for each of the “old” pair 
functions (14) in a linked-pair ¢ graph without changing 
its value. The variables 4; and /, are the temperature 
labels at the heads of outgoing wiggly lines from the 
vertex fo, and for a solid outgoing line (i) 4;=8 (see 
Fig. 8 of I). When we use the pair functions (15) in 
a linked-pair ¢ graph we may extend the range of inte- 
gration of the temperature variables at all of the ver- 
tices to the entire interval 0 to 8. For this reason, we 
shall assume in what follows that unless otherwise indi- 
cated the pair functions (15) are being used in linked- 
pair ¢ graphs. 

Corresponding to each irreducible linked-pair 1 graph 
we next introduce an L graph with exactly the same 
structure, but subject to the condition that we do not 
integrate over the temperature variable ¢; at the vertex 
to which the incoming external line attaches. Thus, if we 
define 


L(8,t:,k)=> (all Z graphs with solid external lines), (17) 


then Eq. (12) may be replaced by 
3 
N(k)= vi eva) f dt 113,14) | (18) 
0 


The advantage of the Z graphs over the irreducible 
linked-pair 1 graphs is that the former permit a simple 
generalization which is useful for generating more com- 
plicated graphs from simpler graphs. Thus, we define L 
graphs with one or both of the solid external lines re- 
placed by wiggly lines by merely specifying the tem- 
perature variable ¢2 at the vertex to which the outgoing 
line is directed if that line is wiggly: 


L(ts,t1,k)=> (all different L graphs with given 

external lines). (19) 
Equation (19) reduces to Eq. (17) for ZL graphs with 
external solid lines. For L graphs with outgoing wiggly 
lines, we note that we may have f2<é; as well as t2>h. 


TEMPERATURE 


t k, 
au-1) | 1] o—ot0t -1) | 


ty kik, 
m ‘|, O(ti1— lo) if t1= lo, 
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the momentum distribution (12) in terms of irreducible 

linked-pair 0- and 1-graphs, respectively, which are as- 

signed symmetry numbers in accordance with the rule 

given with Eq. (1.58). Some examples of reducible and 

irreducible linked-pair 0-graphs are shown in Fig. 1. 
We now introduce a “new” pair function 


k. 


‘| (44) if Ate 
to 


34 


Ww e next define a a quantity P(ts 





atyk): 


P (to,t;,k)=> (all L graphs with given external 
lines which cannot be separated into 
two L graphs by cutting one wiggly 


line), (20) 


in terms of which we can write down a simple integral 
equation 


8 
Llstyk)= fds Gls) PCs), 


0 


a) 
(2) (2) 


(21) 


Om CD0 


OO 


(2) 


<> & < 


(24) 


DW ace 


Fic. 1. (a) Reducible linked-pair So There are no such 
graphs with only one vertex, and there is only one with two 
vertices. Five of the eight 3-vertex 0-graphs are shown; (b) Irre- 
ducible linked-pair 0-graphs. There is only one 1-vertex 0-graph 
and there are three 2-vertex 0-graphs. Four of the twenty-one 
3-vertex 0-graphs are shown. (We do not draw irreducible graphs 
with heavy black lines as is done in LY IV.) The symmetry number 
S has been included below each 0-graph. For convenience, the 
temperature labels of the vertices have been omitted. 
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(te*B) 


(to#B) 





Fic. 2. (a) Diagrammatic representation of Eq. (21) for the case 
of wiggly external lines; (b) Diagrammatic representation of 
Eq. (22) for the four possible choices of external lines. For an 
outgoing solid line, t2(=8) does mot refer to the temperature 
variable at the vertex to which the line is directed. 


where 


G (to, t1,k) =8 (ta—t)) + €L (te, tk). (22) 


Equations (21) and (22) are represented graphically in 
Fig. 2. In particular, the line representing the term 
5(t2—t,) is defined to be a solid line unless both of the 
“given” external lines are wiggly lines. 

In I we defined a double bond in a graph to be a 
structure in which two lines connect the same two 
vertices. We also showed that there are no wiggly-line 
double bonds in linked-pair ¢ graphs, and hence there 
are none in the quantity P(t2,t;,k). We next define the 
quantity $$ (/2,t;,k) to be the sum over all L graphs of the 
type in Eq. (20), including those with wiggly-line 
double bonds: 
$ (42,41,k)=> (all L graphs with given external 

lines, including those with wiggly line 

double bonds, which cannot be sepa- 

rated into two L graphs by cutting 

one wiggly line). (23) 

All but two of the one- and two-vertex LZ graphs in 

3 (t2,¢:,k;) are shown in Fig. 3 for the case of external 

wiggly lines. With the exception of the last L graph, 

O4™ (t2,t1,ki), these are also one- and two-vertex L 
graphs in P(t2,t1,k;). 


The Z graphs which contribute in Eq. (23) may be 
classified as improper or not improper. Figure 3 includes 
all of the one- and two-vertex Z graphs in SB (ts,t;,k,) 
which are not improper, whereas, the remaining two 
2-vertex L graphs in $$ (é2,/;,k:) are included among the 
improper L graphs of Fig. 4. 

Definitions 

An n-vertex irreducible linked-pair ¢ graph (¢=0, 1) 
or an L graph is called improper if a group of m vertices 
(0<m<n) can be isolated so that there is only one 
incoming and one outgoing line. A proper graph is an 
irreducible linked-pair ¢ graph (¢=0, 1) or an L graph 
which is not improper, and in which the infernal lines 
undergo the replacements prescribed in Fig. 5. 

The definition of a proper Z graph is such that we 
may write down the following expression for the quan- 


tity P(ts,t:,k) of Eq. (20): 


P (to,t:,k) => (all proper L graphs with given ex- 


ternal lines, including those with 


(24) 


wiggly line double bonds). 


By iterating Eqs. (22) and (21) for the internal line 
factors of the proper Z graphs in Eq. (24), we clearly 
generate all of the L graphs in P(ts,t;,k). Moreover, L 
graphs with wiggly-line double bonds are explicitly 
subtracted by the third replacement of Fig. 5. Finally, 


Q'?) (to ty ky) = 


Fic. 3. All but two of the one- and two-vertex L graphs in 
$ (t2,t1,k1), (Eq. (23) ], for the case of wiggly external lines. The L 
graph Q,® (¢2,t,,k:) does not occur in P (te,t;,ki), [Eq. (20) ]. If the 
internal line replacements of Fig. 5 are made, then these L graphs 
become all of the one- and two-vertex proper L graphs [see 


Eq. (24)]. 
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one can verify that the symmetry numbers of the L 
graphs in Eq. (20) are correctly duplicated when the 
internal line factors of the proper L graphs in Eq. (24) 
are iterated. Thus, we see that it is a subset of the L 
graphs of $(to,t:,k), and not P(te,t:,k), that generates 
P (t2,t;,k) when we make the internal line replacements 
of Fig. 5. 

Equation (24), in conjunction with Eqs. (21) and 
(22), constitutes an integral equation, a formal solution 
of which is rendered by Eq. (20). We shall now show, 





kik, 
where 
2rh? 


Cx(RR\ tot) = (— )| (2k) 1 sin26,(k) +22 


m 


“ 1 
x f anP( 
0 R?— go" 


and 
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2 kk. w 
=207 SY (2L4+1)[1+€(—1)6mime [TC risks | tots) +8 (t2— ti) (R12 | U 1 (toyte) | R12) J, 
ty L=0 


» 
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however, that for a very low-temperature Fermi gas it 
is incorrect to consider only a finite number of terms of 
Eq. (20), whereas one may evaluate only the one- 
vertex proper L graph shown in Fig. 6 to obtain a true 
first approximation for L (ts,t;,k). 

In Sec. V of I, it was shown that the pair function 
(14) can be expressed in terms of reaction matrix, or A 
matrix, elements. In particular, for an interaction which 
does not give rise to a two-body bound state, the diago- 
nal elements of the pair function are 


(25) 


) cos’5 1 (qo){k | At) go)” exp[_(t2—11) (wi—wao) | ; (26) 


0 
(k| Ur (te,te) | k)= mak *_| PX Ae \T) cos’6, (1) —k-KL| A™ | k) cos*b,(k) 


Ok 


0 


os 1 1 
+20 f dqo cos*6 1 (go){1| A™ | qo(k A(t) qo) exptn(or-wi} P(- )-?(= II. (27) 
ea , ae 


We now specialize our considerations to the case of a 
very low-temperature Fermi gas (e=—1) with strong, 
short-range interactions. We also make a low-density 
approximation, in which case the first term of Eq. (26) 
is proportional to the scattering length a@,. More pre- 
cisely, the approximations which we shall now make are 
| ads | A poK (p'r r) <1, (28) 


where A,r is the thermal wavelength [see (34) ]. 


to 
s 

t 

te 

S; 
ty 
te 
P s 


k\a,|~p'|a,|K1 and 


t 


Fic. 4. Some improper L-graphs for the case of wiggly 
external lines. 


If we include only the contribution of the first term 
of Eq. (26) to the pair function, and if we retain only 
the one vertex proper L graph in Eq. (24), then in the 
low-density approximation we obtain the following ap- 
proximate integral equation for P (t2,t),k): 


te 


if 


Fic. 5. The internal line replacements which convert a graph 
which is not improper into a proper graph. The quantities G, and 
Le are: G ’ (to,t1) =G (te,t))0(tea—h) and Le (te,ti) = L (te,ty)0 (ti —te), 
where 6(x) is given by (16). 
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(i) 
P (tg 4, k ) = 


L 


Fic. 6. The one-vertex proper L graph for the case of wiggly 
external lines. 


P (to,t),k) 


4Iha, , ad 
— fa Nip) f as, f dsoG™ (t1,51,)) 
(2)?m . ( 


XG (8,52,D0(t42—4)0(Ss2—h1). (29) 
Equation (29) is diagramatically represented in Fig. 6. 
The form of the solution for L (ts,t:,k) [see Eqs. (21) and 
(22) ] is 


L™ (to,t),k) 
= A (k){exp[ — (4-4) A (k) ]}0(4—4), 


Lh ‘a 

for 
(23)*m 
After substituting Eq. (30) into Eq. (18) and solving for 


N(k), we find for the lowest order correction to (n(k)), 
Eq. (11), 


(30) 
where 


A (k) V(I) exp[—BA™(D]. (31) 


exp{8Lg—A™ (k)—ax |} 


(n(k))=v© (k) (32) 


1+exp{6[g—A(k)—ox]} 


According to Eq. (31), A™ (k) is actually independent 
of k. Therefore, to first order the true momentum dis- 
tribution is the same as the free-particle momentum 
distribution, and in the low-temperature limit we obtain 


4Jh*a, 
= fara 
(23)?m 


‘EK v(kpa ft +O(krXr) a ' 


A 


8J (37) (33) 


where 


kp®=(2J+1)"69"*9; Ag? =2rh?Bm—. (34) 
Hence, in the low-temperature, low-density limit, the 


thermodynamic potential is given by 
g= Er 1+8J (37) l(kpa,)+( \kpa 2+O(ReAv1) 2}. (35) 


At T=0 Eq. (35) gives the zero of the exponential 
factors in Eq. (32), which by definition occurs at k= kp. 
It is clear from this equation that for attractive inter- 
actions g<E,p and for repulsive interactions g> Er. 
This result is consistent with the thermodynamic equa- 


tion for g at zero temperature, i.e., with 


OE)| 
oO = 


5 Seay 
ON) |< 


where & is the pressure. 

We now observe that BA” ~ pa, 7”, and therefore we 
see from Eq. (32) that one cannot calculate the mo- 
mentum distribution in the low-temperature limit by 
evaluating a finite number of Z graphs in Eq. (17). It 
was absolutely necessary to consider the integral equa- 
tion (24) rather than its formal power series solu- 
tion (20). 

The evaluation of the higher order corrections to the 
momentum distribution is more difficult than the lowest 
order solution presented in this section, principally be- 
cause of the complexity of the higher order proper L 
graphs. It becomes necessary to introduce very system- 
atic procedures for evaluating Z graphs, and one is 
eventually led to introduce the A transformation of 
Sec. IV. We shall also be interested in applying the 
higher order solutions which we obtain for L(te,t;,k) to 
the calculation of the thermodynamic quantities of a 
Fermi gas. For these reasons, a further general study of 
both ¢ graphs and L graphs will form the content of the 
next section. Then in Sec. IV we shall return to the 
matter of determining the higher order corrections to 
Eqs. (30) and (31). We finally remark that the results 
of the next three sections will substantiate the validity 
of the lowest order calculation just presented, and it 
appears to be possible to extend the calculation to all 
orders. 


Ill. MASTER GRAPHS 


In Sec. II we introduced the concept of proper graphs 
as a certain set of linked-pair graphs with the line re- 
placements of Fig. 5. The important change which we 
shall make in this section will be to consider the line 
replacements of Fig. 5 as vertex modifications. This step 
will then lead to the introduction of master graphs. 

We first define a generalized pair function, 


127 ik | 6 1 kik: 
‘ - = i) ds dso VT (tsk; Sok») | , 
lisa} ic So kik, de 


in terms of the pair function (15) and a function 
I’ (tk, ; tos2k2), which is in turn defined in terms of 
N(k) and G(ts,t:,k) according to the nature of the 
outgoing lines at the vertex ¢. If both outgoing lines are 
internal lines, then 


l'(tysyky; tosok») 
= G(t1,51,b1)G (t2,52, ke) hA ls 
= GC (te,51, Ky )G (te, S2,K2) — 5( to—51)6(t2—S2) 


when 4; 


when 


where 
G(t,s,k) =G(t,s,k)+ €91(t,k)G(6,s,k), 
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Fic. 7. The definition of the 
generalized vertex symbol for the 
case of two outgoing internal lines 
with ¢;#t2; see Eqs. (37), (38), 
and (39). 


and 


M(/,k)= vik) f ds’G(t,s’ k). (40) 


The quantity G(t2,t,,k) is defined by Eq. (22). If an 
outgoing line at the vertex /o is an external line, then in 
Eq. (38) we must make the replacement 

G(t,s,k) > G(t,s,k) (for an outgoing external line), (41) 
where k is the momentum variable associated with the 
external line. In order to indicate in a graph that a 
vertex represents a generalized pair function we shall use 
the usual vertex symbol with a circle around it. Such a 
symbol will be called a generalized vertex. The definition 
(38) is illustrated in Fig. 7 for the case of two outgoing 
internal lines with 4:4 ts. 

A Oth order master ¢ graph (¢=0, 1) is defined to be a 
collection of Q generalized vertices which are connected 
by (2Q—f) directed lines called internal lines, and to 
which are attached ¢ oulgoing external lines and ¢ 
incoming external lines. All of the lines in master ¢ 
graphs are solid lines, and each master ¢ graph is not 
reducible. Two master £ graphs are different if their 
topological structures are different. 

To each master ¢ graph we assign a term which is 
determined by the following procedures: 


(i) Associate with each internal line a different integer 
i (i=1, 2, ---m), where m=20—£, and a corresponding 
momentum k,. 

(ii) If ¢+0, then associate the external lines with 
certain pre-given momenta. 

(iii) Assign a factor S— to the entire graph, where 


S=symmetry number. (42) 


The symmetry number S is defined to be the total 
number of permutations of the m integers associated 
with the internal lines that leave the graph topologically 
(including the positions of these numbers relative to the 
lines) unchanged. For convenience in discussion, we 
shall in Appendix A refer to the permutations defined 
here as “internal line permutations” rather than as the 
“permutations of the numbers associated with the 
internal lines.” 

(iv) Associate with each generalized vertex a temper- 
ature variable /;, and assign as a factor a corresponding 
generalized pair function whose “upper temperature 
variables” are those at the vertices to which the out- 


FERMI GAS 


going lines from the vertex /; are directed. The upper 
temperature variable for an outgoing external line is 8. 

(v) Assign a factor e”* to the product of the gener- 
alized pair functions, where P, is the total permutation 
of the 20 bottom-row momenta with respect to the 20 
top-row momenta. 

(vi) Integrate over all of the temperature variables 
from 0 to 8, and sum over the m internal momentum 
(and spin) coordinates. 


We see that master ¢ graphs are structurally the same 
as irreducible ¢ graphs constructed with only T>-vertex 
functions (Sec. I). Before demonstrating that the mo- 
mentum distribution and the grand potential can be 
expressed in terms of master 1 graphs and 0 graphs, re- 
spectively, we introduce master L graphs. 

A master L graph is defined to be a master 1 graph in 
which (1) the integration over the temperature variable 
t; at the vertex to which the incoming external line 
attaches is not performed; (2) the last sentence of rule 
(iv) is changed to read: “The upper temperature vari- 
able for an outgoing external line is ¢2(<8)” ; and (3) the 
external lines may be wiggly or solid, as in the four cases 
shown in Fig. 2(b). 

We can now write down the following equation for the 
quantity L (ts,t;,k) of Eqs. (19) and (21): 


Lash) = f dsG(ts,s,k) P(s,t:,k,G) 


v0 


=>" (all different master L graphs with 


(43) 


given external lines). 


The validity of Eq. (43) can be seen in two ways. On the 
one hand, Eq. (43) follows by comparing the definition 
of master Z graphs with Eq. (24) and the subsequent 
discussion. On the other hand, one may directly verify 
that the right-hand side of the second line of Eq. (43) 
generates all of the L graphs in Eq. (19) with their 
correct symmetry numbers (see proofs of Theorems 2 
and 3 in Appendix A). 

According to (41) and the first line of Eq. (43), the 
function P(s,t) is the sum over all master Z graphs with 
no external line factors. We have explicitly indicated 
that P(s,/) is a functional of G(so,s;) in the first line of 
Eq. (43), because we now wish to introduce two new 
quantities L,(ta,t;) and G, (ts,t,), which are slight modi- 
fications of the functions L (t2,/;) and G(ts,t;). These new 
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functions are defined, for 8>7> (ts,t;), as follows: 
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Laltostsk)= f dsG, (te,s,k) P(s,t),k,Gs) =e La(te,t1,k) = L(to,t;,k ), 
| feed 2 


0 


G, (to,tik) =8(t2—t)) +L, (to,t1,k) — Ga(to,t1,k) = G(te,t1,k). 


At first sight it would seem that the functions L, and G, 
are modifications which are unessential to the present 
development. However, we shall see below that these 
functions are encountered when one attempts to express 
the grand potential in terms of the generalized pair 
functions (37). We emphasize that the definitions (44) 
do not entail any modifications of the internal line 
factors of G(s2,s;) in P(s,t). 


Momentum Distribution 
It is clear from the discussion below Eq. (43) and the 
definition of master Z graphs, that Eq. (18) for the 
quantity V(k) may be written 
N(k)=»(k)[1+N (k)> (all different master 


1 graphs) ]. (45) 


Thus, by means of Eqs. (11) and (45), the momentum 
distribution ((k)) is given explicitly in terms of master 
1 graphs. 

By combining Eqs. (11) and (18), one can also show 
that the momentum distribution is equal to the function 
9.(8,k) of Eq. (40): 


9 (8,k) =(n(k)). (46) 


Equation (46) suggests, quite apart from any other 
reasons, that it may be quite useful to express the grand 
potential in terms of generalized pair functions, even 
though the quantity which appears in Eq. (39) is 91(¢,k) 
and not 91(8,k). Thus, one suspects that in the calcula- 
tion of thermodynamic quantities a formulation in terms 
of Xt(¢,k) will lead more directly to physical results than 
will a formulation in terms of N(k) or the quite un- 
physical »(k). Indeed, we will find after performing the 
A transformation of the next section, that the calcula- 
tions of the second and third order corrections to the 
momentum distribution and ground-state energy of a 
Fermi gas are quite straightforward in the master-graph 
formulation. 
Grand Potential 


In order to demonstrate that the grand potential can 
be expressed in terms of master 0-graphs we first use 
Eq. (18) to rewrite Eq. (13) as follows: 


f(N,2,8) 
=e > In[1+e(n(k)) ] 
n 
+> (all different irreducible 0-graphs) 


8 


~ eX N(k) f dt L(8,k). 
k 0 


We next write the last term of this equation as 


8 
> Cenk) f dt L(8,t,k) 
k “6 


=> Sr? S [eV (k) ]L1(6,k), 
l - 


(48) 


where }-; represents the sum over all irreducible linked 
pair 1 graphs S;'Z,(8,k). We have explicitly exhibited 
the multiplying symmetry number S$,“ for each 1 graph 
in this sum. Now, when the sum over all momentum 
states is performed, as in Eq. (48), every irreducible 
linked pair 1 graph which arises from a ,.ven irreducible 
linked pair 0-graph S¢~'Zo(8) has the same expression. 
That is, if No is the number of solid lines in an irreducible 
linked-pair 0-graph, then 


1 S$; > [eN (k) 1Z1(8,k) -_ > 0 NoSo 17.9(8), 


as one can verify by comparing Eqs. (8) and (9), or by 
referring to LY IV, Eq. (IV.103). Thus, after substi- 
tuting Eqs. (48) and (49) into Eq. (47), we obtain for 
the grand potential 


Qf (N,9,8) =e > Inf1+ e(n(k)) ] 
~Fo(No—1)ScLo(8). 


(49) 


(50) 


In the last two equations, }°» represents the sum over all 
irreducible linked pair 0-graphs and L() is a linked-pair 
0-graph without its symmetry number S». Equation (50) 
is the starting point for the following analysis. 

We now distinguish between “open” and “closed” 
graphs. 


Definitions 


An improper irreducible linked-pair ¢ graph (¢=0, 1) 
or an improper L graph is an open graph, if it includes at 
least one not improper Z graph with an external (with 
respect to the proper LZ graph) solid line. 

A closed § graph ({=0, 1) or a closed L graph is an 
irreducible linked-pair ¢ graph (¢=0, 1) or an LZ graph, 
which is not open, with each internal solid line repre- 
senting a factor e9i(t,k)G(@,s,k) instead of eN(k), and 
where ¢ and s are the temperature variables at the 
vertices touched by the head and tail ends, respectively, 
of the internal solid line. Closed graphs may be either 
improper or not improper. 

In Fig. 8 we have exhibited a number of open and 
closed 0-graphs together with their associated factors 
So}, (No—1), and Seo. 

The reason for introducing a distinction between open 
and closed graphs is that the process of reducing the 
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grand potential to a sum of terms which are calculated 
only from master graphs must be made in two steps. In 
the first step, the grand potential is expressed as a sum 
over only closed graphs. Then, in the second step the 
master graphs are introduced. Thus, one must first 
prove the following result for the grand potential: 


Qf (N,O,8) =e Oy Inf 1+ e(n(k)) ] 
—YLic(Ne—D)ScLe(8). (51) 


In this equation > ¢ represents the sum over all different 
closed 0 graphs Sc'Lc(8). The quantities Nc and S¢ 
have the same meanings as the corresponding quantities 
No and So in Eq. (50). 

Equation (51) is proved in Appendix A. Its signifi- 
cance is that the grand potential is expressed in terms of 
the ordinary pair functions (15) with modified solid line 
factors. In order to proceed with the introduction of the 
generalized pair functions (37), we next carry out in 
reverse the steps which led from Eq. (47) to (50) and 
obtain 


Qf (N,O,8) =e dy Inf it+en(k)) +d ¢ Se Lc(8) 
8 
-«r f dtL(B,t,k)N(t,k). (52) 
» 0 


According to Eq. (43), the last term of (52) can be 
immediately expressed in terms of master L graphs, a 
step which it was not convenient to perform earlier in 
Eq. (47). Therefore, we now only need to consider the 
second term of Eq. (52), which is the sum over all closed 
0-graphs. 

As a first guess, one might try to write the second term 
of Eq. (52) as a sum over all master 0-graphs: 

OF (N,Q,8) 


=) (all different master 0-graphs). (53) 


When this is attempted, it is found, for ex ‘ample, that 


OF (N)—¥ SeLe()= eX Py 


k m=2 


m—1 B 
-(— yf di;dty: - -dt 
m 0 
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Fic. 8. (a) Some open 0-graphs. For each 0-graph, its inverse 
symmetry number S,~! and the number of solid lines minus one, 
i.e., No—1, is given in the second and third column, respectively ; 
(b) Some closed 0-graphs. The corresponding inverse symmetry 
numbers Sc! are given in the fifth column. All of the closed 0- 
graphs shown are improper. 


none of the symmetry numbers of Fig. 8(b) are correctly 
duplicated. The quantity F (V,0,8) “overgenerates” the 
second term of Eq. (52). In spite of the fact that F(V) 
does not correctly generate the sum over all closed 0- 
graphs, one may continue in this direction, and try to 
determine the difference between F(V) and the sum 
over all closed 0-graphs. This difference can in fact be 
identified, and one finds the following result. 


m P(ty,to,k) P (to,ts,k)- - -P 


(tm—15tm KK) P (Lmsti,k), (54) 


where P(ti,to,k) is the function which appears in Eqs. (20) and (43). Equation (54) is proved in Appendix B. 
Before substituting Eq. (54) into Eq. (52), we shall write the right-hand side in a more compact form by including 
the m=1 term (which is zero) and then separating the m/m terms from the 1/m terms: 


QF(N)—-> S 


m=1 


J . 
=ze>, > of dt;---dt 
k 0 


—Z£Le 


m=1 


2 m—1 
Sc 1Le(B)=e>, > e -(— yf dt,dt.- + -dt 
Cc k m=l m 0 


m P (t1,to,k) - ; Pit 


fafa 


tm P(ti,t2,k)P (t2,t3,k) « + --P(tmyts, kk) 


myl1,K) 


dtm P (ty,to,k) P (to,tz,k) - « - P (tmyti,k) 


=f dt dt, Gg(ti,to,k) P (to,t1,k) — ae anf dty Gty(ty,t2,k)P (to,t1,k). 
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In the last line of this equation, we have used the definition (44) of the function G,(¢,2,k), with r 


(55) can now be substituted into (52) to obtain 
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t;> ty. Equation 


8 
Qf (N,0,8)=e > Inf 1+ e(n(k)) ]4+QF(.V,0,8)—« es f atL (B,t,k) IU (i,k) 
k k vy 


ff 


In Eq. (56) all quantities are expressed in terms of the 
generalized pair functions (37), except the last term 
which involves a modified external line factor. We thus 
have achieved our goal of expressing both the mo- 
mentum distribution and the grand potential in terms of 
master graphs. 


IV. A TRANSFORMATION 


Equations (18), (43), and (37) constitute a set A of 
coupled integral equations, a formal solution of which is 
given by the linked-pair expansion, Eqs. (18) and (19). 
As we saw in Sec. II, the latter expansion does not allow 
one to calculate even the lowest order correction to the 
momentum distribution of a very low-temperature 
Fermi gas, while a true first order approximation could 
be secured by considering the one-vertex master (or 
proper) Z graph, and retaining in the pair function (25) 
only the term linear in a,. Similarly, we have found that 
a true second order approximation can be made by 
considering both the one-vertex master L graph and the 
two-vertex master L graph [Fig. 9], retaining in the 
pair functions (14) of the latter only the terms linear in 
a,, but retaining in the pair function of the former terms 
both linear and quadratic in a,. Furthermore, the 
calculation has been successfully extended to third 


to 
ky 


a (tot, k)) = 4 


Fic. 9. The one- and two-vertex master Z graphs for the case of 
wiggly external lines. We use the generalized vertex symbol of 
Fig. 7 for both unprimed and primed generalized pair functions, 
since it is always clear in context which one is meant. 


8 ty 
au} f dtsGa(titsk)— f dtsGe (tasto,k) \ P(tosty,k). 
0 


(56) 


: 


order by an analogous treatment including the three- 
vertex master L graphs. We have not attempted to 
prove conclusively the convergence of this treatment. 


Formal Power Series Solution 


The procedure outlined above permits one to write 
down a set of coupled integral equations A{n}, which 
approximates the set A to mth order in the interaction 
range parameters of the Fermi gas. The solution of the 
set A{n} may be formally obtained as a power series 
expansion in these parameters by considering all L 
graphs generated from master ZL graphs with no more 
than vertices. Each L graph, of course, involves factors 
N(k) which are determined by iterating Eq. (18). 

The first step in the power series solution is to replace 
L (t2,t:,k) by zero on the right-hand side of Eqs. (18) and 
(37). One immediately finds V(k) = v(k) and this result 
is substituted into the right-hand side of Eq. (37). Thus, 
in the first step we consider only those Z graphs gener- 
ated by Eq. (43) which are not improper and we replace 
N(k) by v(k). The calculated L(é,t;,k) is found to 
possess a “‘temperature-independent” part, [A (k)@(42—4) 
+ B(k)i(t.—t;) ], as well as a temperature dependent 
part. For example, for a very low-temperature, low- 
density Fermi gas of hard spheres of diameter a, (in 
which the only important momentum values are those 
for which k<p!'), the former term contributes ¢ to the 
momentum distribution and the latter contributes x, 
where 


(k)~pad7*[ 1+), (ka)+b2(ka)*+ or 
+do(ka)*[1 +d, ka)+ vee |, 
x(k)~C2(ka)?+C3(ka)*+---. 


(57) 


If the calculated L(‘2,t;,k) of the preceding paragraph 
is substituted into the right-hand side of Eqs. (18) and 
(37), a new NV(k) and new L (ts,t;,k) can be determined. 
In this second step some of the improper Z graphs 
generated by Eq. (43) are considered. Continuing in this 
manner one essentially obtains for the dominant low- 
temperature terms in the momentum distribution suc- 
cessively higher powers of ¢. The result of formally 
summing over all Z graphs generated from the original 
master L graphs is that the dominant low-temperature 
behavior of L(ts,t:,k) is an exponential dependence upon 
¢. Thus, the form of the exact solution L™ (t2,t;,k), Eq. 
(30), for the set of equations A{1} is essentially un- 
changed, except for small terms, when higher order 
corrections are included. 
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Low-Temperature Approximation Method 


It is clear from (57) that the power series solution of 
the set {A} of coupled integral equations is not useful at 
very low temperatures where ¢>>1. More specifically, in 
the very low-temperature and low-density region in 
which p|a,|\7*>1, we must attempt to solve the set 
{A} for a Fermi gas using a more direct method. From 
the preceding analysis we may expect that the most 
important difference between L(ts,t;,k) and its lowest 
order approximation L (¢,t;,k) will be that the func- 
tion A® of Eq. (31) is replaced by a momentum de- 
pendent function A(k). We also know that a “small” 
term of the form x(k), Eq. (57), will occur in L(t,t;,k) 
and N(k). To solve the approximate set of coupled 
integral equations A {n}, we therefore try a first solution 
for L(te,t:,k) and N(k) of the form 


L® (to,t,k) _ A(k) expLe(42—4)A(k) J, 
expL(g— wx) | 


] NV (k) =——— 
1—« exp[8(g— -A(k)—ex)] 


(58) 


where N(k) is obtained by substituting L (ts,t;) 
=>L™ (t2,t;) into Eq. (18). 

The straightforward procedure which we can now 
adopt is to substitute the trial solution (58) into the set 
A{2}. Replacing L(ts,t:,k) and N(k) on the right-hand 
side of Eq. (37) by the “first solution” (58), we can 
calculate a “second solution” L® (t2,t;,k) which can 
then be substituted into the right-hand side of Eq. (18) 
to determine NV (k). The second solution L® (to,t;,k) 
and N®(k), which will include the correct lowest order 
term of x(k) and the second order correction to A(k), 
can now be substituted into the right-hand sides of the 
set A{3}. By successively iterating each of the approxi- 


A(k,8) = A( 
A(tg—ti, k) =A (k)0(t2—4)) + B(k)d(t 
Ao(tz—hh, k)=[1+ «B(k) |" [B(k 
Go(tz—th, k)= 
f(—h, k 


(k) =A (k) [1+ €B(k) 


)5 (t2— ty) + A(k)O(to— ty) J, 
= [1+ €B(k) ]{8(t.—t:)+ eA(k) exp[e(t.—4:)A(k) 0(4.—4)}, 
= [1+ «B(k) ] exp[_e(t2—t:)A(k) 0(t2—4). 
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mate solutions L% (t:,t;,k) and N“%(k) in the set 
A{j} one can eventually arrive at the mth solution 
L“™ (te,4),k) and N“(k) to the approximate set of 
coupled integral equations A{m}. The mth order ap- 
proximation to the momentum distribution can then be 
calculated by substituting V‘” (k) into Eq. (11). 


A-Transformation 


A more elegant method of solving the set A{m} con- 
sists of first transforming the entire set A so that the 
dominant low-temperature behavior, i.e., the expo- 
nential character, of the solution is taken into account 
from the start. This requires transforming N (k), »(k), 
the pair function, and L(t2,t;,k) in such a way that no 
temperature independent parts [A (k)@(t.—t:)+B(k) 
-6(t2—t,) ] arise in the power series solution of the 
transformed set A’ of integral equations. Therefore, 
after such a A transformation the power series treatment 
yields not just a formal solution, but a true solution 
valid to any desired order in interaction range parame- 
ters. As one might expect, two additional equations 
must be coupled to the set A’ in order to determine the 
functions A(k) and B(k). 

In the preceding discussion, it was somewhat mis- 
leading to refer to A(k) and B(k) as temperature- 
independent functions, since, as we shall see, both A (k) 
and B(k) include a 8 dependence, which is negligible for 
a Fermi gas only in the low-temperature limit. Actually, 
what is meant by “‘temperature-independent” parts is an 
independence of any temperature integration variables, 
e.g., fg and ¢;. With these remarks in mind we now intro- 
duce the A transformation in terms of two momentum 
dependent functions A (k,8)=A(k) and B(k,8)=B(k) 
which will be identified later. We shall also make use of 
the following derived quantities: 


y*, (59) 

—t), (60) 
(61) 
(62) 
(63) 


The A transformation is defined to be a transformation of the quantities involved in the set A of the integral 


equations; namely, 
V’(k)= .V(k)¢(8,k), 
§(8,k)»(k) 


~ I+e(k)—e(ak) \v(k)’ 


Ur kik 
|; | ={ asf ds» Go(ti-— Si, k1)Go(te— 52, k. 2) 
k3k, to 0 


8 
L' (te,t1,k) = exp[— ets—1)a(W)] Latsk)— f dsG(te,s,k)Ao(s—ty, k) , 
0 


(64) 


(65) 


- teed 
kk, to 


Xexp{— «A 


(ki)+42A(k2) ]} exp{etolA(ks)+A(ky) ]}, (66) 


(67)* 
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What we wish to show is that the set A of integral equations can be expressed in terms of the above four quantities 
instead of the corresponding unprimed quantities. We shall then show that A(k) and B(k) can be chosen so that 
L' (ta,t1,k) contains no “temperature-independent”’ parts. 

We begin by performing a task which is unessential to the present development, but a necessary preliminary to 
any application of the method ; namely, we simplify Eq. (66) for the primed pair function by inserting the definition 
(62) of Go(s—t, k). We obtain the following result : 


, 


titork ko trk  k.7’ or kik. 
6(ts—te) O(t2—to) +O(t2—1t1) | O(ti—to) if ty le 
Ask, to aR4tlo ah4tlo 


ork ko] 
A(ty— to) if t1= la, 
ksk4 Ito 


where 


ork key “r kik, 
=[1+¢B(k;) [1+¢B(k,) ] exp{ e/;[ A(k;) +A (ky) ]}  exp(— ets A(k,) +-A(k») }) 
sky Ie, | kok te 


(69) 


ta Tk ko 
+a(k)+a(k)) f ds exp(— es A(k,)+A(k) }) | | | 


skate! 
In order to perform the last temperature integration in Eq. (69), it is necessary to write out the temperature de- 


pendences of the pair function (14) in greater detail. In Sec. V of I, it was shown that the most general form of the 
pair function is 


or kk 
R k = exp[ti(wit-we—w3—ws) | fi (Kiko kski)-+ f d°baa%te exp[t2(wit+w2—ws5—we) 
a4 tty 
1 
Xexp[ts(wst+ws—ws3—wa) | fo(kKike ks ke k k.)P( ) 
+6(t2—t)) exp[te(wit+-w2—w3—wa) | f3(Kike| ksk,). 


Substitution of Eq. (70) into Eq. (69) yields for the primed pair function the expression 
kk, 


| =[1+B(k,) J[1+«B(k2) }} exp[t: (w1’ +e2’ — ws’ —w4") ]f1 (Kiko | ksk,) 
t] 


+ f eb Re exp[te(w1’+-we’ —ws—we) | exp[ ti (wst+we— ws’ — w4’) Lfel k,k k-k, k k,) 


1 
xP( eee -)+3(4—1) exp[ le (w1’ + we’ —w !— 4") | f3( kik k,k,) 


; , 
w +w2 —ws—we 


+e[A(k:)+A(k2) ] explore’ er/—er)]] fall kk) 


1 1 
— fae fulkaks kak kk.) P( — )e( )II (71) 
@1+w2—wW5— We 11’ +we’ —we—we 


W@W TWe W5 W5 


where equation satisfied by Go(t2—¢:) and Ao(t2.—t;); namely, 


w,’ =w,— €A(k) hk? 2m—«A(k). (72) G (t t k)=8(1 ty) 
o\f2~ 1, = 2" +1 


The functions fi, fe, and f; can be determined from B 

Sec. V of I. +ef ds Go(te—s, k)Ao(s—ti, kk). (73)* 
We now turn to the objective of determining the 9 

transformed set A’ of coupled integral equations. For 

this purpose it is first necessary to invert Eq. (67), 

which can be accomplished with the aid of the integral G’ (to,t),k) =6 (to—t,)+ €L’ (to,t,,k), 


Defining a quantity 
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one obtains for the inverted form of Eq. (67) 


8 
Gllatyk)= f ds exp[e(t2—s)A(k) ] 
7 XG’ (te,5,k)Go(s—th, k). 


(75)* 


From Eq. (75) it follows that 


8 8 
f dt G(8K)=5(8,k) f dG’), (76) 


0 0 


where ¢(8,k)= /0* dt Go(8—t, k) is given by (63). Using 
(76) in conjunction with the definitions (64) and (65), 
one finds that Eq. (18) becomes after the A transfor- 
mation 


B 
vk) =" (| 1+") f a 110848) | (77) 


0 

where from Eqs. (65), (63), (7), and (72), it follows that 
7% [1+eB(k) ] exp[B(g—wx’) J (78) 

= — my is 
1—«[1+«B(k) ] exp[B(g—wx’) | 





We see from Eq. (77), that the momentum distribu- 
tion can be expressed in terms of the quantity L’ (t2,t:,k) 
defined by the A transformation (67), and we now de- 
termine the prescription for calculating the latter 
quantity. From Eqs. (74), (75), (60), and (62), it follows 
that 


L’ (te,t1,k) = exp[— €(t2— 4) A(k) JL (t2,t1,k) 


8 
-f ds G' (ts,s,k)A(s—t;, k). (79)* 





rk ko] 
I’ (t:5ik1; toseke) | 
k3k, to 


s12r kik) 7 
= G’ (t1,51,K1)S" (t2,52, ke) tre 
k3ky to més 


—6(t;—51)6(t4i—S2) exp{ — ef: [A (ki) +A (ke) ]} 


(Note that when ¢;=/. the second term involves an 
unprimed pair function.) 
(b) If an outgoing line at the vertex éo is an external 
line, then in Eq. (85) we must make the replacement 
G’ (t,s,k) — G’ (t,s,k). (86) 


We now define a quantity £’ (t2,t;,k) in analogy with 
Eq. (43): 
L’ (ts,t:,k)=> (all different master L graphs with 
given external lines constructed from 


primed generalized pair functions). (87) 
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Moreover, the quantity §’ (¢2,4:,k) defined by 


© (to,tr,k) =G" (t,t1,k) + OU (to,k)G'(8,4,k), (80) 


where 


8 
3’ (t)k) = N’(k) f ds G'(t,s,k), (81) 
0 


satisfies the same transformation law (75) as G’ (te,t1,k) ; 
namely, 
8 
S(tstuk)= f ds exp[e(t2—s)A(k) ] 
i X6'(ta,s,k)Go(s—t, k). (82) 


Therefore, after substituting Eqs. (75) and (82) into 
Eq. (37) and using the definition (66), one finds the 
following result : 
tit- kk, 
= exp{ e[4:A (ki) +/24 (ke) }} 
kk, to 
taba | 
exp{ — eto A(ks) +A(k,) ]}, (83) 
\ keslk, to 


where the primed generalized pair function is given by 
tite kik. | U 
fee to 


8 #182 k,k. ‘ 
= f ds\ds» I’ (é:sik; ; tosok») ) (84) 
to 


34 


and the function I” (¢,s;k,; f2sek2) is given in terms of 
N'(k) and L’(ts,t;,k) according to the nature of the 
outgoing lines at the vertex fo: 


(a) If both outgoing lines are internal lines, then 


8182 kik» , 
GS’ (41,51, 1)" (41,52, Ko) 
to 


Kak, 
kik. 


om exp{elo[A (Ks) +A (Ky) }}. (85) 


From Eq. (83) it is then clear that 


£’ (to,t),k) = exp[— €(t2— 4) A(K) JL (4,4,k). (88) 


Equations (84)-(88) provide just the relations which 
are needed for the identification of L’(t2,t:,k). Upon 
substituting (88) into (79) we finally obtain 


L’ (to,t1,k) = L’ (to,ti,k) 


8 
a f ds G'(ta,s,k)A(s—th, k). (89)* 
0 
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Equations (77), (89), (87), and (84) constitute the 
transformed set A’ of coupled integral equations. 

Referring to the definition (60) of the quantity 
A(te—t,, k), we see that the functions A(k) and B(k) 
should be chosen in such a way that the ‘‘temperature- 
independent” parts are always eliminated from L’ (t2,t,k) 
via Eq. (89). But this may be accomplished by first 
writing Eq. (87) as follows: 


8 


£'loisk)= f ds G' (te,s,k)P’(s,,,k). (90)* 


Then, according to Eqs. (86) and (87), the quantity 
P’(s,t,k) is the sum over all different master L graphs 
constructed from primed generalized pair functions, but 
with no external line factors. We therefore define A (k) 
and B(k) by 


A(k)= the temperature-independent part 

of P’ (t2,t:,k,G’), 

B(k)i(t2—t;)=[the part of P’ (ts,t;,k,G’) which 
consists of a temperature-inde- 

pendent factor times 6(t2—¢;) }. 


Equation (89) can be written in a more transparent 
form by substituting Eq. (90). 


6 
L’ (te,t1,k) = f ds G' (to,s,k) 
0 

XLP'(s,4,kK)—A(s—th, k) J. (92)* 
Equation (92) explicitly exhibits the elimination of 
all “temperature-independent” terms of the form 
A(t—t1, k), Eq. (60), from the quantity L’(to,t,,k) 
which in turn determines the momentum distribution by 
means of Eq. (77). One may ask what has happened to 
the temperature-independent terms, since we know that 
they contribute powers of ¢, Eq. (57), to the momentum 
distribution. The answer is that they are explicitly con- 
tained in the exponential factors of Eq. (71) and in the 
function v’(k) of Eqs. (77) and (78). 

To determine v’(k) we must first calculate the quanti- 
ties A(k) and B(k), which are defined by Eqs. (59) and 
(91). On the other hand, the primed pair function (71) 
depends on both the quantities A(k) and B(k). We have 
therefore introduced two new integral equations in per- 
forming the A transformation from the coupled set A to 
the coupled set A’. Fortunately, for the problem of a 
very low-temperature Fermi gas, the quantity B(k) 
does not enter in the lower orders of the interaction 
range parameters. Finally, we observe, as remarked 
previously, that although we have introduced additional 
integral equations by performing the A transformation, 
it is now possible to solve them for a very low-tempera- 
ture Fermi gas, using a power series expansion. As 
pointed out at the beginning of this section, it was not 
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feasible to use this method to solve the untransformed 
equations. 

In Sec. II we calculated the lowest order correction to 
the momentum distribution, Eq. (32), by introducing an 
integral equation for L (¢2,¢;,k) in terms of proper graphs. 
Then, in Sec. III we abandoned the proper graph nota- 
tion in favor of master graphs. We can now see why this 
was a necessary step before the A transformation could 
be performed. The reason is simply that the form of 
Eqs. (75) and (82), which is essential to the A trans- 
formation, is not maintained when we make a separation 
into quantities Gy(t2,/;) and Le<(te,t;), as in the line 
replacements of Fig. 5. 


Grand Potential 


We can also express the grand potential (56) in terms 
of the quantities NV’ (k), L’(t2,t:,k), A(k), and B(k). To 
do this we first observe from Eqs. (44), (88), and (90) 
that 


fl 
eu (tsk)= f ds Gry! | t,,8,kk)P’ ( s,t;,k,G;’) 
ty 


f ds Gt (ty,s,k) P(s,t;,k,Gz), (93) 


where 

G,’ (ts,t,k)= 5(to—t,) +L,’ (to,t1,k), 
and the quantity £,’(t2,t:) is calculated as discussed 
below Eq. (44). The quantity Lt’ (t,,t2) 
from the equation 


is determined 


th 
Ly" (t:,t2,k) -f ds Gu! (ty,s,k) 


X[P’ (s,te,k) —A(s—te, k) (4;>2), (94) 
as can be verified by making the replacement 6— 7 
> (t:,f2) of the upper integration limits in the equations 
of this section marked with an asterisk. Thus, the 
quantity Li’(t1,f2) for 4;>¢, contains no “temperature- 
independent” parts in the iteration of its outgoing 
external line factor. 

Using Eqs. (88), (40), (75), (64), (81), (93), and (94), 
one can readily obtain the following result for the grand 
potential (56): 


Qf (N’Q,8) 


=e > Inf i+e(n(k)) ]+QF(.V’ 0,8) 
k 


8 
—e>. dt £'(B,t,k)3U (t,k) 
® « 


-« | dt,} f dt» La! (ty,to,k) 
+ ae? 


ti 


-f dlsLty (¢;,¢1,k) [Patt 


(95) 
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where from Eqs. (83) and (53), it follows that F(N) 
=F(N’) can be calculated using either unprimed or 
primed generalized pair-functions. 

We finally observe that the quantity 9t’(6,k) of Eq. 
(81) is equal to 91(8,k), since in analogy with Eq. (46) 
we can show that 

Nu’ (8,k) = (n(k)). (96) 


V. LOW-TEMPERATURE MOMENTUM DISTRIBUTION 
IN A FERMI GAS; SECOND ORDER 
CORRECTIONS 


The momentum distribution (n(k)) is obtained by 
substituting Eqs. (77) and (64) into Eq. (11): 


(n(k))= v’ (k)+ ev’ (k)[1+ ev’ (k) ] 
B 
x f dt L'(8,t,k,N"). (97) 


In the previous section we have seen how the terms 
defined by Eq. (91) can be incorporated into the func- 
tions »’(k), but we have said very little about the 
quantity L’(8,t). In this section we shall show for a 
Fermi gas with strong, short-range interactions that 
L'(8,t) contributes a small O(a,”) term to (n(k)), which 
is of the form of x(k), Eq. (57). We shall also calculate 


8 B 
L/2 (ts) = f ds, G'(issks) f dts P’® (sytsti| ki), 
0 0 


p’e (Satsty| ky) =} > 


kokskq “9 


k ky 


= exp{ 7 els[ A(k 


LOW-TEMPERATURE 


B $182 kik» ’ 8384 kk, ’ 
dse S" (t1,82,ke) | f ds3ds 4S’ (ts,53,K3)S’ (ts,54, Ks) | 
t3 0 ty 
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the O(a,?) term of A(k), Eq. (59), which affects the 
determination of v’(k), Eq. (78). 

We begin by writing down the one- and two-vertex 
master L graphs of Fig. 9. Since the pair-function at 
each vertex is linear in the scattering length a, to first 
approximation, we shall not need to consider any other 
master LZ graphs in the second order calculation of this 
section. As indicated at the beginning of Sec. IV, this 
seems to be a consistent procedure for calculating the 
properties of a Fermi gas. One can also verify with the 
aid of Eqs. (25) and (27) that the leading contribution 
to B(k), Eq. (91), is third order in the scattering length 
approximation. Therefore, to second order we have that 
A(k)= A (k). 

Using the notation of Eq. (90), we write the one- 
vertex master L graph as 


8B 
2" (lstaks)= f ds; G’ (ts,51,k1) P’™ (5) t1,k1), 


0 


P ner ki ke 
pa (s1,4,k) => f ds» G’ (t1,52,kK2) | e 
K2 0 kk. tj 


(98) 


where we have used Eqs. (84)—(86) and the temperature 
and momentum labels of Fig. 9. Similarly, the expression 
for the two-vertex master L graph is 


kik, 


strk, 
3s) +A(Kky) }} R |] exp{ ef:[A(ki) +A (ks) ]} ; 


According to Eq. (30), the function L’(ts,t;,k) is zero to first order in the scattering length approximation. 


Therefore, if this function does indeed make only small contributions to the physical quantities of a Fermi gas, 
then we may evaluate its second order contributions by the power series iteration procedure discussed at the 
beginning of Sec. IV. Thus, we now assume that the second order terms of L’ (ts,t:,k) and A(k) can be derived from 
Eqs. (98) and (99) by the following approximations to G’(é,s,k) and S’(¢,s,k): 


G’ (t,s,k) =6(t—s)+O0(a,), 


(100) 
G’ (t,s,k) = 6(t—s)+€N’ (k)6(8—s)+0(a,). 


In order to gain a feeling for the relation between master L graphs (Fig. 9) and ordinary L graphs [Fig. 3], we 
shall write £’(te,t;,k) as a sum of terms which correspond to the L graphs of Fig. 3: 


L’ (testi, Ky) = L'™ (tasty) + £’ (t2,4,k1) +0 (a,°) 
= L,/ (te,ti, ki) + Ls1/™ (be, t1, ka) + 25,2’ (te,41,k1) 
+2L5,3' (to,t1,k1) + L>,4'° (te,h,k1)+O(a,*) (if 
= Leo! (tet, ky) + L<,3’ (tet, ki) +O(a,*) (if te<ty). 


t)> ty) ci 


We next substitute the explicit expressions for the pair functions from Eqs. (15), (68), (71), (70) and Sec. V of I, 
and perform the spin state sums (spin=/) for a spin-independent interaction. In the limit of infinite volume, 
Q— , the parts of the functions of Eq. (101) which contribute to second order in the scattering length are as 
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follows: 
? 


2e Ar’ > wet 
£5! (la tuts] — = Jortit0 for, N'(ks)/ (2ky2) . $in25o(Ry2) | 
(2x)? 8 | (2x)? B 





1 
x f aeart, r( esireeem (ht ksh) exp[_ (t2— 1) (w1’ +2’ —w3—w) | 


, / 
w1 +we —W3-- W4 


2e Ar’ 
Xai %(hrz| A | boa)? cosn(bus)—[a(hs) +A) ~ | f d*ksd*ks r( 
(27)? B w1 +w 


1 
xP( aon — 5° (hat he—ho— ke) (Rio A k 4 > C0876 (Ras) ‘ 


@1+wW2—w3—W4 


) 


£54! afk] 


(279) 


Ar’ 2 
. -| Qs+1+0 f dearer, N’ (ky) N’ (ky) (k, +k.—k,;—k,) 
B 


X (|b) (lh) f dls exp[ (43-41 ) (wy +-ayo! 


2 


X 2742 
| | QI+1+¢ f dkediba'k, N’ (ks) N’ (ky)6@ (k, +k.—k;—k,) 


(27)? B 
t 
XK (Rie) Ras) (Ros bw) f dts exp (¢3— 11) (w1’ +-w 1—w . 
) 0 


2 Ar? 
oot1,M1 Ye a | QI+1+8) faked hyih N’ (ko) N’ (ks) N’ (k4)5 8 (k, +ko.—k,—k,) 
8 


(27)? 


t2 
XK (Rye kza) (Raa kw) f dts exp[_ (¢3— 1) (w1’ + ayo’ — ws’ —w4’) a 


? 


vids) _ 


Ar’ 2 
(I+1+6) fabadthydthy N(hs)0 (kat koko) kz4) (Raa! Riz) 


(2r)* 8 


t2 
xf dis{exp[ (t3—t1) (wr +we’ — ws’ — wa’) |— exp (ts—t1) (1 +a2’—w —G)4) ¥, 
‘1 

? Ar? 


- 9 ny 
stk) - | QI+1+6) f dksdibsa%e, N’ (ks) N’ (ky)6“ (k, +k.—k;—k,) 

Var) 3 

(27) 8 - 

X (rae) (sa as) f dts exp[_ (ts— 1) (w1’ +we’ —w3’— wy’) |, 
, (103) 

2 Ar’ 2 
ore | QI+1+9 f dedbare, N’ (k2) N’ (ks) N’ (ky) (ki +k.— k;— ky) 


rT)’ B 


X (Riz! Rss) (Ros ku) f dls exp[_(¢3— 11) (w1’ + we’ —w '—w,') |, 
where 
(k| J)=l-Kk| A | 1) cos*5o(l) = —a,[1+0(ka,)* ]. (104) 


In Sec. II, Eq. (33), we showed that A(k)~ Er(kra,) in the low-density, low-temperature approximations (28). 
Then the third term of £,’“ (t2,t:,k1), above, is ~a,* and can be neglected, as can a similar term which arises from 
the lower /;-integration limit in £4’ (¢2,t,,k1). We now set e= —1 in the above expressions and keep only terms to 
second order in the scattering length. We then perform the ¢; temperature integrations and combine all of the 
resulting terms into a temperature-dependent and temperature-independent part according to the prescription of 
Eq. (89): 

L’ (to,t1,Ki) = Ly’ (to,t1,k1) +A (k)+0(a,*) if lo> ty, 
=Le' (tot,ki)+0(a,'), if t<h. (105) 
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The quantity A(k)=A (k) acquires contributions from £,’“ 


A(k) = A(k)+0(a,') 


4 
= 2 *Er(bra)| kp-® f dk, N" (ks) +——(era,)[ Po(ki) +P olka) +0 (bra) | 
Pe] 


FERMI GAS 


, &s.)/, and £,,.’. It can be written as 


(106) 


where k; is defined in terms of the density by Eq. (34). The quantities P.(k;) and P,(k;,) are given by the integrals 


P (ki) =15(24) Erker 0 ahd hy "(ks)" (k)6® (ks-+ ek P( 


P (ki) = —30(29) Erker ‘faraeare, N’(k,)N’ 


Finally, the functions L,’ 


Er(kra,) 2 
I ." (te.t1,k1) = -2| . | f erhearhaare 6 (k, +k.— 
2k 


{L1—N" (ke) JN’(kks)A 


+N’ (k.)[1—N’ 
Er(kra, ) 
I <' (toyt1, ky) = 


wk B s 


w w ® W4 ) 
4 a! 3 , 


1 
(8° (ks Hh.) P( i BaP Es er —). 


, ’ ’ ’ 
®] +we —=—W3 —~"W4 


(t2,t,) and Le’ (te,t:) can be written in the following manner: 


1 
kok P(— ole —) 
wr’ +o’ —w;’—w4’ 


(ks) exp[ti (ws’+w4’ — a1’ — a2’) 
(k;) |[1— NV’ (ky) ] exp[(t2—4)) (or + 


we’ —w;3’—w4’) }}, 


(108) 


2) ——— | fort dkyd® kl 1— N’ (ke) JN’ (ks) N’ (kg)d (Kk, +k.— k;— ky) 


1 
xP(— — — terol (to—t1) (w1’ +w2’ — ws’ — wa’) |— expt (ws’ +w4’ — wy’ — wr’) J}. 


w1/+w’ —w3'—w4 


If the integrals of Eqs. (108) are cast into dimension- 
less form by the substitutions k;=,l,, then one finds 
that there is an exponential depende nce in the integrands 
upon the parameter (RrA7)*. At first sight, this would 
seem to be very distressing, for i it would indicate that a 
further investigation of higher order master L graphs 
should be made, in order to derive a correct description 
of the temperature-density region krA7>1. Fortu- 
nately, such an investigation does not seem to be 
necessary for a Fermi gas, and we have investigated this 
matter to third order in the scattering-length appr Oxi- 
mation. The reason is that the contribution of z ! (laytiylk ) 


(n(k)) =v’ (k) + 2Jx-2(kpa,)*{{1—v’ (k) JM o(k) — v’ (k)M 4(k)}+0(kra,)?, 


where 


M (ky) =977E Pk fare. d*kxd* kf 1— v’ (ke ) Jv’ (Ks) v’ (k4)6 (Kk, +k.— ky — —ky (—— 


4 
xX — -(ke/ 


kid>kr 9 


ky)*[1+O0(ke/ki)? J, 


M x(ki)=77Erkp f d*kod®kad*hy v’ (ke)[ 1 — v’ (ks) [1 — v’ (ea) 5 ( k-th) ( 


In these last two integrals we may replace wx’=wx 
+A(k) by wx=(2m)—#’k?, because the integrals are 
convergent, and we are only interested in calculating 


to physical quantities is small, i.e., it is of the form of the 
function x(k), Eq. (57). To see hie this comes about, 
we first observe that to the order which we are calcu- 
lating we may replace N’(k) in Eqs. (108) by »’(k). We 
then substitute the first of Eqs. (108) into Eq. (97) and 
perform the temperature integration. After using the 
identity 


v’ (k)=[1+€B’ (k) ][1+ e»’ (k) ] exp[B(g—« x’) ] 


[1+ ev’ (k) ] exp[8(g—w,’) ], (109) 


one can verify that the O(a,?) contribution of L’(6,t,k) 
to the momentum distribution is 


(110) 


9 


1 :) 
w1' + wo! —w3'—wa! 


9 





’ , , , ‘ 
@) +we =e "Gk ) 


the momentum distribution to second order. Similarly, 
we may set w’=w, in P, and P,, Eqs. (107). 
In the very low-temperature limit, the function 
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vy’ (1—v,’) of Eq. (97) becomes a 6 function, i.e., 
B — ©, 


It is because of the singular nature of this function and 
the identity (109) that it was difficult to determine 
beforehand whether or not the exponential factors in the 
integrands of Eqs. (108) would give “large” low- 
temperature contributions to the momentum distribu- 
tion. In fact, the terms M, and M, of Eq. (110) give no 
contribution to the density p=(2/+1)(2r)*/@k(n(k)), 
as one can readily verify. 

The contributions of M, and M, to the zero-tempera- 
ture momentum distribution can be easily understood, 
because of the factors (1—»’) and v’ with which they are 
associated. Since these integrals are both positive defi- 
nite, we see that the M,(k) term has the effect of adding 
a tail to the momentum distribution, whereas the M ,(k) 
term lowers the momentum distribution for k<kr. 
These terms can also be derived using the pseudopo- 


vy’ (1— vy’) > BS(@x’—g) when 


[Pa(ki) +P .(ki) J=30P(hi/ke) +P (—hi/ke) |, 
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tential method,” and are therefore meaningful in the 
language of ordinary perturbation theory. Finally, we 
see that the leading contribution of L’(to,t;,k) to the 
momentum distribution is ~ (kra,)?, thereby justifying 
the approximations (100). 

We now turn our attention to the calculation of A(k) 
to O(a,?). At the end of Sec. II we showed that the 
momentum distribution including the first order con- 
tribution to A(k), Eq. (32), is the same as the free 
particle momentum distribution. Therefore, the itera- 
tion of the integral equation (77) in Eqs. (107) has, to 
second order, only the effect of replacing NV’ (k)=v’(k) 
by the free particle momentum distribution, and we can 
write A(k) as 


A(k)=8J (3n) "Ep (kva,) {1+ (54) (kay) 
<[P.(ki) +P (ki) ]+O(kra,)}. (112) 


The integrated expression for [P.4(k:)+P.(k,) ], Eqs. 
(107), is 


P(x)=11—$24 In(1—2?)?+-2x4 Ina?+a7(10— 10x2— 25) In(1+2x)? 
' 2+x+ (2—2*)!} “a+ (2—x?)) 7? 
(2x)-(2—38)( In| a | | ) it 
2+2—(2—2*)! x— (2—2°)! 


2a} (42 — 2)1(tan-| 


At the end of Sec. IT we also determined the thermo- 
dynamic potential g at zero temperature in terms of the 
Fermi momentum fy, i.e., in terms of the density, by 
setting the arguments of the exponential factors of 
vy (k), Eq. (32), equal to zero at k=kpr [see Eq. (35) ]. 
Thus, in the limit 8—> ©, we have v™(k)=1 when 
we <g—A™ and v™ (k) =0 when w,>g—A™. The gener- 
alization of this procedure for a Fermi gas is to set the 
argument of the exponential factors of v’(k), Eq. (78), 
equal to zero at k=k,p (assuming that there is only one 
zero), in order to determine g at T=0. We therefore 
obtain 
lim (g) Er -A(kr). (114) 
T-) 


Equation (114) is valid as long as the only contribution 
to the density p is v’(k) and provided that the argument 
of the exponential factors of v’(k) has only one zero, i.e., 
provided there is no “gap” in the zero temperature 
momentum distribution. 

The result of substituting Eqs. (112) and (113) into 
Eq. (114) is an expression for the zero-temperature 
thermodynamic potential which is correct to second 
order in the scattering-length approximation [see 
Eq. (35) ]: 
limg= Er{1+8J (39)—'(Rra,)[1+ (54)! (Rea,) 

T-0 


x (11-2 In2)+O(kra,)*}}. (115) 


2+ x 
— |-tan | \) if 2>2 
(x?— 2)! (x?— 2)! 


Equation (114) is an important result. Its significance 
is that we may calculate the ground state, i.e., the T=0, 
properties of a Fermi gas by using for v’(k) the free 
particle momentum distribution. The momentum and 
temperature dependence of A(k) only affects the mo- 
mentum distribution at nonzero temperatures. This 
result therefore suggests that perhaps the present appli- 
cation of the methods of quantum statistics may be used 
to justify the many-body perturbation theories and to 
extend their range of applicability to nonzero tempera- 
tures. It must be stressed, however, that the validity of 
Eq. (114) depends on the two qualifying remarks below 
the equation, which must always be verified before the 
use of Eq. (114) is justified. 


VI. GROUND-STATE ENERGY AND MOMENTUM 
DISTRIBUTION OF A FERMI GAS; 
THIRD ORDER CORRECTIONS 


The method of Sec. IV together with the results of 
Sec. V can readily be applied to the calculation of the 
ground-state energy and momentum distribution of a 
Fermi gas to third order in its scattering parameters. As 
before, we assume that the two-body interaction is 
strong and of short range, such as for hard core re- 
pulsions. 


1 F. Mohling, thesis, University of 
published). 


Washington, 1958 (un- 
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In Sec. V we calculated the second order contributions 
to the momentum distribution by making the approxi- 
mations (100) in the one- and two-vertex master L 
graphs of Fig. 9. Similarly, since to leading order 
L’ (ts,t;,k) is second order in the scattering length, one 
may calculate the third order contributions to the mo- 
mentum distribution by making the approximations 
(100) in the two- and three-vertex master L graphs. For 
the one-vertex master L graph it may be verified after 
some lengthy an cas following the substitution 
of Eqs. (80), (81), (77), (74), and (108) into Eq. (98) for 
P’™ (s,t.k,), that ty quantity L' (to,t1,K1) of Eq. (98) 
can be written as follows: 


6 
£' (to,t1,k1) = > Lev’ (ke) ] f ds G’ (te,s,ky) 
ko “0 


ste kk» , 
x +O(a,*). (116) 
k, ty 


9 


We next observe that since the linear scattering length 
term in the diagonal pair function is a “temperature- 
independent” term [see Eqs. (25) and (26) ], we may 
also make the approximation G’ (t2,t;)=6(t2—¢,) in Eq. 
(116). This follows from the prescription (89) for calcu- 
lating L’(ts,t;). Thus, the momentum distribution in a 
Fermi gas may be calculated to third order by making 
the approximations (100) together with N’(k)=v’(k) in 
all of the primed generalized pair functions of the one-, 
two-, and three-vertex master L graphs. 

A similar result can be verified for the calculation of 
the grand potential (95) to third order in scattering 
parameters. We define the quantity F(»’) [see Eq. (53) |: 


QF (v’)=>> [all different master 0-graphs con- 
structed from primed generalized pair 
functions (84) and calculated by making 

the approximations (100) 


and N’(k)&v’(k) ]. 


After some more lengthy manipulations, similar to 
those which led to Eq. (116), one can show that the 
difference [F (N’)—F(v’) ] occurs in the sum of the third 
and fourth terms of the grand potential (95). In par- 
ticular, Eq. (95) may be written in the following con- 
venient form. 


Qf (N’,9,8) 
=e) Infi+er’(k 
k 


(117) 


)]+0F (’) 
8 
-¥ Ce" f di\(8—t, k)+O(a,'). (118) 
k at 


We are interested in calculating the energy per 
particle of a Fermi system, which is derived from the 
grand potential according to the relation 


(E)/(N)=g—p 0 f/ 98, (119) 
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where g is the thermodynamic potential per particle. 
After substituting the preceding equation for f into this 
relation and using Eqs. (78), (72), (59), and (60), we 


obtain the following equation for the energy per particle 
(E)/(N)= (pQ)7 ¥ x v’ (k)w(k) 


— (p8)"'F (v')+p“T (8)+O0(a,'), (120) 


where 


T(8)= B- 


0p 


“(8 ‘2X Ler'(k JA(k)—8"'F (v’)} 


0 
—BQ-! © [ev’ (k) }—A (k) 
k op 


0 
+— ¥ [e’(k) |B(k) 
Op 
(121) 


x —0, for «=—1. 
po 


In the limit of infinite volume and zero temperature, 
Eq. (120) therefore becomes 


(E) 
lim = 23E p—(pB)-'F (v')+OLEr(kea,)*], (122) 
7 >0 r\ 


(\ 


where we have used Eq. (114) to calculate the first 
term. Thus, to third order the corrections to the free- 
particle ground-state energy of a Fermi gas are de- 
termined entirely by the function F(v’) of Eq. (117). We 


FON =p CIO 
t 


t 
1s <> - 4 SSH 
, <<: 


te 
2 4 
t; ts 


F(Se) (NI) = 


FG) (NI) = 


A 
“ZB 
BS 


BS. 


ttyeteety) ne’ to<ts) 


Fic. 10. The one-, two-, and three-vertex master 0-graphs. The 
inverse symmetry number S— has been included with each 0- graph. 
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observe that the quantity B(k) of Eq. (91), although of We have utilized the symmetry of these 0-graplis to 
third order in interaction range parameters, does not order the temperature variables at the different vertices. 
contribute in the third order calculation of the ground- Thus, for the function P(N’) we obtain 
state energy and momentum distribution. ' on FIND =FO(N)4+F® (N)+FE®(N’) 
We now turn our attention to the calculation of F(v’). sear 
Since the pair function at each vertex of a master 0- FFE (N)+0(a,‘). (123) 
graph is linear in the scattering length to first approxi- The explicit expressions for the first four terms of Eq. 
mation, we need only consider the four master 0-graphs (123), using the temperature and momentum labels of 
shown i in Fi ig. 10 for our present third- order calculation, Fig. 10, are as follows: 


18 ay se bite 
(N’)= f dt be 
2d5 ike tk ke 
tote kk, , tity kk. ‘ 
QF® (N’)=- -f anf dl, | | , 
0 a, kk. ty ks k, t2 
B ts t2 tats k3k, : 1 Kolkts - Kika)’ 
= ats f ats f dy, > | ; | | ’ 
0 0 0 k1---ke kk» 1 | kk, to ks ke t3 
8) Kak ' tata kk, ’ tts kskg , 
QFE ( y= f anf anf dt, _ | | | | 
| kek tz kik, t kk, te 


tata kik. fit kk, | tats ks kg “ 
i Oe 
Keske! es Ukad en Usha} a 
In order to obtain the function F(v’) we must now make the approximations (100) and N’(k)=»’(k) in each of 
the above terms. After using the explicit expressions for the pair functions [see Eqs. (70) and (71) and Sec. V of I] 
and performing many tedious manipulations, one can regroup these terms into six other quantities, convenient for 
calculational purposes, whose sum wn F(»’) to third order in scattering parameters: 


(p8) Ff ( =[7,+T, + T3+Tit+Ts+Ts |+0(a ‘). (125) 
We give below only the final expressions which are obtained for the 7,: 


_ Girt) 
(=) fone. v’(k,)v’ k»)[ J ( (2k ) 1 sin26o(ky o)+3( J+1)( 2k32) ; sin26, (R12) ] 
(2r)*p \akp* 


r;>—a, J+1 a» 
= —4J] (3r) ‘Er(bra,)) 1+ sill — )+s( - EC ‘) |}c +O(kra,)?+0(1 Ar)? 
a,’ J 


where 


2J+1 
6? 


(2J+1)/ Er \? 
T.=-- (= - ) fares rhs (oy +72) 6 (hte Is —ky) 


a (2r)*p \rk Pr 
X (Riz| Rss) (Ras hu) P( 
8J 
= -Er(kra,)*( 11—21n2 [1 +O(kra,)?+O0(l Ar)? ] 
352? 
using the notation of Eq. (104), 


——(- 
(29)*p 


T;= 


3 
-_ -) for. « -d®ke v1' vo" v3 v5'8 (ki +ko— k,;—k,)5 (k,+k,— k;—k,) 


rk p 


1 
X (Riz! sa) (Ra ie, — )r( 
W3 tw! 4 ~~) ’— wy! ws +we’ 


—43(2J)Er(kra, )8(0.258+0.002) )[1+0( kra,)?+O0(l Ar)? 1, 
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— J(2I+1) 
(2m) %p8 (| 
B 
mJ (2J-+1) (Eva, 
 (m)%p es 
—4J (3m) Ep (kas)? X3%5(1+0(kra,) +0(l/Ar)*], 
J(2J+1 


(2n)%p 


1 
xf dl exp[t(w1’ + we’ —w3—wa) ](Ri2| Raa) (Rss hse) (Rose bn) P( sa he sees 
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3 
ome ) for > -d*ke vy’ vo'5 (ki +k.— k;— ky) (k3+ky—k;— ke) 


W5t+we— ws 


1 
= 
— 4 W5+W5—W1 —We 


. ) [1+0( kr, fare. -Bhkev,' V2 6 (k, +k.— k;— k,)6@ (kgs +k,— k; — ke) 


X45 (ws twe— w3— w4)5 (wst+we 


—wy'—w»’) 


) 3 
T;=-- =(—— ob oY fore ++ Phe vy’ vo’ v3 v4 v5 v6.5 (ky +ko— k3— ky)5 (k3+k,y— k;— ke) 
wk pr 


1 1 
X (Ris| Raa) (Ras hse) (Roe ku) P( o% iar, )e( ‘ ) 
Ws +w6! — a1’ — we" ws’ +w4' —w1' —w2’ 


J(2J+1) 


3(2m)3 p (k 
X (Ria k 


= J (154) Er(kva,)*[1+0(kra,?+0(l/Ar)*], 
4J ( J~1) mf 


(27)’p 


T= 


rk, r’ 


(= 2b -) for -Bke vy vo! vs'V4 "v5! v6 5 (k,+k.— k; —k,)5 (k; +k,— k; —k,) 
TR pe 
) (Raa hse) (Ree kis )5 (ws" + we’ "is ’— wo 5 (ws ‘tay, ’—w'’—ws') 


3 
- ;) fer . - Pkg vy’ vo’ v3’ (1— v4’) (1— v5’) (1— v6’) 3 (k, +k .—k,—ke) 


1 1 
xK5® ( k. +k. k— (|B) (bs As) (Bs hs) P( Seta eT )r( - ) 


J(J-A)E r(Rpa,)* 


In each of the above six terms the first line always 
serves to indicate the origin of a term. Thus, 7; is a 
term in F®(v’), whereas 75 gives the entire third order 
contribution of F®®(v’). The expansion of each T; to 
third order in the scattering parameters dy, 71, and a» is 
also explicitly given, where a, is the S-wave scattering 
length, a, is the P-wave scattering length and 2a,~*r;’ is 
the effective range. We observe that the expansions of 
the integrands in powers of (kX length) is permissible in 
all but two of the 7;, because of the ‘““momentum- 
cutoffs” provided by the factors »’(k). The leading 
terms of 7, and Ts, however, are those of asymptotic 
expansions, and one cannot obtain higher order terms 
from these quantities by simple _expansions of their 


8 


(0.170+0.001)[1+O0(kra,)+O(/ 


/ Ul / , / / / 
@1 we — ws — We W1 +W3 —Ws —wWe 


Ar)? }. 
The leading terms of 7; and T, have been 
calculated by approximation methods which are esti- 
mated to be reliable to within the quoted errors. Finally, 
we have written (2m)—h? as ke *Ep, because the factors 
v’ (k) ‘always introduce the cutoff-momentum kp. There- 
fore, since kr and Ey are the only parameters which 
occur in any of the third order integrals which are per- 
formed, the dependences upon these parameters can be 
removed as scaling factors and cancelled by the multi- 
plying factors of Er and ky outside. 

We now substitute Eqs. (125) and (126) into Eq. 
(122) to obtain the ground-state energy of a Fermi gas 
to third order in scattering parameters. 


integrands. 


beeS ona, (1 2 In2)(kra,)? 1 (keri)® 


3a 352? 


+43(2J)[ (0.258) +2(J —1) (0.170) — (10) ](Ara,)§ +6 (Sx) 


This result, without the third order terms, has appeared 
in a number of papers’ 't and was first written down by 


Huang and Yang using the pseudopotential method.” 


 4'T, D. Lee and C. N. Yang, Phys. Rev. 117, 12 (1960). 
2K, Huang and C. N. Yang, Phys. Rev. 105, 767 
also Elliot Lieb, Proc. Natl. Acad. Sci. U. S. 46, 1000 (1960). 


(1957). See 


\(J+1)(kra,)*+O(kra,)! (127) 


The third order terms have been previously calculated 
by Martin and DeDominicis, also using the pseudo- 
potential method. As is well-known, the many-body 
pseudopotential method is only valid for the calculation 


18 P, Martin and C.,DeDominicis, Phys. Rev. 105, 1417 (1957). 
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of thermodynamic quantities which depend upon two- 
body scattering parameters and not upon the “close-in” 
behavior of the two-body wave function. One sees from 
the above result that this is true for the ground-state 
energy of a Fermi gas to third order, and therefore it is 
not surprising that the result (127) should have been 
correctly derived using the pseudopotential method. It 
is very likely, however, that a calculation of fourth 
order terms would reveal a dependence of the ground- 
state energy upon the close-in behavior of the two- 
particle wave function. For these terms the pseudo- 
potential method would then no longer be valid. 

We now return to the discussion of the momentum 
distribution. In order to calculate L’(ts,t;,k) to third 
order, one must, of course, carry out the program of 
Sec. V by further including the three-vertex master L 
graphs. However, to determine the momentum distribu- 
tion to third order, such a program is unnecessary. 
Instead, one may utilize the result of Eq. (116) and, in 
particular, the statements below this equation. Since 
both the momentum distribution and F(v’), Eq. (117), 
are calculated by making the approximations (100) and 
N’(k)=v’'(k), the quantity fo di L’(8,t,k) of Eq. (97) 
can be determined (in the limit of infinite volume) with 
the aid of the following identity 


Fy (v’) = 


—~——( Er \¥? 
Tv 


(27)8 


2h a 


~ (Ry2|k 5) (bal) 


With the aid of the identity (109), it is readily verified 
that F,® (v’) is zero. 

In order to specify precisely the manner in which the 
contribution of F,;®(v’) to the momentum distribution 
is calculated, we first define a quantity F,(v’): 


F,(v')=F (»’)— pBLT14+-T2+T3+Ts14+ T5+Te J+0(a,!) 
=F, (v’)+O(a,’). (130) 


Then the quantity 0° dt L’(8,t,k) is obtained by re- 
placing F(v’) by F,(v’) on the right-hand side of (128) 
[see Eq. (89) ]. Combining the result of this substitution 
with Eq. (97), we obtain 
5 
(n(k))= vy’ +,’ (1—p;’) 
bv% 
X[(20)*(2I+1)'F (v’) Je +O(kea,)*. (131) 


; 


, ; , , 
@1 +w2 —w3 —w4 
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B 
f dt £' (B,t,k) 


0 
6 
5 aH : k [ (29)3(2J +1) F(r’) leet O(kra,)*. (128) 
bv'(k) 


Equation (128) is derived from Eqs. (117) and (87) in 
analogy with the derivation of Eq. (9) from Eq. (8). The 
subscript R’, means that the primed pair functions must 
be held constant during the functional differentiation. 

Upon substituting Eqs. (125) and (126) into Eq. 
(128), we immediately see that only the quantity 
So? dt A(B—t, k)= fo? dt A(k) [see Eq. (89)] is ob- 
tained, whereas one knows from Eq. (110) that there 
must be other terms in the momentum distribution. The 
difficulty lies in the fact that Eq. (125) has been derived 
by using the identity (109), which, since the pair func- 
tion must be held constant in (128), cannot be used 
until after the functional differentiation with respect to 
v’(k) has been performed. Therefore, in order to calcu- 
late the third order corrections to the momentum 
distribution using Eq. (128), we must identify those 
terms in F(v’) in which the identity (109) has been 
used, and perform the functional differentiation first. 
For example, the only second order term in this category 
is 


) J Phd had este 1 ak vy')( 1 —= vo’ )v3' v5 (k,+k.— k;— k;) 


) texpl(es'+o/—ey'—er)]-1. (129) 


Thus, upon substituting Eq. (129) into Eq. (131), we 
obtain the function M.2(k), where 


° 


0 
ve! (1— vx’) —[(2) (27 +1) F (v’) Je: 
bv,’ 


M,(k)= 


=2J)x *(kra,)*{ (1 —y,')M A~k)— vy M i(k) }. (132) 


The quantities M,(k) and M,(k) are given by Eqs. 
(111). 


We now write the momentum distribution as 


(n(k))= v’ (k)+M2(k)+M3(k)+O(kea,)*. (133) 
The third order contribution M;(k) is determined in 
complete analogy with the determination of M2(k), and 
one finds the result: 


Era, 3 
M:(ko)= 24( ) f Ph yd*ad ksh gdh (v1 +02" )L(1— v0") (1—v5!)vs' v4! — vol vs’ (1—vy') (1— v4’) ] 


wk re 


1 2 1 
X89 (kr Hake) (eho) —_ ) »( : ) (134) 
ws! +9’ —w;’—w,’ ws’ +w4! —w1'’—we' 
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We observe that neither M.(k) nor M;(k) makes a 
contribution to the density p= (2J+1) (24) fd*k(n(k)). 

We finally evaluate the third order correction to the 
thermodynamic potential g, [see Eqs. (114) and (115) ]. 
At first sight it would seem to be necessary to calculate 
the quantity A(k)=A (k) by directly using Eq. (128). 
This would indeed be a tedious procedure. For the 

ground-state problem, however, we note that v’(k) is a 
' step function with its discontinuity at k= kr. Moreover, 
according to Eq. (114) the quantity which we need in 
order to determine g is A(kr). Therefore, since we only 
require the value of A(k) at k=kr, we may use the 
following relation derived from Eq. (128): 


kp O 
A(kr)=— —[F(v')—Fi(v’) Jee 
308 Oke 
+OLEr(kra,)*}. (135) 
Since the identity (109) was not used in the derivation 
of any of the terms of Eqs. (126), we may substitute 
Eqs. (126) directly into Eq. (135) to obtain 


limg= Er+A(kp) 
4) 


8J 8J 
=Er ew (11—2 In2)(kra,)* 


) 
T 1527? 


16] 
+—(krr:)*+§ (16J)[ (0.258) 


157 


+2(J—1)(0.170)— (10)-"](kra,)? 


+16(59)-1(J +1) (kra,)*+O(kra,)*}. (136) 
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One might have anticipated that the calculation of the 
thermodynamic potential would be given by a relation 
such as (135); since it is an intensive quantity and 
should not depend upon the details of a distribution 
function, i.e., upon the explicit calculation of A(k) for all 
values of k. 


VII. GROUND-STATE ENERGY OF A FERMI GAS 
OF HARD SPHERES WITH AND WITHOUT 
WEAK S-WAVE ATTRACTIONS 

It is of considerable interest to consider a Fermi gas 
composed of two different kinds of Fermions with the 
same mass, e.g., neutrons and protons. These Fermions 
can be characterized by the different projections of an 
isotopic spin quantum number J=}4. For interactions 
which are independent of both isotopic and ordinary 
spin projections, the matrix elements of R(é,,t;), Eq. 
(14), include factors of dmim25eic2, where m; is the mag- 
netic spin quantum number and gq; is a corresponding 
projection of the isotopic spin I. 

The spin factors, which correspond to the extra 
degrees of freedom of the isotopic spin, can readily be 
calculated for each of the 7; of Eqs. (126). One then 
finds that the only replacement which is necessary in 
any of these equations is to write 


2J — (2J+1)(27+1)—1. (137) 


For example, the Fermi momentum k, [see Eq. (34) ] is 
now defined by the relation 


p=l3= (6m) (2J+1)(27+1) ke’. (138) 
Thus, for a Fermi gas with two kinds of Fermions which 
interact with strong, short-range, charge-independent 


and spin-independent forces, Eq. (127) for the ground- 
state energy per particle becomes 


(E)/(N) = Ep(2+4((27+1) (20+1)—1 [207 (Rea, +12(35x2)-(11—2 In2) (Rra,)?-+Cy,1(kea.)? 
+ (Sx) “kp®(3r;?—a,*) ]4+3(5e)[ (2 +1) (27 +1) +1 ](kra,)*+0(kra,)*+0(/A7)}, (139) 


where 


C y,1= (0.258) + £(2J +1) (27+1)—3] 


x (0.170) + (10), (140) 


C;,;= (0.46040.003). 


We now examine Eq. (139) for two particular two- 
body interactions; namely, hard core repulsions with 
and without weak S-wave attractions. In a gas of hard 
spheres there is only one interaction length, which is 
the diameter a of a single particle. According to Table I 
of I, the scattering parameters @,, ay, and r; are related 
to the core diameter a as follows: 

a,=a; a,'=r)=}a' (repulsive core only). (141) 
For these values of the scattering parameters, Eq. (139) 
becomes (with J=J=}) 


E) 
; oe Er{2+2x-'(k ea) +12(352")-"(11—2 In 2) (Rea)? 
Li 

+ (0.778) (kra)?+( \(kra) 1+O(1 r)*}. (142) 

In Fig. 11, the cumulative contributions of the four 
terms of Eq. (142) have been plotted as a function of the 
ratio (//a) in order to determine the relative importance 
of the various terms. The value of //a for hexagonal 
close-packing is /7/a=2-/*=0.89, a number quite out- 
side the range of the curves of Fig. 11. 

In their treatment of the nuclear many-body problem, 
Weisskopf, Walecka, and Gomes" first calculate the 
energy per nucleon due to the S-wave part of the hard 
core repulsion by the Brueckner method, and then 
calculate the energy due to nuclear attraction by per- 


4 L. C. Gomes, J. D. Walecka, and V. F. Weisskopf, Ann. Phys. 
3, 241 (1958). 
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turbation theory. In such a calculation it has meaning to 
refer to the repulsive energy per nucleon in nuclear 
matter. The separation of particles in nuclear matter, 
ly=1.66X10-" cm, and the scale of the Fermi mo- 
mentum has been indicated in Fig. 11 for a hard core 
diameter, a=0.4X 10-" cm. To O(kra)* and for //a>4, 
Eq. (142) closely approximates the result calculated by 
the Brueckner method. 

A Fermi gas of weakly attracting hard spheres is 
characterized by two interaction lengths; namely, the 
diameter a of a single particle and the negative part b 
of the scattering length due to the weak attraction alone. 
The A matrix for this problem can be derived by con- 
sidering the problem of an S wave 6 function attraction 
outside of a hard core repulsion. According to Table I 
of I, the scattering parameters a,, a,, and 7;, which one 
obtains in this case are 


a,=a+b; a,*'=}0; r'=}3[(a+d)—8 ] 
[repulsive core+zero-range (L=0) attraction ]. (143) 


For these values of the scattering parameters, Eq. (139) 
with (J=J=4) becomes: 


(E)/(N)= Er{3+20 (Rea,)+12(352*) 
X (11—2 In2)(kra,)?+ (0.460) (kra,)* 
+(kpa)*— (Sa) (kd)® 
+O(kra,)'+O(l/Ar)*}. (144) 
The effect of the — (1/5) (krb)* term is both small and 
positive for weak attractions. The energy per particle, 
as determined by Eq. (144), has been plotted in Fig. 12 
for various values of the ratio b/a. The free particle 
curve (3/5)E,r has also been dashed in for comparison. 

For —2<b/a<0, the energy curves depart from the 
pure repulsive core curve in a way which might be ex- 
pected. That is, at a fixed density an increase in the 
attractive force causes the energy per particle to de- 
crease ar (1 the slope of the curve remains negative as it 
should for any physical system. The difference between 
the 6/a=~—1 (a,=0) curve and the dashed curve in 
Fig. 12 explicitly gives the effect of the P wave and 6° 
terms upon the energy. In this case the P-wave con- 
tribution is exactly five times the contribution of the 5’ 
term. 

At first sight, the curves for b/a< —2 in Fig. 12 seem 
to imply that for large and negative scattering lengths 
a Fermi system of attracting hard spheres condenses. 
The conclusion is here not justified, because in the region 
l/a~4 and b/a<_—2 Eq. (144) would be very sensitive 
to O(a,/l)* terms. Moreover, the curves for b/a< —2 are 
clearly incorrect since they imply that the ground-state 
pressure, P= —[d/d(1/p) |(Z/N), of the physical sys- 
tem is negative. However, the curves may still be 
(asymptotically) valid in the low-density region //a>5 
where fourth order effects are expected to be un- 
important. 
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Fic. 11. The ground-state energy per particle for a Fermi gas of 
hard spheres as a function of interparticle separation [J =J =4]. 
Curve a—the free particle energy; Curve 6—the energy of a gas 
of hard spheres to O(a/l); Curve c—the energy of a gas of hard 
spheres to O(a/l)?; Curve dp—the energy of a gas of hard spheres to 
O(a/l)’, L=0 terms only; Curve d;—the energy of a gas of hard 
spheres to O(a/l)*, both L=0 and L=1 terms. 


CONCLUSIONS 


To be of value a theory must be fruitful in the new 
results which it can calculate. Therefore, in a certain 
sense the present report serves as a stepping stone for 
further theoretical investigations. We here indicate a 
number of directions for further study, which are sug- 
gested by the results of this paper. 

The contribution of the fourth order (in kra,) terms 
to the ground-state energy of a Fermi gas would be a 
result of great interest. In the first place, there is the 
question as to whether there is any dependence in the 
fourth order terms on the close-in behavior of the two- 
body wave function. This in turn has a bearing on the 
limit of validity of the pseudopotential method.” In the 
second place, there is the matter of the convergence of 
the low-density expansion of the energy in terms of 
interaction range parameters (see Fig. 11). It may well 
be true, even at very low densities, that this expansion 
is only asymptotically correct." 

A second question of interest is the explicit tempera- 
ture dependence of the thermodynamic quantities of 
low-density Fermi gases. The results for quantities such 
as the specific heat and the density of states would 


15 In this connection see L. Van Hove, Physica 25, 849 (1959). 
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probably have implications for corresponding real Fermi 
systems such as liquid He’. There is also the problem of 
determining the excitation spectrum in the ground state 
of a Fermi gas. Hugenholtz and Van Hove'* have shown 
that it has meaning to talk about single-particle ex- 
citations only when k~k,. They also show that the 
limiting value of the excitation energy as k— kr is the 
thermodynamic potential g [as one can verify with the 
aid of Eq. (36) ]. It would be interesting to understand 
the results of Hugenholtz and Van Hove in the present 
context and to generalize their studies to nonzero 
temperatures. 

A problem of continuing interest is the nuclear many- 
body problem; namely, the determination of the equi- 
librium density and binding energy of infinite nuclear 
matter. As mentioned in Sec. VII, the Weisskopf, 
Walecka, and Gomes" treatment of the nuclear many- 
body problem is to use the Brueckner method to calcu- 
late the energy due to hard core repulsions alone and 
then to add the attractive energy by using perturbation 
theory. Although the mathematical analysis by these 
authors is somewhat unsatisfactory, the physical justifi- 
cations presented by them seem quite sound. This sug- 
gests, therefore, that the methods introduced in this 
paper might be capable of giving additional insight into 
the nuclear many-body problem by using the investiga- 
tions of Weisskopf et a/. as a model. 

A physical system which very closely resembles a low- 
density Fermi gas is the system of free electrons in a 
conductor. It would seem, then, that a detailed study of 
the low-temperature electron gas, using the present 
methods, could lead to explicit predictions for the mo- 
mentum distribution (and other thermodynamic quanti- 
ties) which could be compared with experiment. For 
example, we have seen in Eq. (133) for a low-density 
Fermi gas with strong, short-range interactions that the 
ground-state momentum distribution has a sharp dis- 
continuity. In a recent paper,'’ Luttinger has indicated 
that this may also be true for an electron gas. 

There is finally another system to which the present 
methods can be applied; namely, the Bose gas. Thus, 
Eq. (97) for (#(k)) can readily be applied to a Bose gas 
by setting e=+1. In this case it is not the region 
p|a,|A7*>>>1 which necessitates expressing the mo- 
mentum distribution as a functional of v’(k), but the 
temperature region 727, where T¢ is the critical or 
transition temperature. As Lee and Yang have shown,*.!® 
the transition temperature for a Bose gas is characterized 
by momentum space condensation into the zero-mo- 
mentum state, i.e., by the fact that (n(k)) > © for k=0 
and T— T¢+. Moreover, it is quite likely that the 
function v’(k) contains the essential features of this 
singularlty, whereas v(k), Eq. (7), certainly does not. It 
would thus be of value to compare the present method 


16 N. M. Hugenholtz and L. Van Hove, Physica 24, 363 (1958). 

17 J. M. Luttinger, Phys. Rev. 119, 1153 (1960). See also W. 
Kohn and S. H. Vosco, Phys. Rev. 119, 912 (1960). 

18 T, D. Lee and C, N. Yang, Phys. Rev. 117, 897 (1960). 
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Fic. 12. The ground-state energy per particle for a Fermi gas of 
weakly attracting hard spheres as a function of interparticle 
separation. The parameter (5/a) is the ratio of the attractive part 
of the scattering length (¢,=a+5) to the hard-core diameter. The 
energy has been calculated to third order in the scattering length 
approximation for the case 7=J =} and an L=0 attraction. The 
dashed curve is the energy per particle for free Fermions. 


for this problem with the variational method used by 
Lee and Yang. 
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APPENDIX A 


In this Appendix we prove that Eqs. (50) and (51) are 
equivalent. That is, we prove the following identity: 


No-1 Ne-1 
£(——) 21) -=(— J ro, (A.1) 
0 0 Cc Yc 


We begin by defining several terms necessary to the 
proof of (A.1). 
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Definitions 


The contraction of an open 0-graph into two linked-pair 
0-graphs is a procedure in which an open 0-graph is first 
separated into two linked-pair 1 graphs, by cutting both 
a wiggly line and a solid line and then replacing both 
external wiggly lines by external solid lines. The pro- 
cedure then consists of forming two linked-pair 0-graphs 
by separately joining the ends of the two linked-pair 1 
graphs. 

The contraction of an open 0-graph into closed 0-graphs 
consists of successively contracting all open 0-graphs 
formed in the above contraction into two linked-pair 0- 
graphs, until there remain only 0-graphs which are 
not-open. 

A closed subgraph in an open 0-graph is a set of vertices 
together with all of the lines which touch these vertices, 
which becomes a 0-graph which is not-open by per- 
forming the above contraction procedure. Each closed 
subgraph corresponds uniquely to a closed 0-graph. 


nc= (the number of closed 0-graphs of a given 
kind associated with an open 0-graph by the 
(A.2) 


preceding correspondence). 


Examples 


If the contraction procedure is applied to the open 0- 
graphs of Fig. 8(a), then both of the new 0-graphs 
formed in the first two cases are not-open. For the re- 
maining three cases, however, one of the new 0-graphs 
formed after the first contraction is open and the other 
is not-open. 


Theorem 1 


(No—1)= => (Ne—1)nc. 


Cc 


(A.3) 


Proof. If N; and Nz are the numbers of solid lines in 
the two linked-pair 0-graphs formed by the first con- 
traction of an open 0-graph, then we have the sum rule 


(No—1)= (Nit-N2—1)—1= (Ni1—1)+ (N21). 


Iteration of this sum rule in the successive contractions 
of an open 0-graph yields Eq. (A.3). 

We next identify each of the closed 0-graphs of Eq. 
(A.3) with corresponding closed 0-graphs on the right- 
hand side of (A.1). The definitions of the solid-line 
factors e9(t,k)G(8,s,k) of closed graphs are then such 
that each of these closed 0-graphs generates the open 0- 
graph So'Zo(8) when we iterate the functions G(i,s). 
According to Theorem 1, therefore, we have now only to 
show that the “symmetry number” (#¢S¢") is correctly 
“generated” by each of the closed 0-graphs on the right- 
hand side of (A.1). 

We assign a label a to each of the closed subgraphs of 
an open 0-graph Jo(8), and study the symmetry of 
L(8) in terms of its closed subgraphs. For this purpose, 
it is necessary to define five quantities. 
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Definitions 
may=[the number of line permutations [see be- 
low (42)] in Lo(8) which involve the lines 
of the closed subgraph a, but which con- 
sist only of permutations of entire closed 
subgraphs, and which leave the 0-graph 
Lo(8) topologically unchanged ]. 


(A.4) 
This number is unity for all of the closed subgraphs of 
Fig. 8(a), except in the fourth open 0-graph where 
may= 2 for the one-vertex closed subgraphs. 
Sas=[the symmetry number of the closed 0- 

graph La(8), which corresponds to the 


closed subgraph ao], (A.5) 


Sao’=[the number of line permutations in L(8) 
which involve the lines of the closed sub- 
graph ao, and which leave the 0-graph 


Lo(8) topologically unchanged]. (A.6) 


Clearly Sao’ includes the number mag as a factor. Now, 
if we consider a given closed 0-graph Lao(8), whic h 
corresponds to the closed subgraph ao, then correspond- 
ing to all of the other closed subgraphs we may associate 
closed L graphs. These LZ graphs are generated “along 
the lines” of the closed 0-graph Lao(8) in the process of 
generating Zo(8). For each such closed L graph we 


define. 


oa, a=[the symmetry number of the closed L 
graph La(ts,t:,k), 


theclosed subgraph a, with respect to the 


which corresponds to 


closed subgraph ao ], 


ga,ao =[the number of line permutations in 
Lo(8) which involve the internal lines, 
with respect to the closed subgraph ap, of 
the closed subgraph a, and which leave 
Lo(8) 


the 0-graph topologically un- 


changed ]. (A.8) 


We now prove two theorems in terms of the five 
quantities (A.4)—(A.8). 


Theorem 2 


The number of ways of generating an open 0-graph 
Lo(8) from a given closed 0-graph L¢(8) is 

Sao Ca, avy 
—,) II ; with > 1=n¢, 
Sao J aXa0 \ou, 


ageC 


(A.9) 


» 


where the summation is over all the closed sub graphs 
ao in Lo(8) which correspond to the same closed 0- 
graph L¢(8). 

Proof. Each number in the sum of 
number of ways of destroying the symmetry of the 


(A.9) is equal to the 
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closed 0-graph Lao(8) and the various L graphs La (t2,t1,k) 
when the subgraph ap is chosen as the basic 0-graph of 
Lo(8). We may therefore say that each of these numbers 
is also the number of ways of generating Lo(8) from 
Lao(8). 

Referring to the definition (A.4), we note that mao is 
the number of closed subgraphs in Lo(8) which appear 
symmetrically with the subgraph ao. From this sym- 
metry, we conclude that only one of the mao closed 
subgraphs should be considered as the basic structure 
for generating L(8), in which case one must include a 
factor of mao for each term in the sums of (A.9) [see 
comment below (A.6) ]. Alternatively, (A.9) is correct 
if we consider each of the may closed subgraphs as the 
basic structure for generating Lo(8), as we have done. 


Theorem 3 


The symmetry number So of an open 0-graph (8) 
can be computed as the product 


So= Sao’ II Ta, a0, 


axXag 


(A.10) 


where a refers to any closed subgraph of Lo(@). 

Proof. Theorem 3 follows from the definition of the 
symmetry number of a linked-pair 0-graph (1.58) and 
the definitions (A.6) and (A.8). 

We now observe that a factor Sao ([Ta#ao oa, ao ') 
occurs with each term in the iteration of the right-hand 
side of (A.1). From this fact and Theorems 2 and 3 we 
may conclude that each of the different closed 0-graphs 
corresponding to the closed subgraphs of an open 0- 
graph 1o(8) generates Lo(8) with the “symmetry num- 
ber” (wcSo'). The identity (A.1) follows by combining 
this result with Theorem 1. 


APPENDIX B 
We here prove Eq. (54): 
OF (N)—L Sc Lc(8) 
Cc 


© m—1 8 
=< > > o(—)f dt,dty- ° -dimP (ti,to,k) 
k m=2 m 0 


X P(to,ts,k) +--+ P(tmtik). (B.1) 


The first part of this proof proceeds in analogy with the 
proof of Eq. (A.1), Appendix A. 


Definitions 


The contraction of a closed 0-graph into masier 0-graphs 
consists of the following procedures. 


(1) Replace all wiggly lines in the closed 0-graph by 
solid lines. 

(2) If the resulting 0-graph is reducible, cut two lines 
to form two 1 graphs. 
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(3) Separately join the ends of each 1 graph created 
in step (2) to form two new 0-graphs. 
(4) Repeat (2) and (3) for each new reducible 0- 
graph which is formed. 


A master subgraph in a closed 0-graph is a set of 
vertices together with the lines which fouch these 
vertices, which becomes a not-reducible 0-graph as a 
result of the above contraction procedure. Each master 
subgraph corresponds uniquely to a master 0-graph. 


ny=(the number of master subgraphs in a 
closed 0-graph). (B.2) 


Theorem 4 
QF (N)= doc nuScLc(8). 


Proof. From the last paragraph of Appendix A we 
may conclude that the swum (>°c) over all different 
closed 0-graphs, corresponding to the closed subgraphs 
of an open 0-graph Lo(8), generates Lo(8) with the 
“symmetry number” (°c mc)Sco, where mc is the 
number of closed subgraphs which correspond to the 
same closed 0-graph Le(8). Similarly, after making 
slight changes in the terminology of Theorems 2 and 3 
and the preceding definitions, one may conclude that 
Theorem 4 is correct, i.e., that the sum over all different 
master 0-graphs, corresponding to the master subgraphs 
of a closed 0-graph Lc(8), generates Lc(8) with the 
“symmetry number” (24Sc~'). [Theorem 4 should be 
checked for each of the closed 0 graphs of Fig. 8(b). ] 

We substitute Eq. (B.3) into (B.1) to obtain 


nu—1 
r( - )zots) 
c Sc 


Co m—1 8 
=e) >. -(— yf dtydla- + «dtm P (t;,t2,k) 
k m=2 m 0 
X P (te,tz,k) - - - P(tmyti,k). 


(B.3) 


(B.4) 


In this form of Eq. (B.1), the function P(¢;,t;) may be 
considered to be the sum over all closed Z graphs with 
no external line factors (41), as one can prove using a 
modification, for L graphs, of Theorems 2 and 3. Then, 
all of the terms of (B.4) are improper closed graphs, 
which we shall now examine from a different viewpoint. 


Definitions 


It is possible to cut two (wiggly) lines in an improper 
closed 0-graph so as to separate the 0-graph into two 
parts. The lines for which this is possible are called 
improper lines. 

An improper loop in a closed 0-graph is a collection of 
improper lines, any two of which can be cut so as to 
separate the 0-graph into two parts. All pairs of improper 
lines with this property belong to the same improper 
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loop, and different improper loops never have an im- 
proper line in common. 


Examples 


In each of the first three closed 0-graphs of Fig. 8(b) 
there is only one improper loop, whereas in the last two 
0-graphs there are two improper loops. 


Definition 
n,=[number of improper lines in the /th im- 
proper loop of an improper closed 0-graph 


Le(8)], 


= [number of master subgraphs connected by 
the improper lines of the /th improper loop 
of an improper closed 0-graph L¢(8) ]. 


For a closed 0-graph which is not improper we define 
n,= 1. We also observe that whereas two improper loops 
can never have improper lines in common, they may 
have a master subgraph in common. 


Theorem 5 
For a given closed 0-graph L¢(8), 
(n u—1) => (n,- 1), 


where >>; indicates the sum over all different improper 
loops in L¢(8). 

Proof. Theorem 5 is obviously true for a closed 0-graph 
with only one improper loop. It is also true for a closed 
0-graph with two improper loops, since in this case the 
number of improper lines is (w-+1), i.e., the two im- 
proper loops must have one master subgraph in com- 
mon. An induction proof serves to establish the general 
case. 

We substitute Eq. (B.6) into (B.4) to obtain 


(B.6) 


2 
f dtydt.- - -dtm P(ty,to,k) 


U0 


X P (to,t3,k)-- +P (tm ti,k). (B.7) 


But now we use the second form of the definition (B.5), 
and also interpret each of the factors P(t;,t;) on the 
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right-hand side of (B.7) as the sum over all possible 
master subgraphs (each of which may or may not in- 
clude other master subgraphs along its internal lines). 
If, on the left-hand side of (B.7), we next interchange 
the sum over all closed 0-graphs with the sum over all 
improper loops for each 0-graph, then a one-to-one 
correspondence between the terms on the two sides of 
this equation can be established. We therefore identify 
the numbers m; with the numbers m and write Eq. (B.7) 
as 


x m—1 
>. Zz ae | pa % )ic® 


m=2 Cem Se 
m—1 
* ) 
8 
xf dtydty- + -dlmP (ti,lo,k) ++ -P(tm,ti,k), (B.8) 


0 


where 


N»‘©=[number of improper loops in Le¢(8) 
(B.9) 


with m improper lines ]. 


Equation (B.8) is our final form of Eq. (B.1). In order 
to verify this equation, it must be shown that 1/m times 
the integrated product of (m)P(¢;,t;,k)’s “generates” the 
correct “symmetry number” (V,,°“.S¢) for the closed 
0-graph Lc¢(8). To prove this one must first verify that 
Theorem 3, together with appropriate changes in the 
definitions (A.4)—(A.8), also applies to a closed 0-graph 
Lc(8). It is also necessary to observe that for each of the 
master subgraphs a» connected by the improper lines of 
a given improper loop /, the corresponding factor Say’ of 
(A.6) always includes a factor cao, i’ where 
gao,’=[the number of line permutations in 

Lc(8) which involve the internal lines 

with respect to the /th improper loop of 

the master subgraph ap, and which 
leave the 0-graph L¢(8) topologically 


(B.10) 


unchanged ]. 


Equation (B.8), and therefore also (B.1), can finally be 
verified by combining a study of the symmetries of 
improper loops in closed 0-graphs with the above 
discussion. 
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The temperature coefficient of the work function (TCWF) of 
polycrystalline Mo and Ni has been measured in the temperature 
ranges 600-1100°K and 475-1025°K, respectively, using the 
electron beam method (EBM). Special precautions have been 
taken in order to avoid systematic errors due to the effect of 
residual gases, of stray magnetic fields, of incorrect temperature 
measurement, of cathode temperature variations, etc. During 
determinations made upon Ni surfaces, the terrestrial magnetic 
field has been compensated. Random error sources have been like- 
wise reduced as much as possible. The main results obtained on 
surfaces outgassed for many thousands of hours at pressures of 
1-3X10~ torr are 


((%*)) = (7.84+40.07)X10~ ev/°K, 


INTRODUCTION 


HE temperature variation of the work function 
(WF) of metals in the temperature range below 
1200°K has been studied in relatively few works. This 
range is, however, interesting, as a series of metals (for 
instance the ferromagnetic ones) have critical points 
within this range; the behavior of the temperature 
coefficient of the work function (TCWF) near these 
points is of interest for solid-state physics.! 

The methods employed belong evidently to the class 
characterized by the fact that the investigated metals 
do not emit thermoelectrons. Thus in the most im- 
portant works the following methods have been used: 
Fowler’s method (photoelectric effect) for molyb- 
denum,? iron,*® and nickel‘; the vibrating condenser 
method for tungsten®; the space charge method for 
tungsten®; the electron beam method (EBM) for copper 
and nickel’; and the field emission method used by one 
of the authors for nickel.* In these works, the random 
errors in the determination of the WF or of its variations 
lay in the interval from 5X10~* to 5X10 ev. As the 
temperature interval within which the determinations 
were performed spreads over several hundred degrees, 
it is obvious that the errors were of the same order as the 
TCWF (10-*—10-5 ev/°K). Therefore no variations of 
the TCWF around any interesting points could be 
discerned. 

The results obtained in the above-mentioned works 
were influenced decisively by systematic errors proceed- 


1S. V. Vonsovski and A. V. Sokolov, Doklady Akad. Nauk 
S.S.S.R. 76, 197 (1951). 

2 L. A. DuBridge and W. W. Roehr, Phys. Rev. 42, 52 (1932). 

3 A. Cardwell, Phys. Rev. 76, 125 (1949). 

* A. Cardwell, Phys. Rev. 92, 554 (1953). 

° J. Potter, Phys. Rev. 58, 623 (1940). 

°D. B. Langmuir, Phys. Rev. 49, 428 (1936). 

70. Béttger, Z. Physik 144, 269 (1956). 

8G. V. Spivak and A. Gelberg, Doklady Akad. Nauk S.S.S.R. 
94, 455 (1954). 


os) - 
ath =(—3,. 0. ‘ °K. 
(( aT ee (—3.12+0.05) X 10-5 ev/°K 


At the Curie point of Ni a theoretically expected variation of 
the TCWF has been observed: 


=~) -(£*) ae seal 
(( aT J rey aT ) roe Pes 0.99+0.17) K 10-5 ev/°K 


but no jump of the work function (WF) has been found at this 
point. Special experiments have shown that the results have not 
been significantly affected by residual gases. A relation between 
the TCWF measured on polycrystalline surfaces of Ni and the 
TCWF of the various facets of these surfaces has been obtained. 


ing from the following causes: 

1. The investigated surface was not sufficiently clean. 
In some of the quoted papers measurements were 
carried out at pressures higher than 10~* torr,?:* whereas 
in other ones they lasted too long,*:*:>.? so that contam- 
ination occurred even during measurement. For this 
reason Béttger’s results are evidently inconclusive; his 
measurements, performed at 10-® torr, lasted a few 
hours at temperatures between 20°C and —190°C, in 
which interval the investigated surface worked as a 
trap. 

2. Presence of a disturbing magnetic field, either due 
to the heating current of the metal under investiga- 
tion* or arising from the very method of measurement. 
Such a field disturbs the path of the electrons (in the 
first case the disturbance depends upon the intensity of 
the heating current, leading thus necessarily to an 
erroneous TCWF) and besides brings forth parasitic 
effects in the case of ferromagnetic materials below the 
Curie point. 

3. The temperature of the metals investigated was 
generally determined by extrapolation into a wide 
region, as a function of the heating current,*>-* an 
operation which does not sufficiently guarantee 
confidence. 

4. The potential drop along the investigated surface 
depending upon the heating current® and other errors 
caused by unsuitable measuring circuits.” 

We have tried to adapt correctly the EBM® to the 
measurements of the TCWF. Removing as far as 
possible the causes of systematic errors" and reducing 
the random errors to less than 10-* ev/°K, we believe 
that we have succeeded in determining quantitatively 


®P, A. Anderson, Phys. Rev. 47, 958 (1935). 

10G. Comsa, A. Gelberg, B. Iosifescu, and G. Musa, Studii 
Cercetari Fiz. (Bucharest) 9, 429 (1958). 

l A. Gelberg, B. Iosifescu, G. Comsa, and G. Musa, Radiotekh 
i Elektron. 3, 1000 (1958). 
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the TCWF of molybdenum” and nickel." For nickel we 
have established the existence of an anomaly of the 
TCWF at the passage through the Curie point." 

All the determinations made at temperatures below 
1200°K have been performed on polycrystalline sur- 
faces. The TCWF determined in this way is a function 
of the TCWF of the various facets and of the corre- 
sponding WF. The form of this function depends on the 
method employed and, given the method, on the 
specific conditions of work. These were taken into 
account when interpreting the results obtained on 
polycrystalline nickel." 


METHOD 


Variations of the WF in temperature ranges in which 
thermoemission of the metals is practically absent can 
be detected by four main methods: photoelectric effect, 
field emission, measurement of contact potential 
difference (cpd), and EBM. 

In order to obtain the TCWF with a precison better 
than 10% it is necessary to determine the variations of 
the WF, in temperature ranges of several hundred 
degrees, with an error of less than 10~* ev. In this respect 
the first two methods have been found unsatisfactory. 

We have chosen the EBM which is not based, as is 
usually stated, on the measurement of cpd, but which 
at most allows the measurement of the cpd between 
two metals, introduced successively in the electron 
beam, by determining the shift of the volt-ampere 
characteristics.'* The shift of characteristics in the 
region of initial currents is not affected by variations 
of the cathode WF (if the method is correctly applied). 
Consequently the results will not depend on the con- 
stancy of the cathode WF, which is a parameter very 
difficult—if not impossible—to control. From this point 
of view the EBM is superior to all methods based on 
cpd measurement. In fact, the latter involve measure- 
ments of the variation of the difference between the 
WF of the studied metal and that of a reference metal; 
therefore the results depend on uncontrollable varia- 
tions of the WF of the latter. 

Furthermore, contrary to the vibrating condensor 
and magnetron methods, the EBM does not involve 
the existence of a magnetic field and can thus be applied 
as well to ferromagnetic metals below the Curie point. 

By means of the EBM, results may be obtained with 
very small random errors. 

Anderson® has shown that the WF variation may be 


2 B. Iosifescu, Studii Cercetari Fiz. (Bucharest) 10, 
Rev. Phys. 4, 345 (1959); dissertation, Institute 
Physics, Bucharest (unpublished). 

8G. Comsa, Studii Cercetari Fiz. (Bucharest) 10, 
Rev. Phys. 4, 337 (1959); dissertation, C. I. Parhon 
Bucharest (unpublished). 

144 G. Comsa, A. Gelberg, and B. Iosifescu, Studii Cercetari Fiz. 
(Bucharest) (to be published) ; Fiz. Tverdogo Tela (U.S.S.R.) (to 
be published). 

1G. Comsa, Studii Cercetari Fiz. (Bucharest) 10, 145 (1959). 

16 B. Gysae and S. Wagener, Z. tech. Physik 19, 264 (1938). 
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obtained either by plotting the volt-ampere character- 
istics and by measuring their shift (variant I) or by 
measuring the variation of the retarding potential 
necessary to maintain the anode (target) current con- 
stant (variant IIT). The measurements made according 
to variant II can be carried out in a particularly simple 
and efficient manner. The heating current which keeps 
the target at the outgassing temperature is disconnected, 
the target cools down, and its WF varies accordingly. 
Meanwhile the current on the target is kept constant 
and the WF variation results from the variation of the 
retarding potential. Thus the entire variation of the WF 
is measured in the shortest time possible (i.e., the time 
necessary for the cooling of the target), and what is 
more, in a continuous way, which favors the ascertaining 
of possible jumps of the WF. The heating current being 
switched off, the magnetic field, as well as the spurious 
potentials that might disturb the measurement, is 
avoided. Therefore the EBM ideal for our 
purpose. 

Herring” has stated that, in TCWF measurements 
by cpd methods, a correction must be introduced in 
order to compensate the effect of the temperature varia- 
tion of the electrochemical potential. This correction 
must be applied likewise in the EBM. 


seems 


POLYCRYSTALLINE SURFACES 


In the present work, as well as in all those dealing 
with temperatures lower than 1200°K, the metal under 
study had a polycrystalline structure. Now the question 
arises what meaning can be ascribed to the experi- 
mentally determined TCWF and what is the connection 
between this coefficient and the TCWF of the various 
crystalline facets which appear on a surface? No exact 
answer can be given. To this purpose we should know 
the WF, the shape, the dimensions, and the relative 
abundance of each type of facet as well as their arrange- 
ment on the polycrystalline surface. Without knowing 
these details, or knowing them only very approximately, 
the problem can only be solved by making simplifying 
assumptions and consequently the result will have 
merely a qualitative character 

In order to obtain the significance of the experi- 
mentally determined TCWF it is necessary to discuss it 
from the energetic point of view, that is to say, to 
ascertain the possibility for electrons of a given speed 
to pass through regions of given potential, as weil as 
from the electron optical point of view (as suggested by 
Anderson'*), i.e., to establish the real trajectory of 
electrons (of which the majority are of very low energy) 
in the field of patches. In this respect the EBM is also 
more convenient, the results obtained béing independent 
of the WF of the cathode and consequently neither on 
its being polycrystalline or not, while things become 
very complicated for methods based on cpd measure- 


17 C, Herring, Phys. Rev. 59, 889 (1941). 
18 P, A. Anderson, Phys. Rev. 88, 655 (1952) 
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ments, as the polycrystalline structure of both surfaces 
has to be taken into account. 

Herring and Nichols” have pointed out the meaning 
of the shift of the characteristics for polycrystalline 
surfaces, in the special case in which the external 
electric field at the surface of the target is zero, without 
however taking into account the focusing effect of the 
field of patches. Arizumi” has deduced the significance 
of the TCWF determined on polycrystalline surfaces 
by various methods, but not by the EBM. Besides he, 
too, does not consider any arguments of electron optics. 

One of the authors'® has tried to obtain a relation 
between the TCWF determined experimentally by 
means of the EBM, taking into account the specific 
conditions of the experiment, i.e., the value of the 
external electric field on the surface under examination, 
the mean size of the microcrystals (determined by 
means of a metallographic microscope), and the data 
given in literature concerning the WF of the various 
crystalline facets of nickel.*?! Denoting by d¥4/dT 4 
the experimentally determined TCWF; by dWa;/dT 
and p;, the TCWF and the relative abundance of the 
facets of type 7; and by d; a “transmission coefficient by 
focusing” (depending upon the WF of the facet of type 
i and its near neighbors and taking values <1 or >1), 
the relation obtained is 


dV 4 


——— = 
~~ 


dT 4 


dWVa; 


‘ pd—, 
Lip ar, (1) 


where the sum is to be extended only over facets with 
small WF (for which d;>1). Let us assume that the 
TCWF of a crystalline facet is the sum of a volume 
term and of a term conditioned by the double layer on 
the surface of the metal. 


dv; dvY dv? 
—= } (2) 
dT dT dT 

Let us further assume, as is very likely the case, that in 
a transition point where a change in the magnetic 
properties of the metal occurs, the TCWF components 
are related by the inequality: 


dvY dvP 
A—>»>A ; (3) 
dT dT 


Here A denotes the variation of the mentioned quan- 
tities over a narrow temperature interval containing the 
transition point. Therefore 


(4) 


19 C. Herring and M. H. Nichols, Revs. Modern Phys. 21, 185 
(1949). 

*T. Arizumi, J. Phys. Soc. Japan 3, 1 (1948); 3, 143 (1948). 

21 P, Asadulin and G. N. Shuppe, J. Tech. Phys. (U.S.S.R.) 24, 
205 (1954). 
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Fic. 1. (a) The experimental tube. 7—metal target investigated 
(Mo or Ni); K—cathode (tungsten wire, ¢=0.1 mm); W— 
Wehnelt cylinder (sheet of Ta, 0.1 mm); A1, A2, As, As’, Ar’— 
accelerating electrodes of the electronic gun (sheet of Ta); 
R—coated guard ring; 1-10—inlet wires of Mo or W (¢=1.5 mm) 
through glass: 6-6 for the heating filament of the target, 7 the 
target holder, 8-8 for the thermocouple wires (made of W-Ta for 
the Mo target and of Ni-NiCr for the Ni target), 9 for the electric 
contact of the target, 10 strip made of the investigated metal (Mo 
or Ni), 11 electric contact of the guard ring. (b) Detailed scheme 
of the target. T—target; T’—double bottom of the box which 
screens the target; F..—heating filament of the target (tungsten 
wire ¢=0.2 mm) wound as a double spiral; 6-6 supporting wires 


of F,.; A-B welding points of the thermocouple; C—electric 
contact of the target. 












































As may be easily proved, >> :p.d;~1, and thus 


dV, dv; 
‘—- “$a, (5) 
dT, aT. 


the variations A(dW;/dT4) having the same value for 
any facet with small WF [according to Eq. (4)]. 

Thus although the correctly applied EBM completely 
displays its advantages only in the study of mono- 
crystalline surfaces, results from polycrystalline surfaces 
may equally be simply enough interpreted, especially 
at the above-mentioned transition points. 


EXPERIMENTAL 


Figure 1(a) represents the experimental tube. It 
contains a Myers” electronic gun which, although rather 
complicated, has a good focusing power. (The accelera- 


2H. Myers, Proc. Roy. Soc. (London) 215A, 329 (1952). 
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ting potential applied on electrodes A; and Aj’ is of 
about 20 volts, referred to the mid-point of the cathode). 
Thus the target can be kept at a distance of 10-15 mm 
away from the last electrode of the gun. Were it not so, 
the large temperature variations of the target could 
lead to deformations of the gun during the experiment 
and thereby disturb the beam. 

The target (anode) -has the form of a cylindrical box 
[ Fig. 1(b) ] made of the metal under investigation. One 
of the lids is the studied surface, i.e., the target itself 
(T). The lining of this lid with a sheet (7’) of refractory 
matter (Ta or Mo) prevents the falling of evaporated 
tungsten atoms, emitted by the heating filament F,, on 
the back of the lid, and their diffusion (facilitated by 
the high outgassing temperature) towards the surface 
on which measurements are made (an effect observed 
in the absence of the double lid). The connection be- 
tween the target and the measuring circuits is estab- 
lished by means of a strip made out of the same metal as 
the one under investigation, so as to ensure that the 
entire temperature gradient should lie within the same 
metal and that the Herring correction could be correctly 
applied. 

The heating filament of the target, F,, has the form 
of a double spiral in order to reduce as much as possible 
the magnetic field of the heating current, which has a 
disturbing action upon experiments carried out accord- 
ing to variant I. The heating by radiation ensures the 
equipotential character of the target. 

The lemperature of the investigated surface is deter- 
mined by measuring with a potentiometer the emf of 
a thermocouple welded to the side surface of the box 
[Fig. 1(b)] (variant I). The wires of the thermocouple 
are welded directly and separately to the box. If the 
wires are first welded together, one cannot make sure 
that the adhesion between this welding and the surface of 
the box is intimate enough to avoid the appearance 
of an uncontrollable temperature gradient. 

The calibration of the thermocouple has been made 
according to the target temperature (74), determined 
by a pyrometer for temperatures higher than 800°C, and 
also with the aid of a Pt-PtRh thermocouple applied, in a 
separate experiment, on this surface itself; the latter 
calibration has been performed in the whole temperature 
range studied, thus avoiding extrapolation. 

The electrical charging of the tube wall was avoided by 
depositing a metallic layer (R) of nickel or gold, which 
has the function of a guard ring. 

The electrical circuit used in variant I is in many 
respects similar to those used by Anderson. We want 
however to emphasize the performance of the heating 
circuit of the cathode, which ensures the strict main- 
tainance of a constant cathode temperature (7x) and 
which differs from those mentioned in the literature. 
It is known that the constancy of the parameter 7x is 
essential for obtaining correct results by means of the 
EBM. In order to obtain a precision of 10-* ev in the 
determination of the WF variations it is necessary that 
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eet ae 
Fic. 2. Block scheme of the measuring device. 7—experimental 
tube; A,—cathode follower; A:—regulating amplifier; C—semi- 
automatic potentiometer measuring eAU 4; e:—variable voltage 
source, 


the fluctuations of the cathode temperature (ATx) 
should be sufficiently small so that | AT«/Tx| <10™. 
To this end, some authors’ maintain the emission 
current of the cathode (measured on the first anode of 
the gun) at a constant value, which is a wrong proce- 
dure. Indeed in this case, the results become dependent 
on the uncontrollable value of the cathode WF, and 
thus the main advantage of the EBM is lost ; moreover, 
it can be shown that for a variation AWx of the cathode 
WF, an apparent variation of the target WF 
|AW,|>|AW«! is obtained. We have noticed that even 
if the electric power supplied to the cathode remains 
unchanged, the cathode temperature still varies, as it 
is influenced by the temperature variations of the target. 

We have considered that the cathode temperature 
may be kept constant with the required accuracy, main- 
taining the resistance of the cathode (Rx) within the 
limits | AR«/Rx| <10~*, where ARx are the fluctuations 
of the cathode resistance. Continually comparing—by 
means of a Thomson bridge—the actual values of Rx 
to that of a standard resistor and slightly varying the 
heating current of the cathode, we satisfied the condi- 
tion mentioned above. 

The electrical circuit used in variant II differs from 
the one used in variant I (and accordingly from those 
used in the literature). It permits one to keep the target 
current at a constant value (10-* A) during the rapid 
falling of the target temperature, by automatically 
varying the retarding potential, and also the continuous 
and simultaneous determination of the target tempera- 
ture (T4) and of the retarding voltage (U4). 

For this purpose an electronic device has been set 
up* (see block scheme in Fig. 2) which, owing to a 
tension electronically regulated by the target current 
(by means of a negative feedback system) allows the 
constant maintainance of this current. The retarding 
potential can be read on the dial of the ZIP-R2/1 semi- 
automatic potentiometer (C in Fig. 2). In order to check 
the performance of the device, a source of variable 


3G. Grabari, 
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voltage (0-40 mv) was connected in series with the*tube 
simulating the variations of the WF; the errors found 
were smaller than +0.5 mv. 

In order to read the target temperature continuously, 
the emf of the thermocouple was measured by means 
of a millivoltmeter. 

The simultaneous record of the values of U4 and T 4 
was ensured by photographing the dials of the semi- 
automatic potentiometer and of the millivoltmeter on 
the same film at short intervals, as the target cools 
down. In this way each photograph represents a point 
of the plot eAU4= f(T 4). 

Compensation of the terrestrial magnetic field. Although 
according to variant IT the heating current of the target 
is interrupted during the measurements and thus its 
magnetic field cancelled, the determination of the 
TCWF of a ferromagnetic substance below the Curie 
point implies special precautions in order to cancel any 
magnetic field (even the terrestrial one) in the vicinity 
of the investigated surface. If this precaution were 
neglected, as soon as the temperature of the ferromag- 
netic target descends below the Curie point, it would 
become magnetized in this “residual” field, the elec- 
tronic current composed of slow electrons being thereby 
disturbed. We performed the compensation of the 
terrestrial magnetic field by means of a pair of Helm- 
holtz coils, concentrically placed around the experi- 
mental tube, which was directed along the magnetic 
field of the earth. 

Screening. In order to minimize external disturbing 
effects, the experimental tubes have been enclosed in a 
grounded metallic cage. The connections between the 
tube and the measuring circuits have been screened 
likewise. 


PRESSURE OF RESIDUAL GASES AND 
THEIR INFLUENCE ON THE RESULTS 


The experiments have been carried out at pressures 
of about 10~ torr, measured with Alpert-Bayard gauges 
of our own construction. 

Before the assembling of the experimental tube, the 
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Fic. 3. Vacuum complex to be sealed off from the pumping 
unit. 7—experimental tube; B.A.—Bayard-Alpert gauge; Pi, P2 
—ionization pumps. 
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500 ° 
TK 
Fic. 4. Retarding potential variation during the cooling of the 
Mo target, showing the effect of residual gases. The time elapsed 
from the interruption of the heating current of the target is 


indicated for each point. Curve a is plotted at a pressure of 
3X10~ torr, and curve 6 at 10~* torr. 


electronic gun and especially the targets were outgassed 
in separate units, until evaporation. Then the assembled 
experimental tube, the Alpert-Bayard gauge and two 
ionization pumps (constructed by one of the authors) 
(Fig. 3) were outgassed in two preliminary stages of one 
hundred hours each, on a vacuum unit working with oil 
pumps and two effective liquid nitrogen traps (or 
alternatively, a liquid nitrogen trap in series with a 
copper-foil trap). After a thorough outgassing of the 
metallic and glass parts (targets at 1925°K for Mo and 
1350°K for Ni) the entire vessel was sealed off at a 
pressure of 5X10-°—10-* torr. After sealing off, the 
pressure increased about ten times and was then 
lowered and maintained around the value of 10~° torr 
for thousands of hours, with the help of the ionization 
pumps. During this interval the investigated target was 
continuously heated (Mo at 1650°K and Ni at 1250°K). 

Heating at higher temperatures deteriorated the 
vacuum in the case of molybdenum, or caused an in- 
tense evaporation of the nickel target which led to its 
perforation in time. 

Although the measurements were carried out at low 
pressures and each one lasted a relatively short time, 
an analysis of a possible alteration of the results owing 
to the action of the residual gases is still necessary. 

The contamination of the investigated surfaces caused 
by the residual gases, may alter the results in two 
distinct ways: 

1. By covering the target surface during the measure- 
ment (while the metal cools down from the outgassing 
temperature), thus leading to the appearance of a 
supplementary variation of the WF. 

% G. Comsa, and G. Musa, Studii Cercetari Fiz. (Bucharest) 7, 
119 (1957); J. Sci. Instr. 34, 291 (1957). 
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Fic. 5. Retarding potential variation during the cooling of the 
Ni target, showing the effect of residual gases. The curve is 
plotted at 1 10- torr. 


2. By covering the target surface also during the 
outgassing process and in spite of it; in this case the 
investigated surface is originally covered by impurities, 
the TCWF being that of a contaminated surface, i.e., 
appreciably different, as a rule, from that of a clean 
metal. 

We present a series of observations or cases which 
enable us to conclude to what extent our results were 
affected by the existence of residual gases, in one of the 
two ways mentioned above. 

a. We have plotted the retarding potential variations 
vs the molybdenum target temperature, indicating for 
each point the time elapsed from the interruption of the 
heating current of the target. Curve a in Fig. 4 was 
taken at a pressure of 3X10~* torr, while curve b at 
10-* torr. (The increase of pressure was obtained by 
cutting off the accelerating voltage in the ionization 
pumps.) Figure 4 refers to a lower temperature interval 
then the one in which the actual TCWF measurements 
for molybdenum were performed (600°-1100°K). We 
want to emphasize that in this last interval, both curves 
are coincident. At a certain point (R’) the curves 
separate: curve } obtained at a higher pressure shows 
a marked increase of the WF, while curve a obtained 
at the working pressure stil] maintains its initial trend 
till point R, where it also deviates from this trend. 

Similar results were obtained with nickel. Figure 5 
represents the curve taken from a nickel target, at a 
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pressure of 1X 10~ torr. It is noticeable that in this case 
the deviation from the general trend of the curve has 
an opposite direction than in the former case. 

b. The TCWF obtained in two successive runs (7; 
and rz in Fig. 6) has the same value, provided that the 
first run is interrupted and the target reheated before 
it attains the point where the WF variation deviates 
from its customary trend, as mentioned under a. (That 
is, Ty>Tp and ty </p). 

c. If the Ni target is cooled down to room tempera- 
ture in 30 minutes, then reheated quickly to 1250°K 
(dashed curve in Fig. 6), and a new run (r2’) is per- 
formed, then the obtained TCWF is 80% higher in 
absolute value than that measured on a freshly out- 
gassed surface. 

d. Subsequent to the performing of the “contamina- 
tion” mentioned in c, the TCWF restores its usual value 
only after an outgassing of about 24 hours at 1250°K. 

e. No measurable change of pressure appears during 
the cooling down of the target in the measuring process 
and its successive heating up to the outgassing tempera- 
ture (A; —M—A¢ in Fig. 6). 

f. During the heating period M’— Ay,’ in the A4;—M’ 
—A,' process, the pressure increases by 2X 10-°—5X 
10-* torr, and decreases to its working value (1«10~° 
and 3X10~° torr, for Ni and Mo, respectively) only 
after several hours. 

Before drawing any conclusions from the above- 
mentioned cases, we must examine the observations 
presented in b and c. The question is whether the TCWF 
determined during the second run (r2 or ro’, respectively, 
in Fig. 6) corresponds or not to the state of the surface 
in the moment M or M’, respectively. 

There is no doubt that during the heating of the 
target, which inevitably precedes every run, a fraction 
of the adsorbed molecules leave its surface. We shall 
evaluate their number in case c. 

As stated in f, the increase in pressure during the 
heating of the target (M’—A,’), does not exceed 
5X 10-* torr. Considering that the volume of the sealed- 
off vessel (Fig. 3) is about 1.5 liters; that for the 
emission current used, the total pumping speed of the 
ionization pumps is 0.1-0.2 liter/sec; and that the 
heating of the target (M’— A,.’) lasts about 50 seconds, 
we can evaluate that in this time interval the target 
desorbs at most 1.5<10"-3 x10" molecules. As the 
target has a total surface of about 15 cm?, each square 
cm has lost at most 1*10"—210" molecules, which 
represent 10~* monolayers. The effect upon the TCWF 
of such a difference in the coverage of the surface is 
absolutely negligible. Therefore the value of the TCWF 
determined in run r2’ corresponds to the state of contam- 
ination of the surface at moment M’. So much the more 
can we consider the TCWF measured in run fr, (point 0) 
as corresponding to the state of the surface at moment 
M, as in point e it was stated that during the heating 
period M — A; there is no measurable change of pressure 
in the tube, and thus the difference in the surface 
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I'tc. 6. Temperature variation of 
Ni target versus cooling time. A1, 
A», A2’—beginning of a measuring 
run; M—end of the measuring 
run; M’—end of a contamination 
process; r1, f2, 72’ —measuring runs. 
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coverage is at least one order of magnitude smaller then 
the one calculated above. 

These considerations, based essentially on the 
desorption speed of the molecules during outgassing, 
are confirmed by case d, which states that 24 hours are 
necessary to remove these adsorbed molecules from the 
surface under investigation; therefore those desorbed 
in 50 seconds represent a negligible quantity. 

The coincidence of the U,= f(T4) curves plotted at 
different pressures, in temperature domains whére 
T4>T R: (as stated in a), leads to the conclusion that 
even a pressure several times higher than the usual 
working pressure, does not influence the obtained 
results. This means that either the surface is completely 
covered from the beginning of the experience, or that it 
is clean and that at the mentioned pressures and tem- 
peratures the residual gases have no detectable effect 
upon the target during the oulgassing process or the 
measurement itself. The first assumption is contradicted 
by the observations reported for case c, which show that 
the surface is far from being saturated and also by case 
a, where the effect of residual gases at lower tempera- 
tures is mentioned, an effect which increases with the 
rise in pressure. 

The experience reported in case } is another proof 
for the assumption that the surface does not get con- 
taminated during the measurements, taking into 
account the arguments we brought forth concerning the 
significance of TCWF measurements in the second run 
(r2) and the impossibility of the surface being totally 
contaminated. 

Let us consider more closely the influence of residual 
gases upon the WF at lower temperatures, during the 
contamination process. The coincident part of the 
Us= f(T) curves, plotted at different pressures, can 
be considered as unaffected by the presence of residual 
gases. As has been established, these segments of the 
curve are linear, both for Mo and for Ni (excepting the 
Curie point). Moreover, as shown in Fig. 4, the curve 
plotted at higher pressures (6) deviates from linearity 
at a time denoted by R’, while the curve a plotted at 
lower pressures first continues the linear trend and 
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Time (min} 


deviates at point R only after some time has elapsed 
and the target has reached a lower temperature. These 
experimental facts enable us to assume that in the 
absence of residual gases the curve would continue as 
an extrapolation of the linear part. We can therefore 
consider that the size of the deviation from the straight 
line represents the WF variation due to contamination 
of the surface by residual gases. 

Figures 7 and 8 show a plot of these deviations, both 
for molybdenum and nickel, as they result from Figs. 
4 and 5. 

As may be seen in Figs. 7a and 8, the whole variation 
of the Mo or Ni WF, after 30 minutes of contamination, 
reaches only 10~* ev, which at first could seem a rather 
small value. But we can make sure that this result is 
likely to be true, by estimating in a completely different 
way the number of molecules adsorbed during the con- 
tamination. We start from the fact stated in f: After 
the contamination process described in ¢ and the sub- 
sequent heating of the target, the pressure increases and 
can be restored to its initial value only after several 
hours of pumping with the ionization pumps. 

Considering the pumping speed of the ionization 
pump, the number of molecules desorbed in the first 50 
seconds of heating, and introducing a time constant of 
about an hour for the decrease of pressure in the vessel, 
there results a number of adsorbed molecules during the 
30 minutes of contamination of about 10-10". As the 
surface of the target has about 15 cm?, the covering of 
the surface does not exceed a few percent. Thus the 
small variation of the WF value seems justified. 

The reduced coverage of the surface is due to the fact 
that the residual gases are composed mainly of helium. 
The diffusion of helium through glass walls is well 
known (e.g., Alpert”). The extremely prolonged work- 
ing time (thousands of hours) of the tube under the 
action of the ionization pumps and the relatively large 
area of the evacuated vessels justify the assertion 
supported also by the experiments of Alpert and 


* —D. Alpert, J. Appl. Phys. 24, 860 (1953). 
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Fic. 7. Variation of the WF of Mo owing to contamination. 


Deviation of the points in Fig. 4 versus time elapsed from the 
interruption of the heating current. 


Buritz,?* that the residual gases are composed mainly 
of helium. 

Another fact seems to confirm this supposition: The 
TCWF determined in a vessel which had a minute leak 
had a value ten times larger than the usual one, although 
the pressure did not exceed 6X 10~ torr. “Fresh” gases, 
rich in active components, were continuously leaking 
into the vessel and these active gases had a marked 
influence upon the TCWF measurements. 

Although the pressure was systematically higher in 
the experimental tubes containing Mo targets, never- 
theless the WF variations due to contamination were 
essentially like those for Ni. However, for Mo the 
residual gases increased AU ; for Ni they decreased AU 
(see Figs. 4 and 5). 

Since for the investigation of molybdenum, the tubes 
were made of Pyrex glass, which has a higher permea- 
bility for helium than the borosilicate glass used with 
nickel, we believe that the increased pressure was mainly 
due to helium, which has unimportant effects on the 
WF variations. 

We must also consider the possibility of a target 
contamination with carbon, due to oil vapors, during 
the outgassing of the vessels on a vacuum unit with oil 
pumps. Such a contamination is considered to be im- 
probable, because the vacuum unit was provided with 
two effective traps. 

But even if minute quantities of oil vapor could 
escape through the traps, their action upon the surface 
studied would be negligible. Indeed, the carbon either 
diffuses into the bulk of the metal (which seems most 
probable) during the many thousands of hours of out- 
gassing and represents an impurity negligible as com- 
pared with those mentioned in the purity certificate of 
the target material ; or the carbon remains at the surface 
of the metal and evaporates together with the super- 
ficial layers of the target, during the thousands of hours 
of outgassing. The evaporated nickel formed on the 
walls of the tube a thick opaque layer, which played the 


26 J). Alpert and R. S. Buritz, J. Appl. Phys. 25, 202 (1954). 
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role of a guard ring (R in Fig. 1). In the case of molyb- 
denum the evaporation was not so intense, but still the 
walls were covered in time with a faint blackish hue. 


RESULTS 


In order to check the method, the electrical setup, 
and the performance of the experimental tube, we car- 
ried out the first determinations according to variant I. 
Thus the linearity and the parallel shift of the 
characteristics, as well as the precision in the determina- 
tion of the WF, were investigated. 

Figure 9 shows two volt-ampere characteristics, 
obtained at two distinct temperatures of the nickel 
target. The straight lines have been traced by the 
method of least squares. The standard deviation of the 
points from the straight line is of 1.5 10~ ev. A careful 
examination discloses systematic deviations of the 
points from linearity. A curve of parabolic form, ad- 
justed likewise by the method of least squares, fits still 
better and reduces the standard deviation of the points 
to 0.5X10-* ev. From this value we can infer that in 
variant I, the errors made in determining the variations 
of the WF are of the order of 0.7X10~ ev. The non- 
linearity of the characteristics is due to the fact that 
the cathode and the anode are not infinite parallel 
planes, as well as to their polycrystalline character. 

The final measurements of the TCWF were carried 
out in variant II, at a rate of at most one measurement 
in 24 hours. 

For Mo (of 99.92% purity), 67 curves of the retarding 
potential (U4) versus temperature were recorded 
within the temperature interval 600°K<7<1100°K 
using two experimental tubes. One of these curves is 
represented in Fig. 10. The points fit satisfactorily 
enough the straight line traced by least squares. The 
TCWF can be deduced from the slope of these straight 
lines only after applying the Herring correction. This 
correction has been computed using the Herring rela- 
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Fic. 8. Variation of the WF of Ni owing to contamination. 
Deviation of the points in Fig. 5 versus time elapsed from the 
interruption of the heating current. 
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tions’? and the tabulated data.” In the range of tem- 
peratures considered, the Herring correction for Mo 
may be approximated (using the method of least 
squares) by a straight line with slope (1.49+-0.03) x 10-® 
ev/°K. Taking into account the correction, one obtains 
from the slopes of the 67 experimental curves 


dV Mo 
(( a )) = (7.840.07)X10- ev/°K. (6) 


The TCWF of Ni (of 99.98% purity) has been deter- 
mined in the same way. Figure 11 represents the 
retarding potential variation measured in the presence 
and in the absence of the terrestrial magnetic field, in 
the temperature range from 475° to 1025°K. To a good 
approximation the points fit two straight lines above 
and below the Curie point, respectively. It is to be 
noticed that the slopes of the straight lines are not 
influenced by the presence of the terrestrial magnetic 
field. The hump which appears in the neighborhood of 
the Curie point, and which is strongly attenuated when 
the terrestrial magnetic field is compensated, is due to 
the magnetization of the nickel target in this field, 
which implies variations of focusing. The hump does 
not disappear completely, probably owing to a residual 
field existing either because of the incomplete com- 
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Fic. 9. Volt—ampere characteristics drawn for two temperatures 
of the Ni target. Saturation current about 5X10-° A. 


27 H. H. Landolt and R. Bornstein, Zahklenwerte und Funktionen 
(Springer-Verlag, Berlin, 1959), Vol. 2, Part I; Smithsonian 
Physical Tables (Baltimore Press, Baltimore, Maryland, 1956). 
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Fic. 10. Temperature variation of the retarding potential for Mo. 


pensation of the terrestrial field, or because of the nickel 
layer deposited on the surface of the experimental tube, 
which layer is magnetized. The extension of the hump 
mainly towards the high-temperature region may be 
explained by the fact that the upper part of the nickel 
box cools down first, passing through the Curie point 
before the investigated surface itself, the temperature 
of which has been taken as a standard. Anyway we may 
assert that this hump does not reflect the real variation 
of the WF and therefore there is no jump of the WF at 
the Curie point. A difference is, however, to be noticed 
between the slopes of the straight lines above and below 
the Curie point; as has already been pointed out, this 
difference persists also in the absence of the terrestrial 
magnetic field. Consequently there exists a jump in the 
TCWF value at this point. 

In the case of nickel the Herring correction can also 
be approximated by a straight line of slope (—2.21 
+0.01)10-* ev/°K in the whole interesting tempera- 
ture range. 

The TCWF of nickel, determined in the temperature 
range between 720 and 1025°K, i.e., above the Curie 
point, from a set of 54 curves, obtained with a tube in 
which the metal was outgassed during 20 000 hours, 
has the value: 


(= ) 
dT — av 


= (—3.12+0.05) X10- ev/°K. (7) 

On the other hand, averaging the differences between 

the slopes determined in the intervals 475-625°K and 

725-1025°K, respectively, from 36 curves obtained with 
two experimental tubes, it has been found" that 


((=) (=) ) 
dT J ree dT J rye 
= (—0.99+0.17)K10-5 ev/°K (8) 


which differs from zero by more than 5 standard errors. 
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Fic. 11. Temperature variation 
of the retarding potential for Ni, 
(a) in presence of the terrestrial 
magnetic field; (6) after compen- 
sation of the terrestrial magnetic 
field. 
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From Vonsovski’s considerations! there results the 
expression of the difference between the TCWF in 
presence of a spontaneous magnetization and in its 


absence: 
dv dv d 
(2).-(B),n-mgr 
dT T<8 dT T>é dT 


where 6; is a coefficient dependent on the exchange 
integrals, u is the chemical potential, and y the relative 
magnetization. It can be shown that (d/dT)y? is nega- 
tive. Therefore, according to Eq. (8), it follows that 6, 
is also negative. 

CONCLUSIONS 


By correctly applying the EBM and by taking all 
the steps considered as necessary to avoid systematic 
errors and to reduce random errors, we have determined 
the TCWF of Mo and Ni with a precision of the order 
of one percent. We established the existence of an 
anomaly of the TCWF of nickel at the Curie point. No 


900 


T 


oP 


jump of the WF of nickel at the Curie point has been 
observed. Under the given experimental conditions the 
approximate shape of the TCWF dependence, deter- 
mined on a polycrystalline surface, upon the TCWF of 
the facets forming the surface, has also been obtained. 
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If a small potential difference is applied between two metals separated by a thin insulating film, a current 
will flow due to the quantum mechanical tunnel effect. For both metals in the normal state the current- 
voltage characteristic is linear, for one of the metals in the superconducting state the current voltage charac- 
teristic becomes nonlinear, and for both metals in the superconductive state even a negative-resistance region 
is obtained. From these changes in the current voltage characteristics, the change in the electron density of 
states when a metal goes from its normal to its superconductive state can be inferred. By using this technique 
we have found the energy gap in metal films 1000-3000 A thick at 1°K to be 2ep,= (2.68+0.06) X 10° ev, 
2esn= (1.11+-0.03) X 107 ev, 2ern= (1.054-0.03) KX 10™? ev, and 2a: = (0.32+0.03) X 10™ ev. 

The variation of the gap width with temperature is found to agree closely with the Bardeen-Cooper- 
Schrieffer theory. Furthermore, the energy gap in these films has been found to depend upon the applied 


magnetic field, decreasing with increasing field. 


INTRODUCTION 


HE existence of an energy gap in superconductors 
is well documented experimentally, and is firmly 
grounded in the theory of superconductivity of Bardeen, 
Cooper, and Schrieffer.! Experimental evidence for the 
existence of a gap and, indirectly, its width, can be 
obtained from measurements of specific heat, thermal 
conductivity, nuclear relaxation, ultrasonic attenuation, 
and electromagnetic absorption.’ In general, the width 
of the gap is inferred from the variation of one of the 
above parameters and, with the exception of electro- 
magnetic absorption, represents only an indirect meas- 
urement. 

This paper describes a method for investigating the 
energy gap and density of electron states in supercon- 
ductors by means of electron tunneling through thin 
insulating films. It represents an entirely new approach 
to the problem and results in clear, unambiguous meas- 
urements of the energy gap. Some preliminary results, 
employing this method, have already been published.** 

The samples used in this experiment consist of a thin 
insulating oxide layer sandwiched between two evapo- 
rated metal films. Experimentally, the electron tunneling 
current through the insulating oxide layer is observed as 
a function of the voltage applied between the two metal 
films. Because of their small physical size, the samples 
are well suited for standard low-temperature techniques. 

If a small potential difference is applied to the two 
metals in their normal, nonsuperconducting state, the 
tunneling current through the insulating film will vary 
linearly with applied voltage, as long as the density of 


1 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
1175 (1957). 

2M. A. Biondi, A. T. Forrester, M. P. Garfunkel, and C. B. 
Satterthwaite, Revs. Modern Phys. 30, 1109 (1958). 

31. Giaever, Phys. Rev. Letters 5, 147 (1960). 

‘I. Giaever, Phys. Rev. Letters 5, 464 (1960). 

5 J. Nicol, S. Shapiro, and P. H. Smith, Phys. Rev. Letters 5, 461 
(1960). 

® I. Giaever, Proceedings of the Seventh International Confer- 
ence on Low-Temperature Physics, Toronto, 1960 (to be pub- 
lished). 


electron states in the two metals is constant over the 
applied voltage range.’ On the other hand, if the 
density of electron states varies rapidly in this voltage 
range, as it does in superconductors, the current-voltage 
characteristics will be nonlinear. It appears that this 
nonlinearity is simply correlated with the variation in 
the density of electron states. In particular, no electrons 
can flow into the energy region of the gap in supercon- 
ductors. 

By this method we have measured the energy gap in 
lead, tin, indium, and aluminum. The variation of the 
energy gap as a function of temperature® and magnetic 
field has also been investigated. 


APPARATUS 


The apparatus which is shown in Fig. 1 consists 
basically of a liquid helium Dewar with provisions for 
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Fic. 1. A schematic drawing of the apparatus. The shield can be 
removed when studies are made using a magnetic field. 


7 J. C. Fisher and I. Giaever, J. Appl. Phys. 32, 172 (1961). 


1101 





GIAEVER 





BATTERY 











biencesceugdeai 


CURRENT 
RANGE 
sw 








SHIELDED LEADS 
THROUGHOUT ENTIRE 
CIRCUIT 





AND K. 


MEGERLE 


TAT 
7 


' 
' 
' 
! 
' 
' 
' 
' 








OC AMPLIFIER 
(LEEDS 6 NORTHRUP) Fic. 2. Circuit diagram of the 
GAIN: 5-200 


measuring circuit. 














X—Y RECORDER 

(LEEDS & NORTHRUP) |*,* 
FULL SCALE 

SENSITIVITY: 1OMV 


| VOLTAGE RANGE SW. 




















pumping on the helium, and an outer Dewar containing 
liquid nitrogen which acts as a radiation shield for the 
helium. The helium Dewar has a constriction in its 
diameter to minimize creep losses of the superfluid 
helium when the temperature is below the \ point. 

Temperatures are measured by means of the helium 
vapor pressure. A metering tube which extends to 
within a few inches of the liquid helium level is con- 
nected to both oil and mercury manometers and to a 
McLeod gauge. The system is capable of attaining a 
temperature of about 0.9°K. Due to the low heat 
leakage, this temperature can be maintained for ap- 
proximately six hours, which is adequate for making 
numerous measurements. 

The electrical circuitry is shown in Fig. 2. To trace 
out the current-voltage characteristics, a Leeds and 
Northrup X-Y recorder and matching Leeds and 
Northrup dc amplifier are used in conjunction with ex- 
ternal shunts and multipliers to extend the range of the 
instruments. These instruments contain chopper-stabi- 
lized amplifiers and, therefore, have virtually no drift. 
To accommodate various sample resistances and to 
obtain the necessary detail in the current-voltage curves, 
the current scale can be decade switched over a full-scale 
sensitivity from 100 ma to 1 wa and the voltage scale 
from 100 mv to 50 pv. 

The emf source can be used as either a high- or low- 
impedance source, by suitable adjustment of the two 
variable resistors and the applied battery voltage. The 
high capacitance of the sample in conjunction with con- 
siderable lead inductance gives rise to very troublesome 
high-frequency oscillations whenever the sample is 
biased into its negative-resistance region. By placing an 
adjustable high-pass filter in parallel with the sample, 
the high-frequency oscillations can be eliminated or at 
least greatly reduced. The high-pass filter consists of a 
capacitor large in comparison to the sample capacitance 
and a variable resistor in series, and is in close proximity 
to the sample to minimize lead inductance. The oscilla- 
tions are reduced by matching the variable resistance to 
the negative resistance of the sample. The variable 


resistor is a Bourns Trimpot which is mounted on the 
end of a }X0.008 in. stainless steel tube. Concentric 
with this tube is a }X0.008 in. stainless steel tube which 
engages the adjustment screw of the resistor and passes 
through an O-ring seal in the Dewar cover plate, to 
permit external adjustments. 

The electrical connections into the Dewar, consisting 
of current and voltage leads, are brought out through 
the cover plate and are sealed in place with Apiezon wax 
to achieve a tight seal. In order to minimize heat leaks, 
four 3-mil Formex-covered copper wires are used inside 
the cryostat. To minimize induced noise, the entire 
electrical circuitry outside the Dewar is shielded. The 
sample and leads within the Dewar can be shielded by a 
copper-clad soft iron shield which sits in the liquid 
nitrogen, surrounding the helium Dewar. This shield is 
not used for measurements made with an externally 
applied magnetic field. 

Since the voltages applied to the sample are very 
small, induced voltages caused by ever-present fluctu- 
ating stray fields remain a difficult problem even after 
careful shielding. The slow response time of the re- 
cording apparatus causes the readings to be averaged 
over the fluctuations resulting from induced voltages. 
Due to the nonlinear characteristics of our samples, this 
averaging tends to smooth out the current-voltage 
curves and results in lost detail. The difficulty is virtu- 
ally eliminated by including a resistance in series with 
the current loop, and making this resistance as large as 
practical. The large resistance in series with the sample 
resistance acts as a voltage divider for induced noise, so 
that only a small amount of noise appears across the 
sample. This large series resistance effectively increases 
the emf source impedance and cannot be used when in- 
vestigating the negative-resistance region of the sample. 
It has, however, been retained for measurements outside 
the negative resistance region on most samples. 

The sample is mounted directly on the variable re- 
sistor which is a part of the high-pass filter. This insures 
mechanical rigidity and reproducible, accurate posi- 
tioning for measurements involving magnetic fields. 
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When the sample is subjected to a magnetic field, it is 
aligned so that the field vector is in the plane of both 
films, parallel to the long dimension of the aluminum 


film, and normal to the long dimension of the other 
metal film. 


SAMPLE PREPARATION 


The sample consists of two metal films separated by a 
thin insulating layer. Aluminum/aluminum oxide/metal 
sandwiches are prepared by vapor-depositing aluminum 
on microscope glass slides in vacuum, oxidizing the 
aluminum, and then vapor-depositing a metal over the 
aluminum oxide. First the microscope slide is cut to 
size, }X3 in., so as to fit through the constriction in the 
helium Dewar. Next, indium is smeared onto the four 
corners of the glass slide to provide contacts between the 
evaporated metal strips and external leads. The glass 
slide with indium contacts is then washed with Alconox 
detergent, rinsed with distilled water and ethanol, and 
dried with dry nitrogen gas. 

Next, the glass slide is mounted in the evaporator so 
that it can be positioned behind suitable masks in 
vacuum. The evaporations are made from tantalum 
strips approximately 3X1} 0.005 in., which have pre- 
viously been charged and heated in vacuum so that the 
charge wets the tantalum strip. The evaporations are 
made at a starting pressure of 5X 10-5 mm Hg, or less. 

Preparation of the metal/insulator/metal sandwich 
proceeds in three distinct steps, as shown in Fig. 3, 
during which the substrate is at room temperature. 

First, a layer of aluminum is evaporated onto the 
glass slide between two contacts. This strip is 1 mm 
wide and 1000-3000 A thick. Next, the aluminum is 
oxidized either at atmospheric pressure or some reduced 
pressure. Finally, a layer of Al, Pb, In, or Sn, of dimen- 
sions similar to the aluminum strip, is evaporated over 
the aluminum oxide layer between the remaining two 
contacts. 

The thickness of the Al,O; insulating layer between 
the metal strips is subject to a number of variables. 
The pressure and time dependence of oxidation rate has 
been extensively investigated and is well documented in 
the literature.’ Atmospheric humidity or residual H,O 
vapor in the vacuum system also affects the oxidation 
rate. We have found that an increase in the amount of 


TaBLE I. Approximate relationship between oxidation time and 
film resistance for Al-AleO;-Pb sandwiches. 


Resistance 
(ohm/mm?) 


atmospheric 105 —107 
atmospheric . 106 —105 
atmospheric 10 —105 
atmospheric 1 —10? 
200n Hg 10' —10~ 
50u Hg 10—10- 


Time 
24 hr 
24 hr 
10 min 
2 min 
10 min 
10 min 


Temperature Pressure 


100°C 
room 
room 
room 
room 
room 


8D. D. Eley and P. R. Wilkinson, Structure and Properties of 
Thin Films (John Wiley & Sons, Inc., New York, 1959), p. 508. 
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(d) 


Fic. 3. Sample preparation. (a) Glass slide with indium con- 
tacts. (b) An aluminum strip has been deposited across the 
contacts. (c) The aluminum strip has been oxidized. (d) A lead 
film has been deposited across the aluminum film, forming an 
Al-Al,O3-Pb sandwich. 


water effects a more rapid oxide growth rate. The oxide 
thickness is also contingent upon the evaporation rate 
and evaporation temperature of the metal layer de- 
posited over the oxide layer. Presumably, metals which 
require higher temperatures for evaporation must give 
up more energy to the oxide film; i.e., the atoms pene- 
trate further into the oxide, thereby effectively reducing 
the thickness of the oxide layer. Another parameter is 
oxidation temperature, elevated temperatures pro- 
moting an increase in the oxidation rate. A final variable 
is introduced by the evaporation rate of the aluminum 
layer, which influences its surface characteristics. We 
have noted that the oxide grows more slowly and reaches 
a thinner limiting value on films which were evaporated 
with a high deposition rate (approximately 1000 A/sec). 

By controlling these parameters to some extent, the 
resistance of a 1-mm? junction can be made to vary be- 
tween 10-* and 10’ ohm. Typical oxidation conditions 
for an Al-Al,O;-Pb sandwich are given in Table I. (The 
resistance variations are probably due to the effect of 
humidity and the surface characteristics of the alumi- 
num layer.) 

It is possible to measure indirectly the thickness of the 
oxide layer by measuring the capacitance of the junction 
and then calculating the thickness.’ 


MODEL 


The concept that particles can penetrate energy 
barriers is as old as quantum mechanics. In nuclear 
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Fic. 4. Energy diagram displaying the density of states and the 
current-voltage characteristics for the three cases. (a) Both metals 
in the norma] state. (b) One metal in the normal state and one in 
the superconducting state. (c) Both metals in the superconducting 
state. 


physics, for example, the theory ofa decay depends upon 
this tunnel effect. It has long been known that an electric 
current can flow between two metals separated by a thin 
insulating film because of the quantum-mechanical 
tunnel effect. Theoretical calculations were first made 
by Sommerfeld and Bethe® for a small potential differ- 
ence applied between the two metals. These calculations 
were later extended by Holm.” An important result of 
these calculations is that for small voltages across the 
insulating film the tunnel current through the film is 
proportional to voltage. Holm ef al." furnished early 
experimental evidence for the tunneling effect, a work 
which was extended by Dietrich” and later by Fisher 
and Giaever.’ The experiment of tunneling into super- 
conductors’ furnishes unquestionable evidence that this 
conduction mechanism is responsible for practically the 
whole current flow. In the following discussion we shall 
treat only the low-voltage region where the current 
flowing through the insulating film is proportional to the 


® A. Sommerfeld and H. Bethe, Handbuch der Physik, edited by 
: Fillgge (Verlag Julius Springer, Berlin, 1933), Vol. 24, Part 2, 
p. ; 

1 R. Holm, J. Appl. Phys. 22, 569 (1951). 

"R. Holm, Electric Contacts (Hugo Geber, Stockholm, Sweden, 
1946). 

#21. Dietrich, Z. Physik 132, 231 (1952). 
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voltage across the film, provided both superconductors 
are in the normal state. 

In Fig. 4(a) we show a simple model of two metals 
separated by a thin insulating film, the insulating film is 
pictured as a potential barrier. In Fig. 4(b) is shown the 
case when one of the two metals is in the supercon- 
ducting state. Note how the electron density of states 
has changed, leaving an energy gap centered at the 
Fermi level as postulated by Bardeen, Cooper, and 
Schrieffer. This particular model of a superconductor is 
a one-particle approximation, and it gives a surprisingly 
accurate picture of the experiments. In Fig. 4(c) both 
the metals are pictured in the superconducting state. 

First we shall discuss qualitatively these three differ- 
ent cases, and later quantitatively calculate the current 
when both metals are in the normal state, and when only 
one of the metals is in the normal state. 

The transmission coefficient of a quantum particle 
through a potential barrier depends exponentially upon 
the thickness of the barrier and upon the square root of 
the height of the barrier. For small voltages applied 
between the two metals neither the barrier thickness nor 
the barrier height is altered significantly. The current 
will then be proportional to the applied voltage, because 
the number of electrons which can flow increases pro- 
portionally to the voltage. The temperature effect will 
be very small, as the electron distribution is equal on 
either side of the barrier with metals in the normal state 
and in addition, kT is much smaller than the barrier 
height. 

When one of the metals is in the superconducting 
state the situation is radically different. At absolute zero 
temperature, no current can flow until the applied 
voltage corresponds to half the energy gap. Assuming 
that the current is proportional to the density of states, 
the current will increase rapidly with voltage at first, 
and then will asymptotically approach the current- 
voltage characteristic found when both metals were in 
the normal state. At a temperature different from zero 
we will have a small current flow even at the lowest 
voltages. But since the two sides of the barrier now look 
different, the current will depend strongly upon tem- 
perature. 

When both metals are in the superconducting state, 
the situation is again different. At absolute zero no 
current can flow until the applied voltage corresponds 
to half the sum of the two energy gaps. At a finite tem- 
perature, a current again will flow at the smallest ap- 
plied voltages. The current will increase with voltage 
until a voltage equal to approximately half the differ- 
ence of the two energy gaps is applied. When the 
voltage is increased further it is possible for only the 
same number of electrons to tunnel, but since the 
electrons will face a less favorable (lower) density of 
states, the current will actually decrease with increasing 
voltage. Finally, when a voltage equal to half the sum 
of the two gaps is applied the current will again increase 
rapidly with voltage and approach asymptotically the 
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current-voltage characteristics obtained when both 
metals were normal. 

Since we regard the distributions of holes and elec- 
trons in the metals in both the normal and supercon- 
ducting state as symmetric about the Fermi level, no 
rectification effects are expected. 

If we regard the tunneling through the insulating 
layer as an ordinary quantum-mechanical transition, the 
transition probability from an occupied state k on the 
left side of the barrier to a state k’ on the right side can 
be written: 


Pry = (20/h)| M |?n’(1—f’), (4.1) 


where n’ js the density of states on the right side and f’ 
the probability that the state k’ is occupied. | M|? is the 
matrix element for the transition and we assume | M |? 
vanishes unless the components of k and k’ transverse 
to the boundary are equal ; that is, specular transmission 
and then mn’ is the density of states on the right for fixed 
wave number components parallel to the boundary. 
This is a convenient though not an essential assumption. 

To calculate the current from left to right we sum over 
occupied states on the left and obtain 


i= (4re/h)> ok: Dok2|M|*n’f(i—f’), 


where &, is the component of wave number transverse 
to the barrier, k, the component perpendicular to the 


(4.2) 
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Fic.’5. Current-voltage characteristics of an Al-Al,O3-Pb sandwich 
at various temperatures. 
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Fic. 6. Current-voltage characteristics of an Al-Al2O;-Sn sandwich 
at various temperatures. 


barrier, e the electron charge, and f the probability that 
state k is occupied. 
By converting the sum over &, to an integral over 
energy, with fixed k, we get 
D 


M |?nn’ f(1— f dE, (4.3) 


i=A}> 
ke 


—@ 


where A is a constant, # the density of states at the left 
side of the barrier (for fixed k,), and E the energy 
measured from the Fermi energy. 

By subtracting a similar expression for the current 
flowing from right to left, we get the net current flow: 


D 


I=A)>, M |?n'n( f—f')dE. (4.4) 
ke 


—® 


To fit the experimental results it is necessary to as- 
sume that |M|*=constant. Bardeen,” using a many- 
particle point of view in connection with the WKB 
method, finds it plausible that | M|* is a constant over 
the energy values of interest. On assuming a constant 

M |? and spherical symmetry of the dependence of 
energy on wave number, m’ and nm which are one di- 
mensional densities of states are proportional to the 
total densities of states, and we may therefore sum over 
k, directly and take | M|* out of the integral. We are 


13 J. Bardeen, Phys. Rev. Letters 6, 57 (1961). 
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left with 


[= a'f n'n{ {(E)— f(E+eV)}dE, (4.5) 


where A’ is a constant and eV is the difference between 
the two Fermi levels. (V is the applied voltage.) 

For the current between two normal metals we obtain 
at absolute zero and for small applied voltages: 

Inn=A'n'(Epr)n(Ep)ev, (4.6) 

i.e., the current is proportional to voltage. 

For a superconductor we may take the density 
states from the Bardeen-Cooper-Schrieffer theory : 


E 
(4.7) 


n,=n P 
( ke e ) } 


where £ is measured from the Fermi energy, and e is 
half the energy gap. Thus the current between one 
metal in the normal state and one metal in the super- 
conducting state can be written: 


gs E 
Iys=A'n'(Ex)n(Ex) f 
» (2-—eé)! 


X[f(E)—f(E+eV) dE. (4.8) 
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Fic. 7. Current-voltage characteristics of an Al-AlxO3-In sandwich 
at various temperatures. 
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Fic. 8. Current-voltage characteristics of an Al-AloO;-Al sandwich 
at various temperatures 


For small applied voltages such that eV<e we may 
evaluate the above integral, as shown in Appendix I, 
and obtain: 


ool € eV 
Ivs=2Cyy- > (- 1K (m ) sinh (m ), 
€ m=1 kT kT 


(4.9) 


where Cyn is the conductance when both metals are in 
the normal state, K, is the first order of the modified 
Bessel function of the second kind, e the electron 
charge, k the Boltzmann constant, JT the temperature, 
and m an integer. Evaluation of (4.9) for special cases is 
given in Sec. (c) below. Calculations of the current for 
eV>e and for tunneling between two superconductors, 
require more extensive computation. 

Finally, it should be mentioned here that we have 
treated the insulating layer as if it were a vacuum. 
However, since the insulator has both a conduction 
band and a valence band, we could possibly also get a 
“hole” current. In this particular case this is of little 
importance as we are mostly interested in the current 
ratio Iys/Iyn rather than the absolute values of 
current. 


EXPERIMENTAL RESULTS 
(a) Energy Gaps 


We report on four different combinations of supercon- 
ductors namely Al-Al,O;-Pb, Al-Al,O;-Sn, Al-Al,O;-In, 
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Fic. 9. Detailed current-voltage characteristics of an Al-AlyO;-In 
sandwich, showing the change of energy gap in Al as a function of 
temperature. 


and Al-Al,O;-Al. The current-voltage characteristics at 
various temperatures for these four systems are shown 
in Figs. 5, 6, 7 and 8, respectively. As seen, the general 
behavior of the current-voltage characteristics is as 
predicted from the model. The negative resistance re- 
gions are not very apparent on these curves due to the 
current scale chosen. When the energy gaps on either 
side of the barrier are equal, as is the case for the 
Al-Al,O;-Al sandwich, a negative resistance region 
should be observable as well at sufficiently low tempera- 


4- 


Tj. 2 
Fic. 10. The energy gap as a .e 
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pared with the Bardeen-Cooper- 
Schrieffer theory. 
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tures. We did not observe this, however, due to tem- 
perature limitations in the experimental setup. Note in 
particular the insert on Fig. 5, showing that for larger 
voltages the current-voltage characteristics are inde- 
pendent of whether the metals are in the normal or 
superconducting states. This fact strongly supports the 
assumption that the tunnel current between supercon- 
ductors is proportional to the density of states. 

From these curves we find the energy gaps at ap- 
proximately 1°K: 


2epp = (2.68-+0.06) X 10-* ev= (4.3340.10)RT., 
(1.11+0.03) x 10-* ev= (3.460.10)&T., 
2ern= (1.0540.03) X 10 ev= (3.6340.10)kT,, 
2eai= (0.3240.03) X 10- ev= (3.2040.30)kT.. 


2€sn= 


While the energy gaps in Pb, Sn, and In will not change 
significantly between 1° and 0°K, this is not true for Al, 
because of its low transition temperature. It should be 
noted that the transition temperature for the aluminum 
films varied from sample to sample, was always greater 
than the bulk transition temperature, and increased 
with decreasing thickness of the aluminum films. The 
highest transition temperature observed for Al was 
1.8°K. In calculating the energy gaps in terms of kT, the 
bulk transition temperature has been used for all films. 
One reason for this choice is that the observed energy 
gap in the aluminum films at 1°K is approximately 
0.32 10~ ev, regardless of the transition temperatures 
observed. This experimental result may be due to the 
broad transition region usually observed in evaporated 
films. 


(b) Variation of the Energy Gap 
with Temperature 


In Fig. 9 we show detailed current-voltage charac- 
teristics for an Al-Al,O;-In sandwich as a function of 
temperature. Because the curves are traced out using a 
constant current source rather than a constant voltage 
source, the negative resistance region appears as a 
hysteresis loop. The width of this loop corresponds ap- 
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Fic. 11. The energy gap of Pb, Sn, and In films as a function 
of reduced temperature, compared with the Bardeen-Cooper 
Schrieffer theory. 


proximately to the full gap width in aluminum, and we 
can clearly see the variation of gap width with tempera- 
ture. In Fig. 10 we have plotted the variation of the gap 
width as a function of reduced temperature for several 
different samples. For this figure we have used the ob- 
served value of the transition temperature T,. As seen 
from the figure, the energy gap at T=0 does not appear 
to be very sensitive to the variations in the transition 
temperature actually observed for the aluminum films. 
One reason for this could be that the whole area of the 
aluminum film does not become superconducting at the 
same temperature, due to localized stresses or impuri- 
ties. The best estimate of the energy gap for aluminum 
at absolute zero is 


2e:= (4.240.6)kT.= (0.424+0.06) X 10-* ev, 


where 7. is taken as the bulk value. 

It is possible to observe directly the variation of the 
energy gap in aluminum over the entire applicable 
temperature range. The energy gap in indium, tin, and 
lead can also be observed directly in the temperature 
range in which aluminum is superconducting. At higher 
temperatures the gap in lead, tin, and indium is not 
directly observable; however, we are able to calculate 
the gap width for all temperatures. By letting V — 0 in 
Eq. (4.9), we may write: 


L£ € € 
-2>> (—1)™*'m Ki(m ) (5.1) 
m=! kT kT 


The quality Jy s/Iww as V — 0 is easily obtained from 
the experimental results and we may then calculate « 
from Eq. (5.1). The results are shown in Fig. 11 and are 
in good agreement with the theory. It should be pointed 
out that the values of the energy gap, calculated in this 
way, are in agreement with the directly observed values 
in the temperature range where both of these measure- 
ments can be made. This is most gratifying since these 
measurements are independent of each other, one being 
defined at absolute zero, and the other arising solely 
from the temperature-dependence of the current. The 
calculated values of the energy gap may appear some- 
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what too large at low temperatures for some samples due 
to noise in the measuring circuit. 


(c) Calculated versus Measured Current 


For tunneling between a metal in the normal state 
and a metal in the superconducting state, we again use 
Eq. (4.9) and restrict the calculations to the region 
where e>eV. In Fig. 12, we compare the calculated 
values of current with the experimental results obtained 
on an Al-Al,O;-Pb sandwich at various temperatures. 
The agreement is very good using only two terms of the 
series in Eq. (4.9). Note in particular that for o>k&T and 
for large voltages such that sinh(eV/RkT) ~} exp(eV/kT), 
we may write 


1 
Int ws eV 
kT 


ta(e,7), 


where a is some function of e and 7, independent of V. 
Thus we can determine the temperature directly from 
the slope when we plot In/y 5 versus V. 


(d) Variation of the Energy Gap 
with Magnetic Field 


By subjecting these samples to a magnetic field 
parallel to the plane of the metal films, we have found 
that the energy gap is a function of the applied field. In 
Fig. 13 we show some detailed results obtained on an 
Al-Al.03-Pb sandwich. These results are summarized in 
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Fic. 12. Observed current-voltage characteristics for an Al 
Al,0;-Pb sandwich at various temperatures, versus calculated 
values using the Bardeen-Cooper-Schrieffer density of states. 
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Fig. 14 where the gap width for aluminum is shown as a 
function of magnetic field. This curve does not agree 
with the observed fact that for bulk materials the 
transition between the normal and superconducting 
state is a first-order transition. A first-order transition 
would require a discontinuous change in gap width at 
the critical field. While this discrepancy may arise from 
the possibility that the transition is not of first order in 
a thin film, we believe it more likely that the surface 
roughness of the film will cause the magnetic field to be 
nonuniform. This nonuniformity will tend to smear the 
discontinuous change in gap that we expect at the 
critical field. 

To make sure that the change in the current-voltage 
characteristics is due to a change in the energy gap, 
rather than being due to the aluminum film going into 
the intermediate state, we also investigated the effect of 
the magnetic field on the energy gap of lead. In Fig. 15 
we plot current versus voltage for an Al-Al,O3;-Pb sand- 
wich at various magnetic fields. If we deal with the 
intermediate state in lead, then the observed cufrent 
should be the sum of a current varying linearly with 
voltage and a current varying exponentially with 
voltage. This is clearly not so. On the other hand, a good 
fit to these curves can be obtained by using the expres- 
sion derived for the tunnel current between one normal 
and one superconducting member with a varying gap 
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Fic. 13. Detailed current-voltage characteristics of an Al-Al,O;- 
Pb sandwich, showing a change in the energy gap of aluminum as a 
function of the applied magnetic field. 
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Fic. 14. Apparent variation of the energy gap in an aluminum film 
as a function of the applied magnetic field. 


for different field strengths. To obtain a good fit, it is 
necessary to use a rather large gap. This is probably due 
to noise in the measuring circuit or possibly a non- 
uniform energy gap in lead. It should be mentioned, 
although no detailed investigation has been made by us, 
that for thinner films much higher fields are needed to 
observe the change in the energy gap. 


(e) Density of States 


The good agreement between the experimental and 
calculated currents, using the density of states from the 
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Fic. 15. The change in the current-voltage characteristics of an 
Al-Al,O;-Pb sandwich as a function of the magnetic field, demon- 
strating that the observed change cannot be due to the lead film 
being in the intermediate state. 
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Fic. 16. The relative conductance for an Al-Al,O;-Pb sandwich, 
i.e., the conductance of the sandwich when the lead film is in the 
superconducting state, divided by the conductance when the lead 
film is in the normal state, plotted against energy, and compared 
with the Bardeen-Cooper-Schrieffer density of states. This density 
of states is used by W. Harrison in his calculations, with «/kT = 10. 


Bardeen-Cooper-Schrieffer theory, is a great triumph 
for this theory. In deriving Eq. (4.9), we have integrated 
over the density of states so that the current is relatively 
insensitive to small variations in the density of states. 
Under the assumption that the current is proportional 
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Fic. 17. The negative-resistance region traced out for two 
different Al-Al,O;-Pb sandwiches. We believe the wiggles in the 
lower curve are due to oscillations in the circuit. 
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to the density of states, we should get the relative 
change in the density of states directly by plotting the 
conductance when one of the metals is superconductive 
(dI/dV)ws divided by the conductance when both 
metals are normal (d//dV)ww against energy. In Fig. 16 
we show these results, obtained from an Al-Al,O;3-Pb 
sandwich at four different temperatures. Note that at 
the lowest temperature we have kept the aluminum 
normal by applying a magnetic field and this again 
smears the energy gap in lead, making it difficult to 
assign a specific value to the gap. We see that in spite of 
the kT smearing, the density of states strongly resembles 
the theoretical density of states. 


(f) Negative-Resistance Region 


In spite of the damping RC network used in parallel 
with the sample, we found it difficult to eliminate self- 
induced oscillations in the negative-resistance region. In 
Fig. 17 we show two attempts to trace out the negative 
resistance region. We believe that induced noise in the 
measuring circuit is the limiting factor in tracing out the 
negative-resistance region, as literally microvolts of 
induced noise will smear out the curves. 


(g) Effect of Metal Bridges and Trapped Flux 


In Fig. 18 we show the effect of a metal bridge short- 
circuiting the sample. The bridge is initially supercon- 
ducting so that no voltage can be applied across the 
sample. Then, at a certain current density the bridge 
becomes normal, but now its resistance is too large to 
appreciably affect the tunnel current. When the voltage 
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Fic. 18. The effect of trapped flux on the current-voltage 
characteristic of an Al-Al,O;-Pb sandwich. (1) The sample with no 
field applied; (2) the external field removed, showing the effect of 
the trapped flux. The figure also shows the effect of a metal bridge 
across the insulating film; (3) with a magnetic field applied normal 
to the surface of the films. 
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is again reduced, the bridge remains normal at a lower 
current density due to Joule heating. 

In Fig. 18 we also show the effect of trapped flux, 
when the magnetic field purposely has been applied 
normal to the films. The trapped flux has a large effect 
upon the current-voltage characteristics, and this tech- 
nique may possibly be helpful in studying the inter- 
mediate state. 


(h) Other System 


All the experiments we report on have been done by 
using Al,O; as the insulating layer ; however, the experi- 
ments may be done by using other insulating layers as 
well. For example, we have observed tunneling through 
tantalum and niobium oxides. In these experiments we 
used bulk specimens of tantalum and niobium ; however, 
we did not observe any evidence for an energy gap in 
any of these materials. We believe the reason for this is 
that due to impurities, the surfaces of these materials 
did not become superconducting. Another supercon- 
ductor used by us is lanthanum, in which we have ob- 
served evidence for an energy gap. 


SUMMARY 


The method of studying superconductors by electron 
tunneling has been very successful, and the results are 
in good agreement with the Bardeen-Cooper-Schrieffer 
theory. We have directly verified the change of energy 
gap with temperature. Also, we have shown that for thin 
films the energy gap is a function of the magnetic field. 
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APPENDIX I 
To evaluate the expression : 
« \E 
Iys=A'n'(Er)n(Ex) f LG 
—o (F2—&)! 


XLf(L)— f(E+eV)]dE, (A.1) 
we introduce the conductance Cyy when both metals 
are normal, i.e., 
Inn 


—=Cyy=A'n'(Er)n(Ep)e, 


(A.2) 


and split the integral into two parts: 
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{ f(E)— f(E+eV)}dE 
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By introducing x+e=E in the first integral and x+e 
= —E in the second integral, we get 


x+e 


C =e x 
Piel f Ctlat+e)—flateteV) dx 
e A, [(x+2e)x]}! 


Cwn f° xt+e 
Racy ae 
e [ (w+2e)x ]! 


X(fL— (a+) ]—f[eV —(x+6) ]} dx, 


and because the Fermi function is an even function, 


Me x+e 
Ivs= ar f $- = 
e % [(x+2c)x}} 


XL f(xt+e—eV)— f(atet+eV) |dx. 


(A.4) 


(A.5) 


By expanding the Fermi function in a series valid for 
e>eV, we obtain 


C ‘ NN 


Ins=2— > (—1)™e m(e 


é m 
fe x+e 
x f gm 21k TM dy 
[ (x+2e)x ]! 


0 


*T) sinh(meV/kT) 
(A.6) 


The last integral is of a known Laplace-integral form 
[A. Erdélyi, Table of Integral Transforms (McGraw-Hill 
Book Company, Inc., 1954) ], and we obtain 


€ 
Iys=2Cwn- > (—1)™*'K,(me/kT) sinh(meV/RT), 
em 
(A.7) 


where K;, is the first-order modified Bessel function of 
the second kind. 


APPENDIX II 


Note added in proof. It is of interest to compare the 
values of the energy gaps obtained by using electron tun- 
neling to previous direct measurements of the energy gap 


(Table II). 


TABLE II. 


Energy gap in units of kT, 
Richards Ginsburg 


and and 
Tinkham®* Tinkham> 


4140.2 





Tunneling 
measurements 


Indium ° 3.63-40.1 
Tin 3.46+0.1 3.6+0.2 
Lead 4.33+0.1 4.1+0.2 


Super- 
conductor 


4040.5 





« P, L. Richard and M. Tinkham, Phys. Rev. 119, 581 (1960). 
b D. M. Ginsburg and M. Tinkham, Phys. Rev. 118, 990 (1960). 
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The kinetics of decay of an excess defect concentration in metals is examined with special attention to the 
initial stages of decay. A particular case, excess vacancy migration to sinks in a slightly impure metal, is 
treated in detail; analog computer plots of isothermal and constant-tempering-rate recovery studies are 
presented and analyzed. Initial recovery is determined by the migration energy only; final recovery is 
determined by an energy generally less than the sum of the migration plus vacancy-impurity binding energy 
but more than the migration energy alone. Initial and final recovery are easily resolved into two annealing 
stages. The intermediate recovery range may actually give rise to a resistivity increase. 


INTRODUCTION 


CENTRAL problem in the field of lattice defects 

in metals is the experimental determination of the 
various activation energies which determine the concen- 
tration and mobility of particular defects. Attention in 
this article is focused on the determination of the migra- 
tion energy, E,,, of a point defect in a pure metal and 
the binding energy, B, of this defect to an impurity 
atom in the otherwise pure metal. This general problem 
has been considered recently by Damask and Dienes! 
(hereafter referred to as DD). To facilitate the dis- 
cussion, the same specific problem considered by DD 
will be investigated, using the same notation. The con- 
clusions arrived at agree with DD for long annealing 
times but differ in an important manner at short times. 
Following the discussion of this specific problem, con- 
sideration is given to the more general problem of 
point-defect migration. 


VACANCY ANNEALING IN SLIGHTLY 
IMPURE METALS 


A. Short Time Behavior 


Consider a metal which has been quenched from 
elevated temperatures. As a result of this quench, an 
initial concentration of vacancies, vg, given by 


exp(—E,/kT,), (1) 


v@ 
is produced in the lattice. E,, the formation energy is 
taken, with DD, as 1.0 ev. Only the case of the quench 
temperature, T,, equal to 600°C is considered here. 
With these assumed values of E; and T,, we have 
vg= 1.74X10~* (atomic fraction). The conclusions con- 
cerning annealing at short times or low temperatures are, 
however, independent of the initial conditions if multiple 
vacancies and other similar complicating factors are 
neglected. 

We now consider the annealing of vacancies to sinks 
in the presence of impurities to which they can be 
bound. In the model in which this annealing is con- 
sidered to proceed as a chemical rate process, the 


* This research was supported by the U. S. Atomic Energy 
Commission. 
1A. C. Damask and G. J. Dienes, Phys. Rev. 120, 99 (1960). 


and 
— sinks, 


where vz, 7, and ¢ are concentrations (atomic fractions) 
of free vacancies, unassociated impurities, and vacancy- 
impurity complexes, respectively, and the rate constants 
are given by the expressions 


K,= 42» exp(—E,,/kT), 
K.=7v expl — (En+B)/kT], 


K3;=avr exp(— E,, kT), (6) 


as stated by DD. In these latter expressions, v, the 
vibration frequency is taken as 10" sec~; \? is taken as 
10> cm?; and a, the vacancy sink concentration, is 
taken as 10" cm~*. [The numerical factor in Eq. (4) 
should be 84 instead of 42. Since the actual value is of 
no essential consequence in the development given be- 
low, the factor of 42 was retained. ] We let the total 
impurity concentration be J>=J/+c. The differential 
equations for these reactions are 


dc/di= KI ov— K,cv— Ke 
dv dl = —Kyily a Ku v-+ Koc—K 0, 


Consider first the behavior of the vacancy concentra- 
tion at short times. Since at short times c~0, we may 
initially neglect terms containing c. Equation (8) can 
then be written as 


d(\nv)/di= — Ky )— Ks, (9) 


with solution 


v= v9 exp[ — (Kil +K;)t]. (10) 


Thus, we have immediately our first important result: 
The initial slope of a plot of Inv vs / curve is determined 
by the rate constants K, and K3;, both of which have in 
common an exp(—E,,/kT) term. That this should be 
the case is physically obvious: The initial free vacancy 
decay is determined only by the jump rate of vacancies 
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POINT-DEFECT MIGRATION 
and, therefore, only by the migration energy, not the 
binding energy. 

However, the extent to which the decay is governed 
solely by the migration energy, within the precision of 
measurement, depends on the value of B with respect 
to E,,. The situation is clarified in the figures presented 
subsequently. (We are assuming, of course, that the 
impurity concentrations are always sufficiently dilute 
so that the migration energy is unaltered in magnitude 
from its value in a pure metal.) 

The important question is, then, whether the migra- 
tion energy can be feasibly measured by experiment. It 
is obviously necessary that the capture of a free vacancy 
by an impurity atom forming a cluster results in a physi- 
cal property change which is measurable. Since electrical 
resistivity, p, is the predominant property used in such 
measurement, we shall only consider it. We have 


p=p,vt+pctpi, (11) 


where py, pc, and p; are resistivities per unit concentra- 
tion of vacancies, clusters, and impurities, respectively. 
DD assumed, for convenience, that p.=p7;+py». 

There are a number of techniques which may be used 
to determine the migration energy. The most straight- 
forward, in principle, is to monitor p during isothermal 
recovery and fit p to the appropriate solutions of Eqs. 
(7) and (8). As our discussion suggests and DD have 
shown, there is little point in fitting such a solution, 
even if available, at anything but short times since the 
recovery is determined in a complex manner by both 
E,, and B. Furthermore, a knowledge of p, and p, is 
required and is rarely available. 

The obvious approach is to analyze the resistivity 
behavior at short times only. This is best done by re- 
covering at low temperatures where the time scale is 
expanded. However, the effect of recovering at lower 
temperature is not merely to expand the time scale. This 
will be discussed later. 

Before proceeding further, it is pertinent to consider 
the manner in which the resistivity recovers in the early 
time region. From Eq. (11), whenever vacancy sinks 
are not involved, 


dp= (p.+p1—p-)d?, 


and, thus, at short times, a plot of Inp vs ¢ is linear. In 
the model leading to Eq. (10), the slope of this line 
gives the rate constant, K,/ +>. If the pre-exponential 
factors are accurately known, which is rarely true, a 
single measurement of slope yields Z,,. A more practical 
approach is to measure the slopes following recoveries 
at two different temperatures, 7, and T». The ratio of 
these slopes is 


Ss om 
r=exp| (En 1( _ -)| 
T, Ts 


allowing a direct computation of E,,. 
Other methods of determining E,, may be applied. 
We would especially recommend the method devised by 
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Fic. 1. Isothermal decay of vacancy concentration, v, and 
buildup of cluster concentration, c (in atomic fractions). The 
temperature (°K) of each isothermal curve is indicated. 


Brinkman? which utilizes data obtained from compari- 
son of isochronal and isothermal annealing treatments. 
We shall not go into details of the method here except 
to point out that consideration of isochronal recovery 
data allows one to easily select a convenient temperature 
for isothermal recovery. Furthermore, this method 
allows a determination of activation energies quite 
generally without any specific knowledge of the anneal- 
ing characteristics as well as providing a critical test of 
the extent to which a unique activation energy applies. 
Finally, an isochronal recovery curve is probably the 
most informative qualitative display of recovery charac- 
teristics. This is demonstrated in the next section. 


B. Analog Computer Results 


To pursue the detailed recovery behavior further, we 
have graphically solved the problem described by Eqs. 
(4) through (8) under a range of the parameters J, Ks, 
and B on the Electronic Associates, Inc. analog com- 
puter, model 231R. The migration energy has been 
maintained equal to 0.8 ev. Figure 1 displays the be- 
haviors of v and ¢ for the parameters shown. The 
numbers near each curve are the value of temperature 
(°K) at which the annealing proceeds. Three observa- 
tions are noteworthy. 
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Fic. 2. Logarithm of vacancy concentration vs ¢ at 
indicated temperatures (°K) at short times. 


2J. A. Brinkman, Phys. Rev. 100, 1807(A) (1955); C. J. 
Meechan and J. A. Brinkman, Phys. Rev. 103, 1193 (1956). 
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Fic. 3. Logarithm of vacancy concentration vs ¢ at indicated 
temperatures (°K) at times longer than in Fig. 2. 


(1) c+v is almost identically equal to vg. This is due 
to the fact that vacancy sinks play no essential role at 
the short times shown here. Only at long time as DD 
show do both v and ¢ decay due to the presence of sinks. 

(2) The curves of the decay of » (and c) at different 
temperatures cross. Physically, this is a reflection of the 
greater relative mobility of free vacancies at lower tem- 
peratures with respect to the rate of cluster break up 
and is discussed further below. 

(3) The behavior of » (and c) at very short times, 
referred to as a transient by DD, actually accounts for 
over half of the free vacancy concentration. This 
“transient” is the important section of decay for the 
determination of E,,, as shown in the above section. 

The temperatures shown in Fig. 1 are too high for 
use in the determination of E,,. This is demonstrated in 
Figs. 2 and 3 where Inv is plotted vs time. It appears 
that temperatures well below 313°K are desirable for 
application of the analysis using Eq. (13). The behavior 
of Inv at the same temperatures was found to be funda- 
mentally the same for J»>=10-*, 10~*, and 10~* (the 
initial slopes are, of course, proportional to J). Applica- 
tion of Eq. (13) to these curves gives E,,=0.8 ev. A very 
simple direct demonstration of this was achieved by 
plotting the data as shown, then plotting on the same 
graph with K,=0. The curves superpose very closely 
at early times, deviating only where nonlinearity begins 
to become noticeable. Obviously, a process described by 
K2=0 proceeds with E,,=0.8 ev. 
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Fic. 4. Constant-tempering-rate (1°K/minute) recovery 
plots for J>=10~* and indicated binding energies. 


Figures 1 through 3 are isothermal plots of recovery. 
In Figs. 4 through 7, tempering plots of recovery were 
traced out on the computer. A heating rate of one degree 
per minute, typical of most annealing experiments, was 
assumed for these figures. The starting temperature was 
275°K; the initial concentration was approximately the 
same as in the isothermal studies. In Figs. 4, 5, and 6, 
Ks; was maintained at its value given by Eq. (6) with 
the values previously used. In Fig. 7, Ks was varied 
in magnitude and B=0.20 ev was assumed. 

Recovery in a metal with J>=10~ is displayed in 
Fig. 4. The vacancy concentration decreases rapidly at 
first, then increases to a maximum, and finally decays 
toward zero (only the excess vacancy concentration is 
considered). The cluster concentration increases to a 
maximum, then decreases toward zero. The magnitude 
and temperature positions of the maxima and minima 
depend on B, as shown. The behavior of » and c is easily 
understood. Initially, » decays and ¢ builds up due to 
clustering with almost no effect due to sinks. In the 
middle temperature range, v increases and ¢ decreases 
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Fic. 5. Constant-tempering-rate (1°K/minute) plots for 
| I 
o= 10-8 and indicated binding energies. 


due to the increase in the relative number of free 
vacancies which are in equilibrium with clusters in the 
absence of sinks encountered previously. Finally, the 
effect of the sink concentration takes over and v and ¢ 
go to zero. As DD have shown, this final decrease in »v 
and c¢ at sufficiently high temperatures (above those in 
Fig. 4) follows in a quasi-equilibrium manner; that is, 


c™KIv/ (1+ Kv) (14) 


where K=Kj/Ko. 

In Fig. 4, B has been set alternately equal to 0.15, 
0.20, and 0.25 ev. The behavior for B outside this range 
was difficult for the computer to handle on this same 
plot ; features of this behavior can be easily inferred from 
the plot however. In Fig. 5, J)>=10~*. This relatively 
large concentration of impurities quickly depletes the 
free vacancy concentration and only reluctantly yields 
vacancies to traps at high temperatures even with 
B=0.15 ev. In Fig. 6, J>=10~*. This is a typical range 





POINT-DEFECT MIGRATION 
of impurities for so called “pure” metal. The effect of 
trapping is reduced from that shown in Fig. 4 but still 
clearly discernible, particularly for larger values of B. 

In Fig. 7, the effect of varying sink density is shown. 
Only the case of J>=10~* and B=0.20 ev is considered. 
The curves labelled a= 10" cm~ are plotted with the 
sink density used previously. The sink density is in- 
creased by factors of 10 and 100 for other curves, as 
indicated. As expected, an increased sink concentration 
results in earlier removal of vacancies. 

Also included in Fig. 7 is the case of a=0. This is the 
case in which there are no sinks in the metal. Note that 
v increases at higher temperatures, the best demonstra- 
tion that the equilibrium concentration of free vacancies 
with respect to clusters increases at higher temperatures. 
It is simple to show that when K;=0, " 


Ke 
(ia 
Kilot+Ke 
in equilibrium. 


Since Ke increases more rapidly than KJ at increas- 
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Fic. 6. Constant-tempering-rate (1°K/minute) plots for 
I)=10~ and indicated binding energies. 


ing temperatures, we see that the value at which the 
free vacancy concentration reaches a quasi-equilibrium 
in Fig. 1 decreases with decreasing temperature. The 
rise in free vacancy concentrations in Figs. 4, 5, and 6 
also closely follow Eq. (15). Finally, v formally ap- 
proaches asymptotically to its initial value, vg, at high 
temperatures. 

There is one important conclusion to be drawn from 
these tempering curves: The decay of vacancy concen- 
tration in an impure lattice occurs, for a realistic range 
of physical parameters, in two reasonably distinct and 
resolvable stages. The first stage is dominated by an 
inherent property of the vacancies, namely, by EZ», 
regardless of the magnitudes of J) and B. E,, may be 
unambiguously determined, in principle. The second 
stage is a complex process adequately discussed by DD. 
The main conclusion of DD regarding this second stage 
annealing is that the measurable activation energy may 
range between E,, and £,,+B depending on the mag- 
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Fic. 7. Constant-tempering-rate (1°K/minute) plots with 
indicated sink concentration, a. 


nitude of 7) and B. Only prudent or fortuitous selection 
of material will permit a true determination of B. 

The nature of the sinks has not been stated. An 
obvious choice of sinks in metals is dislocations. A value 
of a= 10" cm~ probably is most typical of an annealed 
metal with a dislocation density of 10’ to 10° cm~, if 
one assumes a “trapping region” around each disloca- 
tion of 10 to 30 atoms radius. A more sophisticated 
approach’ to the problem of defect annihilation at dis- 
locations starting from the diffusion equation shows 
that, except at short times, the defect decay proceeds 
in a manner equivalent to a first-order process. It is 
likely, in fact, that the actual mechanism of annihilation 
at dislocations is further complicated by the strain- 
energy interaction between dislocations and point de- 
fects,'the role of jogs as sinks, and the influence of 
stacking-fault width. These complications are beyond 
the scope of the present work. However, these effects 
probably will be relatively unimportant in determining 
the qualitative features of the recovery behavior since 
the emission of defects from traps and the free migration 
after emission and before encountering sinks are also 
rate-determining features of recovery. 
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Fic. 8. Constant-tempering-rate (1°K/minute) plots of resis- 
tivity recovery for indicated values of 8, the parameter which 
effectively measures the relative electrical resistivity contribution 
due to free and bound vacancies. 


5 P. Penning, Phillips Research Rept. 14, 337 (1957). 
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Finally, we return to the behavior of the resistivity 
during annealing. This is shown in Fig. 8 for the case 
of J5=10~* and B=0.25 ev. Since the relative magni- 
tudes of p; and p, are not usually available, several 
values of 8=(p.—p,)/py are assumed. It is clear that 
resolution of recovery into two stages is still present. 
A small rise in resistivity in the intermediate tempera- 
ture range may or may not be measurable depending 
on the pertinent values of J», B, and 8. Presumably, the 
simplest manner to attempt to observe such a rise 
would be to use a metal where J)>~10-* or somewhat 
greater. 


SOSIN 


The results presented in the previous sections are 
basically more general than it may first appear. A 
particular model has been used only to demonstrate the 
various features of defect recovery. Obviously, inter- 
stitial atoms may migrate and be bound in a manner 
formally equivalent to vacancies. 
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Polarization of Co*’ in Fe Metal* 
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A study has been made of the effect of low temperatures on the resonant emission and absorption of 
14.4-kev Méssbauer radiation from Fe*’ in Fe metal. Analysis of intensity changes in the hyperfine spectrum 
is made in terms of the Zeeman level splittings of the ground states of Fe®’ absorbing nuclei and of the 
ground states of Co*’ parent nuclei. The theory for the temperature dependence is developed in ter 
the properties of the Co*’ decay and of the subsequent gamma transitions. Experiments were carried out 
with a source of Co*’ nuclei in Fe metal at temperatures between 4.5° and 0.85°K. The experimental results, 
analyzed in terms of the theory, yield a value of the hyperfine magnetic field at the Co*’ nuclei. Compar 
ison of the result with other pertinent experimental values indicates that depolarization of the nuclei by the 


is of 


K-capture decay of Co*’ is not evident in the present material. 


I. INTRODUCTION 


HE 14.4-kev gamma rays of Fe*’ nuclei are known 
to have, in suitable crystals, a high proportion f 

of recoil-free, or ‘‘Méssbauer” radiation.’~* Interest in 
the Fe’ system is enhanced by the relatively narrow 
linewidths characteristic of the excited state (lifetime 
10-7 sec) and the clearly resolvable hyperfine com- 
ponents of the Méssbauer pattern. Experiments with 
Fe crystal sources and absorbers are facilitated by the 
large value of f even at room temperature as a conse- 
quence of the high Debye characteristic temperature 
(Q—~420°K) and the low nuclear recoil temperature 
(Tr™~40°K). A source of Co*’ nuclei dissolved in a Fe 
lattice at room temperature has f~0.7'; cooling the 
source to 0°K increases / to 0.92. This limit is achieved 
to within 0.1% by 20°K, and similar “saturation” ob- 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

¢ Present address, University of Washington, Seattle, Wash- 
ington. 

1 R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 3, 554 
(1959). 

2J. P. Schiffer and W. Marshall, Phys. Rev. Letters 3, 556 
(1959). 

3G. de Pasquali, H. Frauenfelder, S. Margulies, and R. N. 
Peacock, Phys. Rev. Letters 4, 71 (1960). 

*S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S. 
Preston, and and D. H. Vincent, Phys. Rev. Letters 4, 177 (1960). 


tains for the fraction 
absorber of Fe®’ in 


i of recoil-free absorption by an 

Fe metal. Further cooling will 
result in a negligible increase of f and /’; cryogenic 
studies of the system might appear unprofitable. 

At sufficiently low temperatures, however, a re- 
distribution of the populations of the Zeeman sublevels 
takes place, and the nuclei become polarized.’ This 
polarization can be quantitively studied through the 
effect upon the hyperfine Méssbauer spectrum, While 
nuclear polarization in ferromagnets has been observed 
before,® the present technique offers certain advantages. 
In this type of experiment the magnitude and sign of 
the magnetic field at the Co nucleus may be determined. 
The effects of the nuclear polarization are the concern 
of this paper. 


Il. Fe’? IN Fe METAL 


The ground state of Co®’, with a half-life of 270 days, 
decays by K-electron capture and neutrino emission to 
the second excited state of Fe’. The decay is probably 
an allowed transition, since its value of log/f=6 lies 


5 J. G. Dash, R. D. Taylor, P. P. Craig, D. E. Nagle, D. R. F. 
Cochran, and W. E. Keller, Phys. Rev. Letters 5, 152 (1960). 

5M. J. Steenland and H. A. Tolhoek, Progress in Low-Tem- 
perature Physics, edited by C. J. Gorter (Interscience Publishers, 
Inc., New York, 1957), Vol. II, Chap. X, p. 292. 
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within the limits of logft for known allowed transi- 
tions,’ and this agrees with accepted spin assignments 
and considerations based on the shell model. The 
nuclear spin J; of Co*’ is 7/2, and its magnetic moment 
us is 4.65 nm.* The second excited state of Fe’ has 
spin J, of 5/2 and a mean lifetime of about 9X 10~ sec.® 
This state decays, by emission of a 123-kev gamma ray, 
to the first excited state of Fe”. A minor fraction (9%) 
of the decays involve a transition from the second ex- 
cited state directly to the ground state, with the 
emission of a 137-kev gamma ray.” The multipolarity 
of the 123-kev radiation is 96% M1, 4% E22" The 
first excited state has spin 7;=3/2, and moment 4; of 
0.153 nm.‘ This state has a half-life of 1.1X10~-7 sec, 
and decays by pure M1 emission of a 14.4-kev gamma 
ray, to the ground state of Fe’. The spin of the ground 
state, I, is 1/2, and it has a moment yo of 0.0903 nm.” 
Experiments on the Méssbauer effect have been used 
to obtain a detailed description of the first excited and 
ground states of Fe*” in Fe metal.‘ Results of this study, 
together with the properties of the higher states, are 
shown in Fig. 1. We also show the normal order of sub- 
levels of Co®”, deduced from preliminary results® of the 
study reported here. 

The hyperfine magnetic field H acting on equivalent 
nuclei in a ferromagnetic crystal has a single direction 
in space over the region of a ferromagnetic domain. 
Coupling between the nuclear magnetic moments and 
the hyperfine field removes the degeneracy of nuclear 
spin orientation and produces a set of equally spaced 
spin sublevels of energies AF yts=mgun»H, —I<m<], 
where m is the magnetic quantum number, g is the 
nuclear gyromagnetic ratio, and yw, is the nuclear 
magneton. In cubic Fe metal, all nuclei occupy equiva- 
lent lattice positions; hence, there is a single preferred 
direction in space and a single set of energy sublevels 
for the Fe nuclei in each ferromagnetic domain. An 
unmagnetized sample has its domains oriented in 
several directions, such that there is no net spatial 
polarization of the entire sample, but all of the nuclei 
(excepting those in the neighborhood of imperfections 
and impurities, and possibly those near domain walls) 
have the same hyperfine level splittings. The splittings 
of the first excited and ground states of Fe*’ are greater 
than the linewidth of the 14.4-kev resonance radiation. 
Gamma-ray transitions between the 14.4-kev sublevels 
of magnetic quantum number m; to the ground-state 


7B. L. Robinson and R. W. Fink, Revs. Modern Phys. 32, 117 
(1960). 

8 J. M. Baker, B. Bleaney, P. M. Llewellyn, and P. F. D. Shaw, 
Proc. Phys. Soc. (London) A69, 353 (1956). 

°G. F. Pieper and N. P. Heydenburg, Phys. Rev. 107, 1300 
(1957). 

1D. E. Alburger and M. A. Grace, Proc. Phys. Soc. (London) 
A67, 280 (1954). 

G. R. Bishop, M. A. Grace, C. E. Johnson, A. C. Knipper, 
H. R. Lemmer, J. Perez y Torba, and R. G. Scurlock, Phil. Mag. 
46, 951 (1955). 

2G. W. Ludwig and H. H. Woodbury, Phys. Rev. 117, 1286 
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Fic. 1. Energy level diagram of Co’ and daughter nuclei. 


sublevels m, (m,=my;,mj+1), therefore result in a 
gamma-ray spectrum of six hyperfine components, The 
relative intensity of the transition (m;— m,) is pro- 
portional to the probability w,, specified by the rules 
governing magnetic dipole radiation. Figure 2 is a 
schematic diagram of the radiation, similar to a diagram 
given by Hanna ef al.‘ The radiation widths are sup- 
pressed, and relative intensities are appropriate to the 
case of unpolarized radiation from a source having no 
net magnetization." Positions of the line centers are 
given in terms of Doppler velocity shifts (positive ve- 
locity taken as increasing separation between source 
and detector) equivalent to shifts from the energy 
difference between degenerate excited and ground 
states. The m values of the upper and lower state sub- 
levels are shown at the top and bottom of each line. 
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Fic. 2. Schematic diagram of the recoil-free 14.4-kev radiation 
from Fe’ in Fe metal. Individual linewidths are not shown. 
Relative transition probabilities are appropriate to the case of 
domains oriented at random. Energy displacements are in terms of 
Doppler velocity, positive velocity being taken as increasing sepa- 
ration between source and observer. Magnetic sublevel quantum 
numbers for the first excited and ground states are shown at top 
and bottom, respectively, of each line. 
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An absorber of Fe®’ in Fe metal has a similar hyperfine 
pattern of resonant cross sections. If Fig. 2 is translated 
over an identical pattern, the overlaps at velocity dif- 
ferences v=v(source)—v(absorber) represent the ab- 
sorption dips obtained when a source is moved relative 
to an absorber, resulting in a Méssbauer-type intensity 
pattern. As a result of chemical or temperature differ- 
ences between source and absorber, the emission and 
absorption spectra are shifted relative to each other 
by a small Doppler velocity 6v."." This shift is not 
essential to the present study, and the relative velocities 
v will be understood to represent the displacements 
from 60. 


Ill. THEORY 
Polarization and Depolarization 


The intensity of the emission line (m;— m,) is pro- 
portional to the transition probability wj, and to the 
population p; of the sublevel at which the transition 
originates. We define W;, as the normalized relative 
intensity 


(1) 


W ic= pjwjr/d, pwn. 


In thermal equilibrium the populations p; are propor- 
tional to the Boltzmann factors of the nuclear sublevels. 
The nuclear spins of the first excited state of Fe*’, 
however, are not in thermal equilibrium. Gossard and 
Portis'® have measured a spin relaxation time of 10~ 
sec for Co nuclei in Co metal, and one may expect the 
relaxation time to increase as T— at lower tempera- 
tures." The relaxation mechanisms for Co and Fe 
nuclei in Fe metal should be quite similar to those in 
the Co metal, and we may therefore treat the spin 
populations of the 14.4-kev state of Fe®” as unchanged 
during the 10~’ sec state lifetime. Since the lifetime of 
the second excited state is even shorter than 10-7 sec, 
the p; of a source of 14.4-kev radiation are functions of 
the populations of sublevels in the 270-day Co parent. 
The equilibrium population p; of the Co*” sublevel, in 
the case of pure magnetic hfs, is given by the Boltz- 
mann factor: 

pi=C exp(méT—), where §=gu,Hk"; (2) 
m;, is the magnetic quantum member of the sublevel, 
T is the temperature, gu, is the moment of the Co*’ 
nucleus, H is the hyperfine magnetic field at the 
nucleus, & is Boltzmann’s constant, and C is a constant. 
A Co*? nucleus in the m; sublevel decays to the m; sub- 
level of the 14.4-kev state of Fe’ with a probability 
Qi. The matrix Q is the product of Clebsch-Gordan 


>R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 4, 274 
(1960). 

4 B. D. Josephson, Phys. Rev. Letters 4, 341 (1960). 

16 A. C. Gossard and A. M. Portis, Phys. Rev. Letters 3, 164 
(1959). 

16G. E. Pake, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1956), Vol. 2. 
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matrices for the two transitions preceding the arrival at 
the 14.4-kev state, and is presented in the Appendix. 
We can therefore obtain the ~; of the 14.4-kev state by 
summing contributions from the parent sublevels: 


pj=const >; py. (3) 


Substituting Eqs. (2) and (3) in Eq. (1), we obtain the 
relative intensity of an emission line (m;— m,) of a 
source, 


W i= W jk =: emit TO); (> Wyk >. emis 015). 
r , 


7k l 


(4) 


spin lattice relaxation causes 
negligible depolarization of the spins during the K 
capture and subsequent gamma emissions. A second 
possible mechanism for depolarization is due to per- 
turbations by extranuclear fields resulting from K 
capture. A study of the angular distribution of the 123- 
kev radiation from partially aligned Co*’ nuclei in a 
Tutton salt" indicated considerable depolarization of 
the second excited state, presumably as a result of the 
K-capture process. Depolarization to the extent ob- 
served in the Tutton salt would cause a marked de- 
crease in the population asymmetries. We believe at the 
outset, however, that the large electron mobilities in 
the Fe metal provide a rapid extinction of the per- 
turbing fields, making depolarization much smaller 
than in the salt. 


We have assumed that 


Transmitted Intensities 


We consider a resonance emission spectrum com- 
posed of several lines of Lorentzian shape, each line 
having the width I’. The relative intensity of a line 
centered at energy Ej is Wj. When the source of 
radiation is moving away from the observer at speed 2, 
the intensity distribution of the (m;—m,) line is 
given by 

IT /2x 
I jx(v) = 


(E—E;y. +E 


where J is the total intensity, 
(6) 


The hyperfine emission spectrum of a source can be 
analyzed by filtering the radiation through an absorber 
containing ground-state nuclei: in the present case, 
Fe®’?, Absorbing nuclei are excited from ground-state 
sublevels to sublevels of the first excited state, and the 
transitions (m,:— my;) have relative “intensities” W,-;, 
where the primed symbols represent the absorber. The 
hyperfine resonant absorption cross section is composed 


of lines of cross section W,-;-c,-;, where 


ol” 
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and @ is the total resonant absorption cross section. 
If such an absorber is placed between a source of radia- 
tion as is represented by Eq. (5), the intensity trans- 
mitted at relative Doppler speed 2 is 


I,(v)=>- Wi f I 5x (0) 
ak 0 


Xexpl—naf’ SS Wejowy WE, (8) 
kj’ 


where m is the total number of atoms/cm? in the ab- 
sorber, a is the abundance of the isotope which absorbs 
resonantly, and /’ is the fraction of recoil-free resonant 
absorptions.!” 

The overlap integral of Eq. (8) is implicitly limited 
to the case of unpolarized spectra obtained with un- 
magnetized sources and absorbers. In the event of a 
net magnetization it is necessary to take account of the 
relative orientations of the magnetic fields acting on 
the source and absorber nuclei. We will, however, limit 
this treatment to the case of unpolarized radiation, 
such as is represented in Fig. 2. The integral in Eq. (8) 
can be solved in closed form for two special cases: 
either perfect overlap of emission and absorption lines, 
or for no overlap. The latter case is equivalent to no 
resonant absorption, the transmitted intensity then 
being given by Eq. (6). In the case of perfect overlap, 
when an emission line energy Ej, is Doppler shifted so 
that Ejy,.(1—v/c)=Exy, the transmitted jk line in- 
tensity 7;(jk) can be written 


I * dy —Wr yx 
1j8)=—-Wy f — exp| — | (9) 
T 2i+y i+y 


where y= 2(E—E,-;)/T, and x=naf’c. The solution of 
Eq. (9) is 


1,( jk) =1W jeJ (iW v-x/2) exp(—We-x/2), (10) 


where J, is the Bessel function of zeroth order. We shall 
assume that the 14.4-kev spectrum given in Fig. 2 
represents both the emission spectrum of the source 
and the absorption pattern of the absorber. The over- 
lap, or Méssbauer, pattern of such a source-absorber 
combination has several discrete Doppler speeds V at 
which the transmitted intensity due to all emission 
lines can be expressed in terms of the two special cases 
given above. Although the Lorentzian form of the lines 
vanishes only at infinity, a separation of 5I between 
source and absorption line energies is sufficient to 
reduce the resonant absorption to less than 1% of that 
at perfect overlap. We shall adopt this separation as 
a practical criterion for the absence of overlap. There 
are then four speeds V at which we can evaluate the 
transmitted intensity with good accuracy: These speeds 
are 2.23, 6.18, 8.41, and 10.46 mm/sec. The overlap and 

17 P. P. Craig, J. G. Dash, A. D. McGuire, D. Nagle, and R. D. 
Reiswig, Phys. Rev. Letters 3, 221 (1959). 
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no-overlap contributions can be distinguished by a func- 
tion Ay having the properties: 
Ay=1, Ej. (A— V/c)= Ex, 
Ay=0, |Exe(A—V c)— Ex | >SP. 


when (11) 
when 
The intensity transmitted at one of these discrete 
speeds can then be obtained by summing the con- 
tributions of overlapping and nonoverlapping lines: 


1(V)=I O Wa 


jkk’ j’ 
X{1—Avy[1—Jo (iW 'X, 2) exp(— W,j-"/2)]}. 
(12) 


The hyperfine radiation is, in practice, associated with 
a broad background of nonresonant gamma rays, and 
the absorber has a certain amount of nonresonant ab- 
sorption. The nonresonant background to the Méss- 
bauer pattern can be formally eliminated by comparing 
transmitted intensities at speed V with the intensity 
transmitted at high speed. The results of our experi- 
ment are expressed as a ratio, 


R(V)=U2.—-1(V) Ve Fe(—V) J, (13) 


where J,, is the intensity transmitted at speeds high 
enough so that no lines overlap, and J,(V) and J,(—V) 
are the intensities transmitted at +V and —V, re- 
spectively. The explicit dependence of R(V) on the 
relative intensities of source and absorber lines is 
obtained by substituting Eq. (12) in Eq. (13): 


R(V)= Zi AvyW Kei (x)/ > A yWyK x; (x), (14) 


jkk’ j’ gkk’ j’ 


where 
Ky 3 (x)=1-—J (iW j-x/2) exp(— We jrx/2). 


We wish to obtain the explicit dependence of R(V) on 
the temperature of the source or of the absorber. Each 
case will be treated separately in the following sections. 


Cold Source 


We assume the absorber to be sufficiently warm so 
that we can neglect differences between sublevel popu- 
lations in the absorber: Wyj-=wyj/Doejwey. The 
temperature dependence of R(V) then arises from the 
differences in Boltzmann factors of the Co” sublevels 
and their influence on relative line intensities, Eq. (4). 
Before making the indicated substitution for Wj, in 
Eq. (14), we note a symmetry property of the hyperfine 
spectrum, Fig. 2: If emission line (j,4) overlaps absorp- 
tion line (k’,7’) at relative velocity V, then (—j, —) 
overlaps (—k’, — 7’) at velocity —V. Furthermore, the 
transition probabilities of symmetric lines are equal: 

Wje=W_j-r, and wy j= Wp}. 


Making use of these relations, substituting Eq. (4) in 





DASH, TAYLOR, NAGLE, 





10.64 mm/sec 





8.41 mm/sec 





6.18 mm/sec 


2.23 mm/ sec 





TEMPERATURE COEFFICIENT @ wa 6.x) 








it 1 ! ! | 
10 20 30 40 50 


ABSORBER THICKNESS IN UNITS OF x 





Fic. 3. Calculated temperature coefficients of several relative 
absorption-emission velocities as a function of the thickness pa- 
rameter x. 


Eq. (14) yields 
> AvK yj: (x) wy 2 emt/TQO,; 
r 


, jkk’j’ 
R(V)=—— : 
> AvK x 5+( v)W ijk x emegiTO, 5 
jkk'j’ l 
> AvKyj:(x)wy > e/7Q,; 
jkk'j’ l 
> AvK yj: (x) wy } 2 é mig TO; 
jkk'j’ l 


(15) 


since Q;;=Q_,-;. Equation (15) takes a simple form at 
relatively high temperatures, when §/7<1. Expanding 
the Boltzmann factors to first order in §£/7, we obtain 
the high-temperature approximation, 
R(V)=1+a(V,«)éT, (16) 
where 
. 


— 


2 bs AvK x5: (x%) wy 
: jkk'j’ l 
a(V,«)=— 


a AvK, i (X) Wye Z. Oi; 
l 


jkk'j’ 


m1) 


The decay from the first excited state to the ground 
state of Fe®’ is pure M1. There is, however, a mixture 
of M1 and £2 gamma rays in the decay from the second 
to first excited states. If we assume that the mixture 
is incoherent, as for the unpolarized spectra from un- 
magnetized sources, the temperature coefficient will 
have a similar mixture: 


R(V)=1+[0.96am1(V,/)+0.04a2(V,t)]éT—, (18) 


where ay and agp are the coefficients corresponding to 
Eq. (17) with the proper matrix elements Q); for M1 
and £2 radiation, respectively. 
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The temperature coefficient ai(V,x) for each speed 
V is shown as a function of the thickness parameter in 
Fig. 3. Coefficients ag2(V,x) are approximately one- 
half to one-third of the corresponding factor for the 
M1 radiation: The coefficient representing all of the 
transitions can therefore be estimated as 98% of the 
awi(V,x). 


Cold Absorber 


The temperature dependence of R(V) for a warm 
source and a cold absorber is related to the splitting 
of the ground-state levels of Fe®’ in the absorber, and 
is independent of the hfs of the ground state of Co*’, 
Therefore, this case does not depend on the matrix 
elements Q;;, and the analysis is accordingly simpler. 
Also, no depolarization or coherence effects are present 
as considered above. Since we have not investigated 
this arrangement experimentally, we will only approxi- 
mate the temperature dependence. The approximation 
considered is that of a thin absorber, «W,-;/21. Ex- 
panding K,-;-(x) to first order in x, and expressing the 
relative strength W,-; of an absorption line in terms 
of the population p,, of the ground-state sublevel, 


Kj (xe pj /2=xpywe/(2¥ prwe jr). (19) 
k’j 


The most convenient overlap speeds for exploring the 
dependence of R(V) on absorber temperature are those 
at V=6.18, 8.41, and 10.46 mm/sec. At these moder- 
ately strong absorption dips, all overlaps at +V are due 
to absorption lines arising from the +1/2 ground-state 
sublevel, and all at —V originate from the —1/2 sub- 
level. Equation (14) reduces, for these cases, to the 
particularly simple form: 


R(V)= pi/p_,=exp(foT—), (20) 
where £ is the energy splitting of the ground-state 
sublevels. 

He® MANOMETERS 
AND PUMPS 


TO Hp TRANSFER 


GAS AND VACUUM 
' 
80° 
He 
| 


KEL-F SPRINGS -+4+/ 





He® 


SOURCE 
-SUPPORT TUBE 
(COPPER) 





ABSORBER 
| Be.020" - THERMAL 


SHIELDS 








DETECTOR 








MOTION SOURCE 








-001" ALUMINIZED MYLAR~ 


Fic. 4. Schematic diagram of the experimental arrangement 





POLARIZATION OF 


IV. EXPERIMENTAL APPARATUS 


A schematic diagram of the experimental arrange- 
ment is shown in Fig. 4. The cryostat has a somewhat 
unconventional design in that no liquid extends down 
to the height of the sample. The source is thermally 
protected by three concentric copper shields, the tops 
of which are maintained at liquid Ne, liquid He*, and 
liquid He* temperatures. These features permit the 
14-kev radiation to leave the cryostat with an attenua- 
tion due only to thin windows in the shields; namely, 
0.001-in. Al at He* temperatures, 0,001-in. aluminized 
Mylar plastic at 1.4°K and 80°K, and 0,020-in. Be at 
room temperature. The source was connected directly 
to the He* reservoir via a heavy copper tube held 
rigidly in place within the He* shield by means of com- 
pressed leaf springs made of Kel-F plastic. The flange 
at the top of the Het shield was sealed to the He‘ 
reservoir by means of a Sn-In O-ring. 

The desired temperature was reached and main- 
tained by controlling the pumping rate on the He’ 
bath. Temperatures were determined from the observed 
He* bath vapor pressures and a carbon resistance 
thermometer attached to the source holder. 

The 10-millicurie source was prepared in the manner 
described by Pound and Rebka.' Co* was plated from 
a Co*’Cl. solution on a 0.007-in. thick of Armco iron 
which was then annealed in vacuum for approximately 
one hour at 900°C to cause diffusion of the Co*’ into 
the Fe lattice. The thin sheet was soft soldered to a 
copper holder for rigidity and good thermal contact. 

Absorbing foils of Fe*? metal were prepared either by 
plating the enriched isotope on 0.1-mil Ni foil or by 
rolling sheets of the enriched Fe metal. The rolled foils 
were made by a technique used by Karasek of the 
Argonne National Laboratory.'* A button of 78% Fe’, 
22% Fe*®, was rolled to approximately 1-mil thickness 
in successive stages during which the sheets were 
annealed several times. The 1-mil sheet was further 
reduced by “‘pack rolling” between ferrotype plates, to 
approximately 0,1 mil. The foil was clamped between 
thin sheets of Mylar plastic by a soft iron frame holder. 

The detector consisted of a 1-mm thick NalI(TI) 
crystal sealed to an RCA 6342 photomultiplier tube. 
Scintillation pulses corresponding to energies in the 
neighborhood of 14 kev were counted by means of a 
Franklin Model 358 amplifier and single-channel ana- 
lyzer, a modified Berkeley Model 7161-3 counter and a 
digital recorder. 

The absorber foils were mounted on a sliding carriage 
whose mean position was 20 cm in front of the scintil- 
lator crystal. A cable system drove the carriage at fixed 
linear speeds over a 6-cm horizontal path. This drive 
consisted of a 1/25-hp synchronous motor, worm gear 
speed reducers, and a 40-speed lathe gear box. Micro- 
switches at each end of the carriage path reversed the 
motor, and after an initial absorber travel of about 1 


18S. S. Hanna (private communication). 


Cot? IN Fe METAL 1121 
cm, the microswitches automatically reset and started 
the counter. The timing interval on the counter could 
be preset to four significant figures, so that counting 
could be made over almost the same absorber path at 
any given speed. This procedure averaged the measured 
intensities over nearly the same path length for positive 
and negative velocities, and was found to be necessary 
because of a 1% difference in counting rates between 
the extremes of absorber travel. The gear box and three 
interchangeable worm gear reducers allowed a choice of 
120 Doppler speeds, ranging from 0.0143 to 14.94 
mm/sec at a motor speed of 1800 rpm. Intervals be- 
tween the speed settings were adequate to explore the 
shape of the central absorption peak, but were in some 
cases too coarse to examine the details of other lines. 
We therefore used a vernier control on the speed by 
running the synchronous motor at power frequencies 
between 50 and 70 cps. The variable frequency power 
was generated by two audio oscillators and a power 
amplifier; the two oscillators were used alternately for 
positive and negative absorber velocities. This scheme 
made compensation possible for the small temperature 
and chemical shifts of the resonance patterns by setting 
the oscillators to different frequencies. The oscillator 
frequencies were measured and found to be stable to 
better than 0.1%. A 100-kc/sec crystal driven chrono- 
graph and optical gating system showed the absorber 
speeds to be uniform and stable to better than 0.03% 
over the whole length of travel when the motor was 
driven by the 60-cps power line. When two frequencies 
were used to drive the motor, the path length for the 
velocity corresponding to the lower drive frequency was 
slightly shorter because the preset timer on the counter 
was not alternated: The effect on the data is discussed 
in the next section. Unwanted relative motion of the 
source with respect to the absorber due to lateral 
vibration of the source within the cryostat was reduced 
by means of the Kel-F spacers. With this internal 
bracing, the assembly approached the rigidity of the 
outer casing of the cryostat; this in turn was fixed to 
the platform which supported the absorber carriage. 
Rigidity and good thermal isolation of the colder re- 
gions of the cryostat are somewhat incompatible; it 
was necessary to reach a compromise between the two 
extremes, 


Experimental Results 


The absorbers used were a plated foil of 2 mg/cm? Fe*” 
and a rolled foil of 1.73 mg/cm? Fe*’. Although both 
foils had comparable resonance absorptions, the rolled 
foil was better in two respects; it had a narrower line 
and a smaller resonance pattern shift when both source 
and absorber were at room temperature. This shift was 
approximately 1.2 10-* mm/sec, equivalent to a frac- 
tional resonant frequency difference between source and 
absorber of Av/y=4X10-, and could be accounted 
for by a difference between the characteristic Debye 
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counting rates of gamma rays having energies between 10 and 
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temperatures of source and absorber of 6°K.'® The 
central absorption peak of the rolled foil had a width 
at half height of 0.42 mm/sec and a depth 53% (un- 
corrected for background) below the intensity at high 
velocities. This width is approximately two times that 
expected for a thin absorber, and corresponds closely 
to the width expected for the thick foil used. The first 
strong satellite absorption lines at 2.23 mm/sec were 
well resolved, and had the theoretical ratio, 0.57, of 
depth compared to the central peak. Upon cooling the 
source to low temperatures, the central resonance peak 
broadened to 0.60 mm/sec. The shift is in close agree- 
ment with that observed previously for an absorber at 
room temperature and a source at the temperature 
of liquid air.” The increased resonance width can be 
attributed to differences between the hfs of the source 
and absorber, due to the variation of hfs with tempera- 
ture; this effect has been studied in more detail at 
higher temperatures,” *' and will not be discussed here. 
The resonance pattern obtained with the rolled foil 
and with the source at 4.5°K is shown in Fig. 5. Vibra- 
tion associated with the accelerations at the ends of the 
absorber travel became excessive at higher speeds; 
consequently, the first strong satellite lines were judged 
most suitable for examining the intensity asymmetry 
at low temperatures. 

Preliminary experiments® conducted with the present 
source required the application of a large external mag- 
netic field in the plane of the source foil. An appreciable 
remanent magnetization of the source could possibly 
lead to errors in the present work if, in addition, the 
“R. V. Pound and G. A. Rebka, Phys. Rev 
(1960). 

*S. S. Hanna, Proceedings of the Allerton Park Conference on 
the Méssbauer Effect, University of Illinois, 1960 (unpublished), 
pp. 39-40; D. H. Vincent, R. S. Preston, J. Heberle, and S. S. 
Hanna, Bull. Am. Phys. Soc. 5, 428 (1960). 

*1 1D. E. Nagle, H. Frauenfelder, R. D. Taylor, D. R. F. Cochran, 
and B. T. Matthias, Phys. Rev. Letters 5, 364 (1960). 
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absorber were magnetized. The latter condition could 
result from the method of preparation of the absorber. 
A combination of the two circumstances would change 
the relative intensities of the absorption dips at the 
several source-absorber speeds V, as a result of the net 
polarization of individual spectral components.‘ To a 
first-order approximation, a net polarization does not 
influence the relative contributions of individual lines, 
and hence, the temperature dependence of R(V). 
Nevertheless, an experimental check of the net polariza- 
tion of the spectra was made; the absorber orientation 
was rotated by 90 degrees about an axis normal to its 
plane. This rotation caused no perceptible changes in 
transmitted intensities, ensuring that the spectrum of 
Fig. 2 was appropriate to the experiment. 

Experimental values of R (2.23 mm/sec) for tempera- 
tures between 4.5° and 0.85°K are shown in Fig. 6. 
Data points were taken over a period of several hours 
for each temperature, in order to accumulate the neces- 
sary number of counts, ~ 10’, for adequate statistics. 
That the line does not pass through 1.00 at 1/T=0 is 
probably due to a geometry effect. The counting rate 
with the absorber placed at the extremes of the normal 
travel was shown to be slightly different; as also noted 
earlier the absorber path length was slightly different 
for positive and negative velocities in this particular 
experiment. A systematic 0.3% change in the counting 
rate at one of the satellites used in obtaining the ratio 
would shift the ordinate in Fig. 6 by 0.015. 

The experimental slope, dR/d7T—'=0.0313+0,0021 
obtained by a least squares analysis is directly propor- 
tional to the magnitude of the field H at the Co” 
nuclei. In order to deduce H, it is necessary to evaluate 
the coefficients in Eq. (18) for the actual foil thickness. 

The total resonance cross 
formula!’ 


27,+1 1 
o= 2rVv— ( ) 
2To+1 1+a 


section is given by the 


= 1.48 107'5 (21) 


cm’, 
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Fic. 6. Intensity ratio R for the 2.23-mm/sec resonant absorption 
dip at several temperatures between 4.5°K and 0.85°K. 
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where A is (2x)-! times the wavelength of the 14.4-kev 
radiation, 7; and Jo are the spins of the excited and 
ground states, respectively, and”® a=15 is the internal 
conversion coefficient. The calculated thickness pa- 
rameter for the 1.73-mg/cm? foil is x= 27. The effective 
thickness for the absorption lines having the intensity 
factors wy;=1/12, 1/6, and 1/4 which overlap in the 
2.23-mm/sec resonance are therefore xw,-;/2=1.13, 
2.26, and 3,39, respectively. The temperature coeffi- 
cients are calculated to be 


Qa wi( V=2.23 mm ‘Sec, t= 27)= 2.19, 
age(V=2.23 mm/sec, x=27)=1.13. 


The resulting formula for the ratio of intensities is, 
by Eq. (18), 
R(V)=14+2.15éT". (22) 
Comparison of Eq. (22) and the experimental value of 
R(V) leads to the measured value of the Co*’ level 
splitting, 
= (14.64+1.0)X 10-*°K. 


The hyperfine magnetic field H corresponding to this 
splitting is 300+ 20 kilogauss.'* 


V. DISCUSSION 


The hfs magnetic field H acting on Co nuclei at low 
concentrations in Fe metal has been measured previ- 
ously by other methods. Table I lists the values obtained 
to date. All measurements were made at low tempera- 
tures. The experimental uncertainties in all of the 
determinations are probably within a factor of 2 of the 
7% estimated for the present work. There is no evident 
disagreement among the several measurements, Since 
the earlier studies could not be subject to the depolari- 
zation mechanisms discussed earlier in this paper, it is 
apparent that depolarization does not play an important 
role in the present technique. It is clear that we have 
observed no major depolarization such as occurs for 
Co*” in a Tutton salt."' We can conclude tha. the per- 
turbing fields which are considered to be responsible 


Taste I. Hyperfine field H at Co nuclei in Fe metal. 


H 
Reference Method (kilogauss) 
Present work 300 
(23) Specific heat 320 
(24) Specific heat 315 


(25) Gamma-ray (Co) anisotropy 350 





* H. R. Lemmer, O. J. A. Segaert, and M. A. Grace, Proc. Phys. 
Soc. (London) A68, 701 (1955). 

28 V. Arp, D. Edmonds, and R. Petersen, Phys. Rev. Letters 3, 
212 (1959). 

*N. Kurti, Suppl. J. Appl. Phys. 30, 2155 (1960). 

25 A. V. Kogan, VY. D. Kul’kov, L. P. Nikitin, N. M. Reinov, 
I. A. Sokolov, and M. F. Stel’makh, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 39, 47 (1960) [translation : Soviet Phys.—JETP 12 (39), 
34 (1961) }. 
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for the Tutton salt results arise after the K-capture 
decay of the Co’, and are probably due, in the Tutton 
salt, to long-lived holes in the outer electron shells. 
These holes are filled rapidly by the conduction elec- 
trons of the metal, in times that are short compared to 
the 10~*-sec lifetime of the 136-kev state of Fe*”. 

Finally, we note that the magnitude of H for Co in 
Fe metal is much closer to the field value of 333 kilo- 
gauss for Fe in Fe metal‘ than to the value 219 kilo- 
gauss for Co in Co metal."® It is not surprising that for 
these materials the effect of environment appears to 
dominate those interactions which may be ascribed to 
the individual atoms. Co differs from Fe in that it has 
one additional 3d electron, which is probably accepted 
into the unfilled 3d band of the Fe metal, thus leaving 
the Co nucleus in an environment characteristic of the 
surrounding Fe. 
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APPENDIX 


Here we calculate the coefficients Q); which were 
introduced in Eq. (3). Qi; is the probability that, if the 
Co*’ nucleus initially has magnetic quantum number 
mi, the decay will proceed to the Fe*’ first excited state 
with magnetic quantum number m;. It depends, in 
addition to the spins of the nuclear states involved, 
upon the character of the K capture, and on the multi- 
polarity of the y ray emitted in the transition between 
the second and first excited states.2* As has been dis- 
cussed in the text, the K capture is almost certainly 
Gamow-Teller allowed, and we will calculate the co- 
efficients for both of the possible multipolarities, 
namely, M1 and £2. In case the radiation is not pure, 
but, as is realized for this y ray, is a mixture of M1 and 
E2, there will in general be interference between the 
two components. However, the interference term van- 
ishes when averaged over angle, so that if the source is 
unmagnetized it will have no effect, and the result ob- 
tained by adding the two contributions [see Eq. (18) ] 
is correct. 

If we denote the wave functions of Co’ and the 
second and first excited states of Fe®? by Yz/2™, Ws/2”", 
and 3/2", respectively, then the cobalt decay may be 

26 It also depends on depolarizing forces, if any, which act in 


the intermediate state. We calculate it on the assumption that 
there are none. 





DASH, TAYLOR, NAGLE, 


TABLE II. Qi; for L=1 (M1 y ray). 
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—1/2 


es 
COFrN OW 


represented by 


7/2"! Dom C(7 2, my) 5 


2, m’; 1, m,—m’) 
Xvs5, o”™x™ neal (Al) 

where C is the usual Clebsch-Gordan coefficient and x 

is a triplet S-wave function describing the emitted 

neutrino plus the absorbed electron. In turn, the decay 

of the second excited state is written 

W522" — > C(5/2, m’| 3/2, m;; L, m’—m;) 


Xv3 iy pi, (A2) 


where , represents the emitted y ray of multipole order 
L,. Upon substituting (A2) into (A1), 


72 > > C(7/2, m,|5/2m’; 1, m;—m’) 


mj m’ 
XC(5/2, m’| 3/2, m;; L, m’—my;) 
Axe ¥L™ “Mi 3/91, 


we find that the sum of squares of the contributions to 
the coefficient of ¥3/2” is 
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TABLE III. Q;; for L=2 (£2 y ray). 


Qy= Lom C(7/2, m;\5 


XC (5/2, m’| 3/2, m;; L, m’—m;)\*. 


2, m’; 1, m:—m’) 


The Clebsch-Gordan coefficients may be easily calcu- 
lated, or found in tables, and the sum (which never 
contains more than 3 terms) evaluated numerically. 
The results are shown in Table II for L=1 (dipole y 
ray), in Table III for L=2 (quadrupole y ray). 

Note added in proof. Recent examination of the hyper- 
fine spectra of source and absorber by an unsplit ab- 
sorber and source, respectively, has yielded relative in- 
tensities in the ratio 3:3.2:1, indicating that the samples 
were partially magnetized. Calculations based upon the 
revised spectrum increases the deduced value of the 
hyperfine field at Co’ nuclei to 375 kgauss. Further 
deviation of the actual intensity distribution from the 
distribution assumed in the text does not cause a further 
increase in the calculated field. Uncertainty in the inter- 
mediate magnetic history of the specimens prevents 
specifying the hyperfine field more precisely within the 
limits of 300 and 375 kgauss. Experiments now in 
progress should resolve the uncertainty in the near 
future. 
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Effect of Plastic Deformation on the Low-Temperature Ionic 
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Measurements were made on the ionic conductivity of KCl in the temperature range between 25° and 
250°C. Both “as received” crystals and specimens having up to 24% plastic deformation were examined 
and the activation energies for ionic motion determined. It was found that up to 4% plastic deformation pro- 
duced no change in the activation energy over the “as received” specimens, whereas deformations above 
10% produce a decrease of about 0.2 ev. After such deformation, structure normally present in the In(IT) 
vs T~' plot is absent and the decrease in activation energy can be attributed to the generation of ion vacancies 
not associated with divalent impurities. Measurements on a deformed and annealed specimen support 


this view. 





I. INTRODUCTION 


HE behavior of the ionic conductivity of alkali 

halides as a function of temperature may be 
divided into two main sections, namely, the intrinsic 
ionic conductivity region, typically present in pure 
materials above 500°C, and the structure-sensitive con- 
ductivity region below this temperature. In general, the 
conductivity in each of these regions is characterized 
by an activation energy that involves both an energy 
of motion and some energy of dissociation or formation 
of carriers, the conductivity relationship being of the 
form o=(A/T)Xexp(—£E/kT) in both temperature 
ranges. The temperature at which the conductivity be- 
comes structure sensitive has been shown to depend 
upon the presence of divalent impurity atoms, and 
changes in activation energy in the structure-sensitive 
region have been associated with the dissociation of 
positive-ion vacancies from such impurities. [t might be 
expected that pretreatment affecting the location or 
number of the ion vacancies in a jattice would alter the 
activation energy in this region. 

The effect of plastic deformation on melt-grown 
crystals has been investigated by Fischbach and No- 
wick! who concluded that for amounts of plastic defor- 
mation up to 2% in NaCl no change in activation energy 
for ionic motion was apparent although a decrease in 
the ionic conductivity of deformed specimens was ob- 
served. It is the purpose of this paper to report on 
measurements made in single crystals of melt-grown 
KCl over a range of deformation extending up to 24%. 


Il. EXPERIMENTAL METHOD 


The crystals used in these experiments were obtained 
from the Harshaw Chemical Company. Specimens were 
cleaved from the “as received” crystal, all the faces on 
the final specimen being freshly cleaved, the final size 
being 15 mmX10 mm X1 mm. Aquadag guard ring 
electrodes were painted on the specimen (after suitable 


* Research supported by the U. S. Atomic Energy Commission 
contracts at Carnegie Institute of Technology and Princeton 
University. 

1D. B. Fischbach and A. S. Nowick, J. Phys. Chem. Solids 2, 
226 (1957). 


pretreatment), this then being affixed to the crystal 
holder and transferred to the vacuum system within 
40 min of cleaving. The vacuum system was flushed 
with dry helium to remove oxygen, reported by Ingham? 
and Halperin® to cause undesirable effects on the con- 
ductivity, and the system then evacuated to pressures 
less than 5X10-' mm Hg. The Dewar was designed so 
that liquid nitrogen could be maintained in the prox- 
imity of the crystal, the temperature of which could be 
varied at will between room temperature and 250°C by 
means of a heating coil attached to the crystal holder. 
The temperature of the crystal was measured and con- 
trolled by a thermocouple embedded in the specimen, 
an alternative thermocouple in the crystal holder being 
used as a additional check on the sample temperature. 
Fields from 100 v cm™' to several thousand v cm™ could 
be applied to the specimen from a potential divider 
driven by a Fluke model 400 BDA power supply. The 
current in the crystal was measured with an EKCO 
N572 vibrating reed electrometer having a current sen- 
sitivity of 5X 10~' amp. The output of the electrometer 
was taken to an Esterline Angus 1 mA strip chart re- 
corder and continuous current recording was employed. 

Crystals that were to be plastically deformed by more 
than a few percent were cleaved under DC550 silicone 
oil. Crystals treated in this way deformed more for a 
low applied stress than crystals cleaved and then ex- 
posed to air for some minutes. Plastic deformation was 
accomplished by placing the oil-covered crystal between 
two polished tool steel anvils, these being in contact with 
the one inch square faces of the sample. A hydraulic 
press was used to apply up to 1000 lb/in.? across the 
millimeter dimension of the crystal. The pressure was 
not removed rapidly but allowed to decay away under 
the natural leak rate of the press, taking about 20 min 
to go to zero. This technique was found to minimize the 
formation of cracks in the more heavily deformed 
crystals. The specimen was then freed of the oil by 


2H. S. Ingham, Jr. and R. Smoluchowski, Phys. Rev. 117, 
1207 (1960), and H. S. Ingham, Jr., Ph.D. thesis, Carnegie Insti- 
tute of Technology, 1958 (unpublished). 

3A. Halperin, Proceedings of International Color Center 
Symposium, Oregon State College, Corvallis, Oregon, September, 
8-11, 1959 (unpublished). 
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TEMPERATURE °C Ill. RESULTS 





The experimental results are best considered in three 
main groups: (a) those crystals having no deformation 
or samples with 2.4% and 4% plastic deformation, 
(b) crystals that have been plastically deformed between 
10 and 24%, and (c) a sample that was deformed 10% 
and annealed in a dry helium atmosphere for 4 hr at 
650°C with subsequent cooling to room temperature 
over 73 hr. 

For the first group of specimens, a plot of In(IT) vs 7 
exhibits two linear regions, Fig. 1, the break in the 
curve occurring at about 130°C. The high-temperature 
region has a characteristic activation energy of 1.00.05 
ev and the low-temperature region an activation energy 
of 1.23+0.05 ev. These regions are well defined and, 
over the temperature range 25° to 200°C, a current 
change of six orders of magnitude was followed. For 
these specimens, the activation energies are only slightly 
dependent on the method of the temperature variation, 
best agreement being obtained between the isothermal 
data and data taken at a constant rate of cooling. The 
effect of applied field and heating rate on the measured 
activation energy was examined, and a change in these 


Tv 


CURRENTx TEMPERATURE (Arb. Units) 


TEMPERATURE °C 


150 100 


T T 














1 
3.0 
1000 /T 
Fic. 1. Typical activation energy plot for (a) undeformed 


specimen (X for 25 v, + for 100 v), and (b) 2.4% deformed 
specimen (0 for cooling, @ for isothermal). 


washing in suitable solvents, the surface air-dried, and 
the Aquadag guard ring electrodes applied, the crystal 
then being ‘‘cleaved” to its final size and placed in the 
vacuum system. 

The conductivities of the specimens were measured 
over the temperature range between 25° and 250°C both 
isothermally and at constant rates of heating and cool- 
ing. In general, the electric field to be used in any given 
run was established across the specimen some 30 min 
before any measurements were made and maintained 
continuously during data taking at this field value, in- 
cluding the period during which temperature equi- 
librium was being established in the isothermal measuré- 
ments. This technique made it more probable that the 
value of the current measured during the isothermal \ 
runs corresponded to o,., the decayed value of the con- 
ductivity which takes account of the possible establish- 


CURRENT x TEMPERATURE (Arb. Units) 


\S 

\ d 
ment of a polarization field in the specimen. As discussed Tox wy 
more fully below, the majority of runs on a given speci- : 

men were made at a constant rate of cooling, isothermal 1000 /T 
measurements being made as a further check of the 
observed phenomena. 











Fic. 2. Typical activation energy plot for 24% deformed 
specimen (+ for cooling, © for heating) 
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Fic. 3. Typical activation energy plot for deformed 
and annealed specimen. 


parameters by a factor of two did not measurably alter 
the activation energy. 

Those specimens that had received amounts of de- 
formation between 10 and 24% no longer exhibited two 
regions of different activation energy, Fig. 2. The iso- 
thermal and cooling data were characterized by a single 
activation energy of 1.0+0.05 ev, a value associated 
with the high-temperature region in the undeformed 
crystals. In this case, the data taken at a constant rate 
of heating exhibited no unique activation energy, al- 
though at temperatures near 200°C the curve tended to 
become parallel to the isothermal curve. It should be 
emphasized that the data presented are not the result 
of a single warmup and cooling run. All specimens were 
taken through four or five cycles and, in the case of the 
isothermal measurements, maintained at temperatures 
up to 200°C for periods of an hour. No change in the 
form of the curves was observed as a result of this 
treatment. 

The deformed and annealed crystal again exhibited 
two regions of different activation energy as determined 
from the In(IT) vs T~ plot, Fig. 3. The break in the 
curve was within 10°C of the position expected for a 
nondeformed crystal and, to within the errors of this 
experiment, the observed activation energies agreed with 
those for the first group of crystals. This agreement is 
also present in the form of the data taken at a constant 
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rate of heating which also shows two regions of well de- 
fined activation energy, although energy values ob- 
tained are higher than for the cooling’ data. 

Although no great reliance is placed upon the absolute 
values of the conductivities, it should be noted that, in 
general, at 50°C, the conductivities of specimens that 
had been plastically deformed were about an order of 
magnitude smaller than those that had received no 
deformation. 


IV. DISCUSSION 


The data obtained for crystals having up to 4% 
plastic deformation are in general agreement with the 
observations of Fischbach and Nowick! on the low- 
temperature conductivity of NaCl. In this range of 
deformation, no change in the activation energy was 
observed and, in general, the conductivity of the de- 
formed samples was about an order of magnitude lower 
than that of the undeformed specimens. 

The observed knee in the activation energy curve at 
about 130°C is probably due to the completion of the 
dissociation process between the positive-ion vacancies 
responsible for the conductivity and divalent impurities 
in the lattice. In this case, the 1.23-ev activation energy 
in the temperature region below 130°C represents an 
energy of motion plus an energy of association, while the 
1.0-ev activation energy above this temperature repre- 
sents an energy of motion only. The value of the associa- 
tion energy obtained from this change of slope is in good 
agreement with that obtained by Gruendig‘ from meas- 
urements on zone-refined alkali halides having divalent 
calcium impurities, although the high-temperature slope 
does not give an energy of motion in agreement with 
his value. The major effect of deformation above 10% 
would, therefore, seem to be the production of a large 
number of vacancies that are not associated with di- 
valent impurities. 

Seitz> has explained the transient conductivity in- 
crease observed in the Gyulai-Hartley effect in terms of 
the decay of positive- and negative-ion vacancies pro- 
duced by the intersection of moving dislocations during 
deformation. Fischbach and Nowick® favor the concept 
of the breaking up of positive-ion vacancy-impurity 
complexes to explain this effect, and associate the current 
decay with the recombination time of such a complex. 
It seems probable that at high amounts of plastic de- 
formation both mechanisms are operative. Transient 
effects of the Gyulai-Hartley type are completed before 
the experimental observations begin. and it is considered 
that the formation of positive-ion vacancy-impurity 
complexes during this period is the probable mechanism 
of these effects. On the other hand, the decay of the 
positive- and negative-ion vacancies formed during the 
deformation process will probably occur at dislocation 

4H. Gruendig, Z. Physik 158, 577 (1960). 

5 F. Seitz, Revs. Modern Phys. 26, 25 (1954). 

® D. B. Fischbach and A. S. Nowick, J. Phys. Chem. Solids 4, 
302 (1958). 
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jogs and by direct recombination in pairs. Since at the 
temperature of the experiments only the positive-ion 
vacancies have appreciable mobilities, it is to be ex- 
pected that decay sites for positive-ion vacancies on the 
dislocation will soon be saturated, the formation of new 
sites requiring the diffusion of negative-ion vacancies to 
the dislocation, a process that is slow at these tempera- 
tures. The negative-ion vacancies formed during de- 
formation will not be uniformly distributed throughout 
the crystal’ and, because of their low mobility, will retain 
spacial positions close to the sites of origin. The dis- 
tribution of positive-ion vacancies is expected to be more 
uniform. It is postulated that this spacial restriction, 
placed on the negative-ion vacancies, limits the recom- 
bination rate with positive-ion vacancies, a concept that 
is supported by the observed increase in the initial rate 
of F-center formation in deformed specimens’ of KCl. 
These positive-ion vacancies are unassociated and would 
be expected to participate in the conduction process 
with an activation energy characteristic of a free 
vacancy, the activation energy observed at tempera- 
tures above 125°C in the undeformed samples. The 
apparent reversibility of the current-temperature data 
is also accounted for by these restricted recombination 
mechanisms. 

The results of the high-temperature anneal are also 
explicable on this model. In KC! at 600°, the transport 


7P. V. Mitchell, D. A. Wiegand, and R. Smoluchowski, Phys. 


Rev. 121, 484 (1961), and P. V. Mitchell, Ph.D. thesis, Carnegie 
Institute of Technology, 1959 (unpublished). 
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number® for negative-ion vacancies is 0.12 and, hence, 
at the temperature of the anneal, the negative-ion 
vacancies are probably sufficiently mobile to enhance 
the recombination rate on dislocations or the rate of 
pair formation. After such a high-temperature anneal, 
therefore, it would be the impurity associated vacancies 
that determine the conduction behavior as a consequence 
of which two regions of activation energy are again 
expected. The cause of the curvature in the warmup 
data for deformed crystals is not clear, but it is suggested 
that this may be due to an electronic peak superposed 
on the linear ionic conductivity curve. Such an explana- 
tion is made more plausible by the observation of a 
thermally excited “current glow peak” in this tem- 
perature range in samples having short periods of 
x-ray irradiation. 

It does not seem probable that the main effect of the 
deformation was to increase the conductivity along dis- 
location bundles or grain boundaries for, although this 
would be expected to have a lower activation energy, it 
would seem fortuitous that this value of activation 
energy should agree so precisely with the value obtained 
in undeformed samples above 130°C. The effects of 
annealing on this type of mechanism would, however, 
be qualitatively similar to the experimental observations, 
and this possibility should not be completely disregarded 
until experiments to ascertain the importance of dis- 
location short circuits have been performed. 

8 C. Turbant, H. Reinhold, and G. Liebold, Z. anorg. u. allgem. 
Chem. 197, 225 (1931). 
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From the nuclear magnetic specific heat, measured at 1.6° to 4.2°K, Hoge at the Co nuclei in Coo,3Feo.7 
was calculated to be 312 koe, while Here at the V nuclei in Vo.3sFeo.¢7 is 61 koe, or less. Both of these alloys 
are body-centered cubic and ferromagnetic. The large difference in the H.¢¢ values may be associated with the 
fact that in Coo.sFeo.7 the Co™ nucleus is located in an atom with appreciably polarized 3d electrons, while 
in Vo.33Feo,¢7 the V™ nucleus is the only abundant nuclide with a nuclear magnetic moment and the atomic 
moment of V is very small or zero. Since in ferromagnetic alloys the polarization of the core s electrons is 
expected to be much stronger in those atoms which do have polarized d electrons than in adjacent atoms 
which do not, the above results suggest that, in the alloys investigated, the dominant contribution to Hers 
arises through Fermi contact interaction from the polarization of the core s electrons, as found for iron 


by Hanna et al. 





N a recent publication! Hanna et al. have shown that 

in iron the effective magnetic field at the Fe’ 
nucleus has a negative sign. They concluded from this 
result that in the effective field the predominating term 
arises through Fermi contact interaction from the 
polarization of the core s electrons. However, recent 
work by Samoilov et al.* shows that in dilute solutions 
of In, Sb, and Au in Fe the very high effective field at 
the nuclei of the diamagnetic solutes must be due to 
the polarization of the conduction electrons, as proposed 
by Marshall.’ It is at present not possible to predict 
which contribution to the effective field will predominate 
in a given instance. 

In ferromagnetic alloys the polarization of core s 
electrons may be expected to be much stronger in those 
atoms which do have polarized 3d electrons than in 
adjacent atoms which do not. The specific heat in the 
temperature range 1.6° to 4.2°K has been measured‘ for 
the following body-centered cubic alloys, both of which 
are ferromagnetic : Coo.3Feo.7 and Vo.33Feo.67. The Curie 
temperatures of these alloys are approximately 970° 
and 750°C, respectively. Of the abundant nuclides in 
these alloys only Co™® and V" have nuclear magnetic 
moments; the value for V® is 5.148 u,, somewhat 
larger than that for Co™, 4.648 u,. Any nuclear magnetic 
specific heat contributions in these alloys may be, 
therefore, attributed to the effective field at the Co or V 
nuclei. For Coo,3Feo.7 we found* H.,= 312 koe, in reason- 
able agreement with Arp ef al.5 However, for Vo.33Feo.67 


* This work was supported by the U. S. Air Force, Wright Air 
Development Center, and by the Office of Ordnance Research, 
U. S. Army. 

1S. S. Hanna, J. Heberle, G. J. Perlow, R. S. Preston, and D. H. 
Vincent, Phys. Rev. Letters 4, 513 (1960). 

2 B. N. Samoilov, V. V. Sklyarevskii, and E. P. Stepanov, Soviet 
Phys.—JETP 11(38), 261 (1960) (translation). 

3 W. Marshall, Phys. Rev. 110, 1280 (1958). 

4C. H. Cheng, C. T. Wei, and P. A. Beck, Phys. Rev. 120, 426 
(1960). 

5 V. Arp, D. Edmonds, and R. Petersen, Phys. Rev. Letters 3, 
212 (1959). 


TABLE I. Results of low temperature specific heat measurements 
with two bcc ferromagnetic iron alloys. 








Hett 
(koe) 
0.046 7.1 312 

0.1169 0.375 60.9 


7 X104 8X10 a X10 
Alloy (cal mole deg ) { cal mole deg™) (cal mole deg) 
Coo.sFeo.7 4.2 
Vo.saF e0.67 8.86 











the value of the effective field that may be calculated 
from the published low-temperature specific-heat data‘ 
is much smaller. This difference is significant, as it 
suggests that the most important contribution to Hess 
in these alloys may be that arising from the polarization 
of the core s electrons. 

Since the low value of Her: calculated for Vo.33Feo.¢7 
must very sensitively depend on the experimental 
errors in the specific heat measurements, new measure- 
ments were made using an improved procedure,‘ with 
a new alloy specimen homogenized by annealing at 
1175°C in vacuum. The new results for Vo.3sFeo.e7 are 
given in Fig. 1. These may be compared with the results 
for Coo.s0Feo.70, reproduced for convenience in Fig. 2. 
Table I gives the coefficients a, 8, y for the two alloys in 
the equation C=y7+$T*+aT~, calculated from the 
measured data by a least-squares method, as well as the 
effective field H.¢;, calculated from the coefficients a. 
Since, in the case of Vo.ssFeo.67, the low a value obtained 
may be largely due to experimental errors, the effective 


6é §@ © '°2 8 Be@ 
T* DEG" 
Fic. 1. Low-temperature specific heat of Vo.33Feo.67 (little, 
if any, nuclear magnetic specific heat contribution). 
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Fic. 2. Low-temperature specific heat of Coo.3Feo.7 (large 
nuclear magnetic specific heat contribution). 


field calculated from it is to be considered only as a 
maximum permitted by the data; the true effective 
field may be much smaller yet. 

Our Coo.;Feo.7 specimen was recently measured at 
temperatures below 1°K by Kurti and Exell.* Their 


6 Private communication from Dr. N. Kurti. 
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results give H.¢¢= 30148 koe, a value probably more 
accurate than ours. However, the difference is not large, 
and it is certainly well within the limits of error of our 
value. 

The large difference in the observed H.¢¢ values for 
the two ferromagnetic alloys undoubtedly results from 
the fact that in Coo.3Feo.7 the Co™ nucleus is located in 
an atom with polarized 3d electrons, while in Vo.33Feo.67 
no atomic moment is connected with vanadium. The 
results for these alloys are, therefore, certainly con- 
sistent with the conclusion arrived at by Hanna ef al.' 
for iron. It is apparent that in these cases the most 
important contribution to the effective field arises from 
the polarization of the core s electrons. 
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The reflectivity R has been measured for Ge crystal over the energy range 7.6-18.0 ev and the trans- 
missivity T for an evaporated Ge film over the range 16.6-27.4 ev. The reflectivity data near normal in- 
cidence, combined with existing data at lower energies, were used in the Kramers-Krénig dispersion relation 
to evaluate the index of refraction m and extinction coefficient k of Ge over the range 0-18 ev. Electron 
characteristic losses are predicted at 10 and 15 ev, consistent with those observed at 11 and 16 ev. The 
plasma frequency of bulk Ge as determined by the optical data is hw=10 ev. 





I. INTRODUCTION 


OMPUTATIONS of the optical constants of Ge, 

based on a technique developed by Robinson,' 
have recently been carried out by Philipp and Taft? 
over the range 0-10 ev. These computations have been 
subsequently repeated by Rimmer and Dexter.’ Al- 
though certain extrapolation procedures used in these 
two analyses were somewhat different and arbitrary, 
there was general agreement in the final results, minor 
differences occurring in the fine structure. 

The purpose of the present work is to extend the 
previous results to energies beyond 10 ev. The optical 
constants at higher energies are particularly significant 
in that they can be used to determine the plasma fre- 
quency of Ge. 

The reflectivity R has been measured for a Ge crystal 
over the range 7.6-18 ev, and the transmissivity T has 
been obtained for an evaporated Ge film over the range 
16.6-27.4 ev. The data on reflectivity, combined with 
those of Philipp and Taft,? were used in a dispersion 
relation to evaluate the real and imaginary parts of 
the complex index of refraction, i=n—ik, over the 
range 0-18 ev. These in turn were used to predict 
electron energy characteristic losses and the plasma 
frequency of bulk Ge. 


Il. EXPERIMENTAL 


The reflectivity R at room temperature, shown in 
Fig. 1, has been measured inside a vacuum monochroma- 
tor* at angles of incidence of 15°, 25°, 35°, 45°, and 55° 
over the range 7.6-18.0 ev. The polished n-type Ge 
crystal which was used had a thickness of } in., a re- 
sistivity of 22 ohm cm, and was cut along the (111) 
plane. Damage caused by polishing was estimated to be 
up to 6u in depth. A point of inflection at 14.7 ev in the 
reflectivity curve at 15° turned into a peak at higher 


* The support of the Office of Ordnance Research, U. S. Army, 
is gratefully acknowledged. 

Tt Present address: Smithsonian Astrophysical Observatory, 60 
Garden Street, Cambridge 38, Massachusetts. 

'T. S. Robinson, Proc. Phys. Soc. (London) B65, 910 (1952). 

2H. R. Philipp and E. A. Taft, Phys. Rev. 113, 1002 (1959). 

3M. P. Rimmer and D. L. Dexter, J. Appl. Phys. 31, 775 (1960). 

‘For a description of the instrument and details of reflection 
and transmission measurements, see W. C. Walker, O. P. Rustgi, 
and G. L. Weissler, J. Opt. Soc. Am. 49, 471 (1959). 


angles of incidence, and in addition, another broad 
peak was observed near 16.5 ev. The peaks at 14.7 and 
16.5 ev are not due to interference between front and 
back surface reflections because their positions should 
have changed with angle of incidence. 

In the region 7.6—-11.3 ev, the values of the reflectivity 
at 15° incidence obtained here fall somewhat below 
those obtained by Philipp and Taft? from an etched 
crystal of Ge at a small angle of incidence. Measure- 
ments on an evaporated film® of Ge (not shown) gave 
higher values of reflectivity in the region 7.6-11.3 ev, 
but the general form of the curve was unchanged. 

Attempts were made to prepare unbacked films of 
Ge, but the films could not be floated off in water and 
broke into too many small pieces. Also, an attempt was 
made to evaporate Ge on single crystals of stilbene, 
but this was not successful, probably because of the 
high vapor pressure of stilbene, since the glass bell jar 
was coated with Ge. 

The transmissivity 7 at room temperature, which is 
shown' in Fig. 1, was obtained for a film of Ge, 800A 
thick, which was evaporated on a glass slide coated 
with sodium salicylate. It is seen that T rises from 
0.33% at 16.6 ev to a maximum of 4.4% at the limit of 
measurement near 27.4 ev. 

The values of the absorption coefficient 4 and the 
extinction coefficient k can be calculated directly from 
the transmissivity and are given in Table I. It should 
be emphasized that these results apply to a thin evapo- 
rated film of Ge and should not be compared quantita- 
tively with the results for » and & obtained in the next 
section. The latter are based on reflectivity data ob- 
tained for a Ge crystal and refer to the bulk material. 


III. DISPERSION ANALYSIS 


The real and imaginary parts of the complex re- 
fractive index i=n—ik for Ge were obtained® by 
making use of the Kramers-Krénig relation’ 


E ¢* \nR(E’) 
6(E)= f ce aR’ - 


TY F’—0 E?— FE 


5 See also S. Robin-Kandare and M. B. Vodar, J. recherches 
centre natl. recherche sci. Labs. Bellevue (Paris) 10, 311 (1959). 

6 The calculations were performed on the IBM-—709, Western 
Data Processing Center at UCLA. 

7F. C. Jahoda, Phys. Rev. 107, 1261 (1957). 


1131 





RUSTGI, 


d (A) 
827 


NODVIK, 


AND WEISSLER 





+ 








hy (ev) 


3. 1. Reflectivity R of Ge crystal at various angles of incidence and transmissivity 7 
of an evaporated Ge film 800A thick. 


together with the Fresnel equation 
r= (n—ik—1)/(n—ik+1)=|rle*. (2) 


Here |r| denotes the amplitude of the reflected in- 
tensity at normal incidence and the reflectivity is 
R=|r\?. 

In the actual computation, Eq. (1) is replaced by the 


TABLE I. Absorption 
cient & for a Ge film, 
transmissivity. 


and extinction coeffi- 
as calculated from the 


coefficient yu 
800 A thick, 


‘bt 
(cm~') 


approximate relation 


E r*® \inR(E£’) ) 
0(E)=— f 1B! 4 FE’. 
ea E~R v2 Fe 


Here F; is the energy up to which the reflectivity R has 
been measured; thus the integrand of the first term on 
the right-hand side of Eq. (3) is known. The integrand 
of the second term on the right-hand side of Eq. (3) is 
obtained by extrapolating R beyond £;, in some appro- 
priate manner. The method of extrapolation is some- 
what arbitrary and the cutoff energy FE,» will depend 
upon the method chosen. In general, the results ob- 
tained using the approximate relation (3) are not 
expected to be reliable for energies much larger than F}. 

The extrapolation procedure used here is similar to 
that of Rimmer and Dexter.’ The functional form 
InR(E)=aE+5 was assumed in the region E> F, the 
constants a and } being chosen so that the extrapolated 
portion of the reflectivity curve joins on smoothly to 
the measured portion, i.e., in such a way as to make 
R(E) and dR/dE continuous at £,=18.0 ev. This 
requirement was satisfied with the choice a= —0.39 
ev-' and 6=2.49. The one remaining parameter, the 
cutoff energy F2, was then determined by requiring 
that the calculated values of the extinction coefficient 
k (or equivalently the absorption coefficient u=4ak/d) 


should agree as well as possible with the measured 





OPTICAL CONSTANTS 
values of Dash and Newman* in the range 0.6~-1.7 ev, 
and with those of Archer® in the range 1.9-3.4 ev. The 
best fit to these data, shown in Fig. 2, was obtained with 
a value of £,=34.5 ev. As can be seen in Fig. 2, this 
choice of the parameters a, b, and F, also yields values 
of n which agree quite well with the measured values 
of Archer® in the region 1.9-3.4 ev and with those of 
Salzberg and Villa,"® and Briggs" below 0.7 ev. 


IV. RESULTS AND DISCUSSION 


The values of the index of refraction m and the ex- 
tinction coefficient k calculated from the dispersion 
relation are shown in Fig. 2, and the corresponding 
absorption coefficient, u, in Fig. 3. In the region 0-10 ev 
the values of » and & obtained here are substantially 
the same as those obtained by Philipp and Taft? and 
by Rimmer and Dexter.’ Beyond 6 or 7 ev the general 
behavior of the » and & curves is more or less the same 
as that which would be expected on the basis of the free 


4 


Fic. 2. Index of refraction m and extinction coefficient & for 
Ge as calculated from dispersion relations. Experimental data are 
indicated by circles and squares and are discussed in the text. 


electron gas model with damping.” Any detailed analy- 
sis in terms of such a model would, however, be a gross 
oversimplification. 

One expects the plasma frequency"™ to be close to the 
frequency at which m and k become equal, in this case 
close to tw=9 ev. In this connection it is useful to 
examine the behavior of the imaginary part of 1/e, 
which is given by 


Im(1/¢€)= 2nk/ (n?+k?)?. 


This is shown in Fig. 4. The probability P(w)dw that an 
electron (with high energy) will lose energy between 
hw and h(w+dw) in transversing a medium characterized 
by a complex dielectric constant ¢€ is proportional to 
8’ W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 
®R. J. Archer, Phys. Rev. 110, 354 (1958). 
0 C, Salzberg and J. Villa, J. Opt. Soc. Am. 47, 244 (1957). 
 H. B. Briggs, Phys. Rev. 77, 287 (1950). 
2 F. Seitz, The Modern Theory of Solids (McGraw-Hil! Book 
Company, Inc., New York, 1940). 
18 EP). Pines, Revs. Modern Phys. 28, 184 (1956). 
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Fic. 3. Absorption coefficient «4 for Ge as calculated 


from dispersion relations. 


Im(1/e)."* Thus this quantity should exhibit a sharp 
maximum at the plasma frequency. From Fig. 4, it is 
seen that this maximum occurs at fw=10 ev; hence we 
conclude that Aw=10 ev is the plasma frequency of 
bulk germanium. The abrupt change in slope of the 
absorption coefficient at 10 ev (see Fig. 3) is also con- 
sistent with this conclusion. 

It should be noted that this value is considerably 
different from the free electron plasma frequency w, 
given by the well-known relation w,’=4mne?/m. This 
latter quantity has the value #w,= 16 ev for Ge (if one 
assumes that all four valence electrons contribute to 
the electron density ”), and would be the plasma fre- 
quency only if the effects of interband electronic transi- 
tions and polarizability of the ion core were negligible. 








Fic. 4. Imaginary part of the reciprocal of the complex di- 
electric constant for Ge as calculated from dispersion relations. 
Vertical lines marked e denote positions of observed electron 
energy characteristic losses. 

‘4H. Frohlich and H. Pelzer, Proc. Phys. Soc. (London) A68, 
525 (1955). 
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It is, however, possible to extract the parameter w», 
as defined above, from the m and & curves shown in 
Fig. 2, and the value thus obtained is in fact in good 
agreement with the value iw,=16 ev. This will be dis- 
cussed elsewhere.'® 

In addition to the peak at 10 ev, there seems to be 
another small but sharp peak in the 2nk/(n?+-k) 
curve at 15 ev. It is not altogether certain that this 
second peak is real; it may be an extraneous result 
introduced by the extrapolation procedure used in the 
dispersion analysis or by small errors in the reflectivity 
data. Certainly a visual inspection of the m and k 
curves shown in Fig. 2 would not lead one to expect 
this peak. In any case the two peaks at 10 and 15 ev 
are consistent with the electron characteristic losses in 
Ge observed by Powell'® at 11.1 and 16.0 ev, and also 
by Marton et a/.,'" at 16.0 ev. 

15 J. S. Nodvik and P. E. Kaus (to be published). 

16C, J. Powell, Proc. Phys. Soc. (London) 76, 593 (1960). We 


are grateful to Dr. Powell for informing us of his results prior to 


publication. 
17L. Marton, L. B. Leder, and H. Mendlowitz, Advances in 
Electronics and Electron Physics (Academic Press, Inc., New 


York, 1955), Vol. VII. 
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A more complete discussion of the results obtained 
in this work will be presented later.’ 


V. SUMMARY 


The reflectivity has been measured for an n-type Ge 
crystal over the range 7.6-18.0 ev, and the trans- 
missivity for a thin film of Ge over the range 16.6-27.4 
ev. The reflectivity data were used in a dispersion rela- 
tion to evaluate the optical constants m and k. Analysis 
of the quantity, Im(1/e), indicates that the plasma fre- 
quency for bulk Ge is #w=10 ev. This analysis also 
predicts electron characteristic losses at 10 and 15 ev 
consistent with those observed at:11 and 16 ev. 
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A theory is developed for the mobility of an electron in an n-type semiconductor under the combined 
scattering of phonons and impurities. An attempt is made to combine the two processes in a rigorous manner 
by treating the effects of impurities as though due to an applied external field. Although in principle a solution 
for any value of 7, the phonon scattering relaxation time, should be possible, this paper enly arrives at a 
limiting law for the mobility at small values of 7. In the region of applicability satisfactory agreement with 


experiment is achieved. 


I. INTRODUCTION 


HE treatment of carrier mobility in semiconduc- 

tors when both phonon and impurity scattering 
processes are active has been very approximate. Usually 
a phonon scattering relaxation time 7 and an impurity 
time r; are computed under the assumption that either 
one of the processes is active alone, and then an effective 
relaxation time 7, is estimated by the relation! 


1/7.=1/74+1/rz. (1.1) 


This relation is only valid when the two scattering 
processes are independent of one another, that is, when 
a carrier is scattered by a phonon or an impurity, but 
not by both simultaneously. In the case of Coulomb 
impurities with divergent scattering cross sections it is 
impossible to achieve this condition. In fact, an exami- 
nation of the usual method? of treating scattering by 
Coulomb impurities reveals that the volume of the 
semiconductor is spanned by a set of close-packed cells, 
one to each impurity, and a collision is defined as the 
passage of a carrier through one such cell, the deflection 
suffered by the carrier in this transit being the scattering 
angle. Since the cells span the entire volume, a carrier is 
always being scattered by some impurity. Thus, any 
phonon scattering must occur during an impurity colli- 
sion, and the processes cannot be independent. 

This paper will be devoted to a means of avoiding 
this inconsistency and, thus, to the development of a 
more rigorous formula for carrier mobility in the pres- 
ence of both phonon and impurity scattering. There are 
many other problems which must be solved before an 
ultra-rigorous formula can be derived, but in this paper 
attention will be confined to the one problem mentioned 
above. 

Problems such as scattering by bound modes or effects 
due to electron correlation will not be considered. 


II. EQUATION OF CONTINUITY IN 
NEAREST NEIGHBOR SPACE 


Our approach shall be classical. This means that there 
will be a region in the immediate neighborhood of each 


1 J. M. Ziman, Electrons and Phonons (Clarendon Press, Oxford, 
England, 1960), p. 286. 

2 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., Princeton, New Jersey, 1950), p. 258. 


impurity where the theory will not apply directly; 
quantum considerations being necessary. Then the clas- 
sical approach will only be acceptable provided suitable 
boundary conditions can be introduced at the limits of 
the quantum region whose width should be of the order 
of the electron wavelength. The precise specification of 
such boundary conditions represents an additional sepa- 
rate problem, and we shall only comment on it briefly in 
the present text. 

In the classical problem an attempt is usually made to 
employ the Boltzmann transport equation’: 


Of. I-78 
heen (2.1) 
ov 


of 
v-—+ 

or Te 
where f(r,v) is the density of electrons at the point 
(r,v) in phase space, r being the vector position and v 
the velocity. a is the acceleration, a function of r, and 
7, is a relaxation time. fo is the value of the distribution 
function f at equilibrium so that f— fo is the perturba- 
tion in the steady state. For the case we have in mind r, 
is usually taken as given in (1.1), and a is assumed to 
arise only in the unidirectional effect of the applied 
electric field. 0/dr and 0/dv are gradient symbols, and 
in the case where a is unidirectional, 0 f/dr is set equal to 
zero. The solution of Eq. (2.1) is then very simple. 

In Eq. (2.1), the effects of impurities are to be found 
on the right in the so-called collision term. These effects 
enter through Eq. (1.1). The condition under which this 
treatment is valid has been outlined above. In order to 
avoid the special problems associated with the use of 
Eq. (1.1), we shall attempt to construct a scheme where- 
in the effects of the impurities are manifest on the left 
of an equation like (2.1), entering specifically in the 
acceleration a. Phonon scattering will still be treated by 
means of a relaxation time through a term such as 
appears on the right of Eq. (2.1). With this procedure 
the impurities are actually regarded as the source of an 
additional applied (although complicated) electric field 
with which the electrons are always interacting. Phonon 
scattering can occur simultaneously and the problem of 
the independence of the two processes does not arise. 

We shall confine our attention to an extrinsic n-type 


3 J. M. Ziman, Electrons and Phonons (Clarendon Press, Oxford, 
England, 1960), Chap. VII. 
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semiconductor in which there are equal concentrations 
of conduction electrons and ionized (positive) impuri- 
ties. In the Conwell-Weisskopf theory’ it is assumed that 
the electron interacts only with that impurity in whose 
cell it happens to be. This is a rough way of saying that 
every other impurity is shielded by a similar electron 
momentarily occupying its own cell. In essence, the 
Conwell-Weisskopf theory assumes that an electron 
interacts with that impurity nearest to it. 

This same assumption will be made in the present 
development, but it will be introduced in a somewhat 
more elegant form through the device of nearest-neighbor 
space.*® This abstract space also provides a natural 
framework for the treatment of impurities as sources of 
an external field. 

Nearest neighbor space is constructed in the following 
manner. Consider a given electron and the ion which is 
nearer to it than any other. Without changing the vector 
spatial relationship between the electron and ion, rigidly 
transport the pair and its immediate crystal environ- 
ment to a new coordinate system, placing the ion at the 
origin. Do the same thing for another electron and its 
nearest neighbor, superposing the ion on the same 
origin. After having performed the same operation for 
every electron in, say, a unit volume of semiconductor, 
we are in possession of a space in which many electrons 
are juxtaposed, but by definition do not interact with 
one another, only with the positive charge at the origin. 
This is the nearest-neighbor space. 

In constructing nearest-neighbor space a certain error 
in counting is committed. Some electrons will have the 
same nearest-neighbor ion in common and so not all the 
ions will have been moved. However, the fraction of such 
cases will be rather small, of the order of a few percent, 
and even so, under the assumption of interaction with 
the nearest neighbor only, this cannot lead to an error. 

It is now necessary to derive an equation of continuity 
in nearest-neighbor space similar to the Boltzmann 
transport equation in real space. In doing this, it is 
necessary to recognize the existence of a distributed 
source-sink function which has no counterpart in real 
space. This function is however related to the exchange 
of nearest neighbors which occurs in real space. This is 
illustrated in Fig. 1 where an electron (circle) traveling 
with velocity v is about to relinquish its nearest neighbor 
(square) with respect to which it is related by the vector 
distance r, and to acquire a new nearest neighbor 
(square) with respect to which it is at r’. The dashed line 
is the midplane between the two ions. In nearest- 
neighbor space, the two ions are superposed at the origin 
and an electron merely disappears at the point r in this 
space to reappear at r’. This can happen anywhere and 
accounts for the distributed source-sink. 


‘H. Reiss, J. Chem. Phys. 25, 400 (1956). 
5H. Reiss, H. L. Frisch, and J. L. Lebowitz, J. Chem. Phys. 31, 
369 (1959). : 
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Fic. 1. An electron in the 
exchange configuration 
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The counterpart of Eq. (2.1) in this space will then be 


of 
beware 
or 


OV 

where I'(r,v) is the sink term, representing the number 
of particles lost per unit volume per unit time. The term 
involving r is just the standard phonon collision term. 
The acceleration a now contains the external field to 
which must be added the field of the ion at the origin. 
f is now the distribution function in nearest-neighbor 
space. 

To proceed further, it is necessary to evaluate ['(r,v) 
in terms of f. Figure 2 will be of assistance in this con- 
nection. It is essentially the same as Fig. 1 except that 
we elect to center the coordinate system on the electron 
and view the apparent motion of the ions. In this 
coordinate system, R= —r and R’= —r’ locate the ions 
which now move with velocity V= —v. In place of the 
density /(r,v) of electrons in nearest-neighbor space, we 
can consider the density of ions F(R,V) such that 


F(R,V)dRdV = f(r,v)drdv. (2.3) 


From the definition of 6 and @’ in Fig. 2, it is apparent 
that the electron is leaving the neighbor at R to assume 
a new neighbor at R’, only if 

0 <8. (2.4) 
Otherwise, it is relinquishing a neighbor at R’. Attention 
will be confined for the moment to the situation to 
which Eq. (2.4) applies. 

Now the density of the situation shown in Fig. 2 is a 
triplet density. Under the assumption that the electron 
interacts only with its nearest neighbor which [when 
(2.4) holds ] is at R, this triplet density is given by 

NF(R,V), (2.5) 
where WN is the bulk average density of ions (or elec- 
trons). This is based on the assumption that the chance 
of the triplet configuration is given by the product of the 
chance of the nearest-neighbor pair configuration and 
the chance of finding an ion at R’. The presence or 
absence of the electron has no influence on this latter 
chance provided it does not interact with the ion. Hence, 
the chance is measured by the bulk average density. 

The exchange rate is now determined by the flow of 
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ions from R’ toward the electron minus the flow from 
R, both flows occurring through the equal elements of 
spherical surface dw (see Fig. 2). The flux density at R 
and R’ (velocity X density) is 
VNF(R,V), (2.6) 


and the flow through dw at R is 


R 
——-VNF(R,V)dw, 
r 
while that at R’ is 


——-VNF(R,V)dw. 


r 


(2.8) 


As indicated above, the exchange rate through dw is the 
difference between Eqs. (2.8) and (2.7), 


(R—R’) 
—————-VNF(R,V)dw. 


r 


(2.9) 


The total exchange rate at (r,v) in nearest-neighbor 
space consists of exchanges at r effected to new neighbors 
at all values of R’ consistent with | R’| =r. It is therefore 
a sum of terms like Eq. (2.9), the integral of Eq. (2.9) 
over all possible orientations of the surface element dw. 
If we choose the z axis of our spherical coordinate system 
to coincide with v, then 

dw=r* sin’dé'd¢’, (2.10) 
and for that part of I'(r,v) consistent with Eq. (2.4) we 
obtain 


ar 8 
rNF(R.V) f dg’ f V-(R—R’) sino’d6’ 


= —2mor?N f(r,v) [4 —cos6+}(cos*é)], (2.11) 
since 
V-R=or cos@, 


2.12 
V-R’=or cosé’, am) 


and Eq. (2.3) holds. 

When Eq. (2.4) is violated, the density of the con- 
figuration in Fig. 2 must be 

NF(R’,V), (2.13) 

rather than Eq. (2.5), since now the ion on the right 
must be regarded as the nearest neighbor. The contribu- 
tion to I'(r,v) can still be derived in the manner leading 
to Eq. (2.11) except that F(R’,V) must now be retained 
under the integral sign. This leads to the term 


wey f ae f }(t’,v)[cosé—cos6’ ] sind’dé’, (2.14) 
0 6 
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~~ 


Ve-v Ve-v 


Fic. 2. Diagram to be used in connection with the derivation of 
I'(r,v). In this figure the electron (circle) is considered stationary 


and the ions (squares) are regarded as moving with velocity 
V=-yv. 


so that 


r(ny)= on f ae f f(r',v) 
0 6 


X [cosé—cos6" | sin6’dé’ 


— 2mvr N f(1r,v)[4—cos8+43(cos?@) ]. (2.15) 

If we deal with the equilibrium situation then f(r,v) 
is spherical and can be taken outside the integral in 
Eq. (2.15). For this case 

T'o(r,v) = —42rvr?N fo(r,v), (2.16) 

where fo(r,v) is the equilibrium distribution function in 
nearest-neighbor space. 

Returning to Eq. (2.2) we write 


gq Ou 
ma ie 
m or 


where g is the electronic charge, m the mass of the 
electron, E the applied field strength, and wu the potential 
due to the ion. At equilibrium E=0, and if Eqs. (2.16) 
and (2.17) are substituted into Eq. (2.2) it is easy to 
show that the solution of the resulting equation is 


(2.17) 


fo(r,v)= A exp(Bqu—4ar°N) exp(—Bmr?/2), (2.18) 


where A is a normalizing constant and 


B=1/kT, (2.19) 
k being the Boltzmann constant and 7 the temperature. 
This can be proved by direct substitution of Eq. (2.18) 
into the differential equation. Equation (2.18) is just the 
Hertz distribution,® a well-known nearest-neighbor dis- 
tribution easily obtained for the equilibrium case by 
methods not involving the equation of continuity. 


6S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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III. CALCULATION OF THE MOBILITY 


The combination of Eqs. (2.2), (2.15), and (2.17) 
yields 


Ou | of 


Ve— 
or m 


f-fo 7 aa 
-—— — orn f ae f f(t,v) 
T 0 ° 


X[cosé—cos6" | siné’d6’ 
+2nvr*N f(1r,v)[4—cosd+4 (cos*6) ]. 


Of «¢ 
x at 


ard av 


(3.1) 


Attention will be limited to the case of ohmic con- 
duction so that it is reasonable to attempt to solve Eq. 
(3.1) by recourse to a power series in £ with retention of 
the linear term. Thus, we write fin the form 


f(t,v) = fo(r,v)[1+ Ey (1,v) J. (3.2) 


Employing Eq. (2.18) and substituting Eq. (3.2) into 
Eq. (3.1) yields an equation for y by collection of the 
coefficient of £. 


Op gq Ou dy 
rv -+— —- +98 (v-é) 


Or mor Ov 


+orn f ae f ¥(1’,v)[cos@—cos6’ | sin6’dé’ 
0 6 


— 2rvr* NY 4+cosd+4(cos’@) |}=y, (3.3) 


where é is the unit vector in the direction of E. 
For phonon scattering, the relaxation time 7 is 
velocity dependent.’ In fact, 


(3.4) 


t=1/0, 


where / is the mean free path for phonon scattering and 
depends upon temperature but not on velocity. If +r 
were not velocity dependent, Eq. (3.3) could be solved 
by a power series in 7, at least for a certain range of r. 
However, the radius of convergence of this solution is 
not yet known. It is evident from Eq. (3.3) that such a 
solution fails for r — « . This corresponds to no-phonon 
scattering (the pure impurity case) and we shall leave 
this important aspect of the problem to a later paper 
where we hope to provide a more complete solution. 
For the moment, however, the problem of the velocity 
dependence of + must be dealt with. If Eq. (3.4) is 
substituted into Eq. (3.3) and an attempt is made to 
solve the resulting equation by a power series in /, no 
success is achieved. This follows from the fact that the 
series diverges for »=0. One might have expected this 
in view of the fact that »=0 corresponds to r= «© . Thus, 


7W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., Princeton, New Jersey, 1950), p. 277. 
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another method of solution besides the series method is 
required. To avoid this problem we shall assume that 7 
is temperature dependent but not velocity dependent by 
choosing a suitable average 7 at each temperature. In 
essence this will amount to 


r=1/d, 


where 0 is a mean thermal velocity. 

With the series solution, the case of very small + 
(dominant phonon scattering), for which our solution 
should be valuable, will therefore provide a limiting 
law, useful at higher temperatures. 

By direct substitution of 


Y=Vot Mit yet ryst : 


into Eq. (3.3) recursion formuias are established for Wo, 
V1, v2, v3, etc., and it is a matter of algebra and vector 
notation to show that 


Yo=0, 
vi=9B(v-2), 
¢B du 


Y2=—(?-é) 
m dr 


(3.6) 


gb 
v3 ——— 


m 


1/(4.é 1/4. 4\3 | 


where ?/, é@, and @ are unit vectors. 
If A in (2.18) is chosen so that 


‘ -v/f exp(—Smv*/2)dv 


xf exp(6qu—$mr'N)dr, (3.11) 
where © in the limits indicates that the integrals are to 
be taken over all of configuration space and all of 
velocity space, nearest-neighbor space will have been 
composed out of a unit volume of real space. Then the 
current will be 


I= -af av f vf(r,v)dr, 


which upon substitution of Eq. (3.2) yields 


f- —aE f wf v fo(r,v)W(1r,v)dr, 


(3.12) 
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since fo itself yields no current. Now Eq. (3.6) together 
with Eqs. (3.7), (3.8), (3.9), and (3.10) provides an ex- 
pression for Y out to order 7*. For the moment, the 
expression is general and not restricted to Coulomb 
scatterers since it is given in terms of wu. It may have 
applications, for example, to the scattering of electrons 
by defects in metals. However, it is our intent to ex- 
amine the Coulomb case. 

At this stage it is necessary to examine the conse- 
quences of the departure from classical behavior to be 
expected at small values of r. Obviously, the series of 
formulas developed above cannot be employed in this 
region. In fact, ifit is assumed that there are no quantum 
effects and the formulas are applied down to r=0, the 
integrals in Eqs. (3.11) and (3.12) diverge for the 
Coulomb potential 

uU=q/ KT, (3.14) 
where « is a dielectric constant. It is the quantum effects 
which save the situation. In effect the uncertainty 
principle allows the electron to leak out of the infinitely 
deep potential well, thus preventing the catastrophe 
responsible for the divergence in Eq. (3.11). 

A possible means of handling the situation is to 
assume that the classical equations apply down to r=0, 
but that the potential u(r) becomes constant at some 
point r=a, thereby reproducing the effect of the un- 
certainty principle and averting pile-up of electrons. 
Only derivatives of u up to the second appear in Eq. 
(3.10) so that it is only necessary to assure the con- 
tinuity of u and its first two derivatives at r=a. We thus 
define 


u(r)=q/xr, ><a, 


3.15 
du/dr=0, as) 


u(r)=u(a), r<a, 


where wu and its first two derivatives are defined to be 
continuous at r=a. That this procedure is permissible 
can be seen by allowing the transition from pure 
Coulomb behavior to occur in some finite interval A 
about r=a, introducing this function into Eq. (3.7) 
through Eq. (3.12), and then allowing \ to approach 
zero. The result is the same as when the limit formula 
Eq. (3.15) is employed directly. In this connection it is 
important to notice that the second derivative d’u/dr’ in 
Eq. (3.10) can be eliminated immediately upon insertion 
in Eq. (3.12) through an integration by parts. Thus Eq. 
(3.15) is sufficient for all boundary conditions. 

The physical validity of Eq. (3.15) can only be ex- 
amined through a careful wave-mechanical analysis. For 
example, it is conceivable that the most meaningful 
choice of a will have a depend upon 2, since the wave- 
length of the electron ought to be involved. One might 
then be forced to choose an average a dependent on 
temperature. It may even happen that a will depend 
upon 7, since the time the electron spends in a given 
state will affect the precision with which its energy and 
therefore its position in the potential well can be de- 
termined. In the absence of a detailed analysis, however, 
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it is probably sufficient to assume @ to be approximately 
specified by the radius of the first Bohr orbit. We shall 
follow this practice below. 

For reasonably large values of + to which the usual 
treatments of combined impurity and lattice scattering 
address themselves, the electron is not considered to be 
in thermal equilibrium during “collision” with an im- 
purity. The trajectory of the passage by the impurity is 
simply computed upon the assumption that the chance 
of a passage at distance r is proportional to the volume 
4rrdr at r and to nothing else. Thus, there is no singu- 
larity as r goes to zero and in fact the contribution of 
near passes to the total cross section is negligible. Be- 
cause of this, quantum considerations are not necessary. 

On the other hand, for small values of 7 such that our 
perturbation solution is applicable, the electron is 
quickly thermalized in the presence of the impurity. 
This means that the Boltzmann distribution must apply 
in configuration space so that the density of electrons 
near the ion is very high. As a result, the precise value 
chosen for @ exercises an important influence on the 
mobility. It will therefore be necessary to have a reliable 
estimate for a. 

Returning to the development and substituting Eq. 
(3.15) into Eq. (3.7) through Eq. (3.12) in the manner 
outlined above, we obtain the following result: 


qr 4ng’r’A fdr! 
1=-Neq(“)|1- oe (—) 
m 3mNiePkT \ Bm 


D 1 g 
xf -- ex(- ; —trr Jarl, (3.16) 
r xkTr 


a 


The process leading to Eq. (3.16) is algebraically tedious 
but straightforward. Most of the definite integrals can 
be found in tables. A great deal of cancellation occurs. 
The quantity A can be evaluated by performing the 
integration in Eq. (3.11) by parts taking due account of 
Eq. (3.15). The result is 


N?(8m/2x)! 


| = ae ee 


r: g°B ey g* 
— f — exp tre )ar—exp(¢8/na 
cde # kkTr G.17) 
A 





The integrals in both Eqs. (3.16) and (3.17) are 
rapidly convergent, because of the 1/r* factor, even in 
the absence of exp(—$2r*), the convergence property 
of nearest-neighbor space. In fact, at the densities with 
which we shall deal, very little error is committed by 
ignoring exp(—4zr°V) in these integrals. Under the 
latter condition the integrals can be evaluated ana- 
lytically and Eq. (3.16) with Eq. (3.17) substituted 
becomes 


I 4rg?r?N ¢ 
- == wo == [eov( ‘ )-]]. (3.18) 
NEq 3m «kTa 
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Fic. 3. Plot of u/uo versus N 
for arsenic-doped germanium at 
300°K. The data points are due to 
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Debye and Conwell.” The straight 
line is not theoretical but is merely 
the best curve through the points. 
































where yu is the mobility and 


bo=qrt/m (3.19) 


is the mobility in the absence of impurity scattering, a 
standard result.® 
If a is chosen to be the Bohr radius, then 


a kh? /42°’m@’, (3.20) 
in which / is Planck’s constant. In this expression the 
appearance of «x in the numerator is a direct result of the 
application of an effective mass approximation to a 
hydrogen-like atom embedded in a dielectric. For 
germanium a reasonable value of m taken from cyclotron 
resonance measurements’ is 0.12mo, where mp is the 
normal electron mass. The dielectric constant is 16. 
Substituting these values into Eq. (3.20) yields 


a=7.05X1077 cm. (3.21) 


IV. COMPARISON WITH EXPERIMENT 


By substitution of (3.19) into (3.18), one sees that the 
slope of a plot of u/uo against NV is given by 


4am” ¢ 
nae Jexn( - )-1] 
3x wkTa 


Of course, this expression must only be valid when 7 
(or wo) is small enough so that the expansion retaining 
terms of order 7° is sufficient. Physically, this ought to 
be the case when the energy imparted to an electron by 
an impurity due to the acceleration in one mean free 
path is less (on the average) than kT. The maximum 
energy which can be acquired by an electron in this 


(4.1) 


8 W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Nostrand Company, Inc., Princeton, New Jersey, 1950), p. 198. 

*R. N. Dexter, H. J. Zeiger, and Benjamin Lax, Phys. Rev. 104, 
637 (1956) 


manner is, of course, 
(4.2) 


g’/ Ka. 


For long free paths (> 10-° cm) of the kind involved in 
germanium or silicon we may take Eq. (4.2) as average. 
Then the criterion for applicability of the expansion is 
something like 


g?/xakT<1. (4.3) 


The only data on mobility versus impurity concen- 
tration which seem adequate for testing Eq. (4.1) are 
those of Debye and Conwell” on n-type germanium 
doped with arsenic. Those authors quote data at 78°, 
150°, and 300°K and obtain values of yo equal to 
1.2107, 3.8 10°, and 1.28 10° cm? statvolt™ sec, 
respectively. Using Eq. (3.21) for a, we find q?/xakT for 
these three temperatures to be 1.92, 1.00, and 0.50, re- 
spectively, at 78°, 150°, and 300°K. Thus, only the 
300°K case can be used for testing Eq. (4.1). 

In Fig. 3, u/uo for this case has been plotted against 
N. As expected, a straight line results. The slope is 


—3.3X10-'? cm’. (4.4) 


This is to be compared with the value calculated from 
Eq. (4.1), namely 


— 3.04 10-"” (4.5) 


cm’, 
Agreement is satisfactory. 

Comparison with the slopes at 150° and 78°K yields 
poor agreement; the situation becoming progressively 
worse the lower the temperature. According to Eq. (4.3) 
this is to be expected. 
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Paramagnetic Resonance of Cr** in Yttrium Oxide 
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The paramagnetic resonance spectrum of Cr** in single-crystal yttrium oxide has been observed at micro- 
wave frequencies from 9 to 71 kMc/sec at temperatures from 4.2° to 300°K. The spectrum is described in 
terms of the spin Hamiltonian # = g8H -S+D[S2—S(S+1)/3], where g=1.97+0.01, S= 3, and 2D=72.9 
+0.2 kMc/sec at 300°K, and 72.7+0.2 kMc/sec at 77°K and 4.2°K. 





HE ground-state splitting of Cr** has been ob- 

served in a newly available single-crystal host 
lattice, yttrium oxide (Y.O;).-In this crystal the Cr*+ 
ion has one of the largest zero-field splittings yet re- 
ported. We present here the observed paramagnetic 
resonance spectrum and its interpretation in terms of 
the crystal structure and the spin Hamiltonian. 

Yttrium oxide has been reported'? to be of the cubic 
T1,0; structure (Bixbyite) of crystal class T,. The 
metal ion sites are coordinated by 6 oxygens, but in two 
distinctly different symmetries. The oxygens are located 
at the corners of a hypothetical cube and at the first 
site, say A, the positions at opposite ends of a body 
diagonal are vacant, while at site B the oxygen posi- 
tions at opposite ends of a face diagonal are vacant. 
The metal ion is located at the center of the cube at 
site A, but is displaced from this position towards the 
plane of the four oxygens at site B. The metal ion at 
site A is at a lower coordination energy than at site B. 
Experimentally it is found that Cr** chiefly occupies 
the A sites. 

The six ligating oxygens of complex A, each at a 
distance d from the metal ion, produce a crystalline 
field of point group symmetry So», and at site B the 
symmetry is C2. The next nearest neighbors in each case 
are twelve metal ions, and in complex A are located at a 
distance 2d/v3. A further inequivalence in the metal ion 
sites occurs in the orientation of the symmetry axes with 
respect to the crystal system (cubic) axes. The four 
different orientations of the Ss symmetry axes are along 
the normals to the faces of an octahedron with corners 
located at the faces of the cube of the crystal axes, 
as shown in Fig. 1. Finally, the C2. symmetry axes 
are along the crystal axes and hence in six different 
directions. 

The crystals were grown by an extension of the Ver- 
neuil flame fusion method using high purity Y2O; start- 
ing powder. Because of the high melting point (2410°C) 
of Y.Os3, burn-out losses of CroO; are high (e.g., a start- 
ing powder concentration of 1% by weight of Cr2O;: YO; 
yields a product of concentration 0.04%). The boules 
tend to fracture along (111) planes, the resulting crystals 


1R. W. C. Wyckoff, Crystal Structure (Interscience Publishers, 
Inc., New York, 1957), Vol. II. 

2H. H. Landolt and R. Bornstein, Zahlenwerte und Functionen, 
A tom-und Molekular-physik (Springer-Verlag, Berlin, 1955), Vol. 4. 


being octahedral. Samples for paramagnetic resonance 
spectroscopy were oriented by x-ray analysis. 

The samples were oriented for rotation about the 
[011 ] direction with the magnetic field H perpendicular 
to the axis of rotation as shown in Fig. 1. Denoting by a 
the angle between H and the [100] direction, the sym- 
metry axes 23; and 2, make equal angles 6;=6,=cos 
(3 cosa) with H, while the axes 2; and 2 are at 
angles 0:=54°44’—a and 6.=125°16’—a, respectively. 
Figure 2 presents the magnetic field for resonance asa 
function of a as observed as 35 kMc/sec and 77°K. 
The data fit curves obtained from the usual spin 
Hamiltonian® 


x= g6H-S+D[S2—S(S+1)/3], (1) 


where S= 3, g=1.97+0.01, and 2D=72.7+0.2 kMc/sec 
= 2.42 cm™', for the four cases of the magnetic z axis 
along the Sssymmetry axes. The theoretical data were ob- 
tained from the numerical work of Chang and Siegman‘ 
on ruby by converting the Hamiltonian used there into 


c . 











a 


(O 11) PLANE 


Fic. 1. Orientation of the external magnetic field H with respect 
to the symmetry axes 2), Zo, Z3, and 2, of the Ss point group com- 
plexes. The crystalline axes are a, b, and c. 

3B. Bleaney and K. W. H. Stevens, Reports on Progress in 
Physics (The Physical Society, London, 1955), Vol. 16. 

*W. S. Chang and A. E. Siegman, Stanford Electronics Labo- 
ratory Tech. Report No. 156-2, Stanford University, California, 
and as reproduced by J. Weber, Revs. Modern Phys. 31, 681 
(1959). 
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Fic. 2. Paramagnetic resonance spectrum of Cr** in an S¢ 
symmetry site in YO; at 35 kMc/sec. The resonant field H is 
plotted as a function of a, the angle between H and the crystal 

100] direction. H was confined to the (011) plane. The solid 
lines represent resonant fields calculated from the spin Hamil 
tonian given in the text. 


one with the coefficients of Eq. (1). The g value, g;,, was 
found to be 1.97+0.01, independent of temperature; it 
is assumed that g;,=g.=g. The zero-field splitting, 2D, 
consistently decreased slightly from 72.9+-0.2 kMc/sec 
at room temperature to 72.7+0.2 kMc/sec at 77°K and 
4.2°K. Several additional lines of lesser intensity were 
detected and are taken to be due to impurities and/or 
chromium at the B sites. A narrow isotropic line with a 
g=1.97 was also observed. This resonance may be 
accounted for by assuming that a small fraction of the 
Cr** sites have all 8 oxygen ions present, giving a crystal- 
line field of cubic symmetry. For clarity, these last 
mentioned resonances are not shown in Fig. 2. 

The values of g;, and D were obtained from the tran- 
sitions indicated in Fig. 3 using a microwave frequency 
of 35 kMc/sec. As a further check on the magnitude of 
D, resonances were observed in an unoriented sample at 
71 kMc/sec at magnetic fields less than 1000 oe. The 
positive sign of D was determined from comparison of 
the integrated intensities of different transitions at room 
temperature and at 77°K. Rough cw saturation meas- 
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urements at 9 kMc/sec on the +4 transition indicate a 
relaxation time 7, of the order of 10~ sec at 4.2°K. 
Linewidths varied markedly from sample to sample; 
the narrowest linewidth observed was 30 Mc/sec for the 
+43 transition at 0° orientation. The observed variation 
in line width may be attributed to a spatial variation of 
crystalline axes in the sample; a pronounced tendency 
toward twinning was noted in many samples. 

In the crystal sample where the +} transition was 
observed to be 30 Mc/sec (10 oe) wide, the weak iso- 
tropic line was resolved when the external magnetic 
field was parallel to the magnetic z axis of the Hamil- 
tonian of Eq. (1). A direct comparison of the g values 
could then be made. The isotropic line was observed at 
45 oe below the +3 transition thus giving a g value of 
(1.0035)g,,. A misalignment of the crystal axes with 
respect to the magnetic field could reduce the separation 
of these lines but could not cause the isotropic line to 
appear to have the larger g. It is unlikely that the iso- 
tropic line is caused by an impurity: 
could be observed in pure Y2Qs3, and of the possible 
impurities in CrsO; (mainly the iron-group), none have 
yet been reported giving the type of resonance observed. 
Consequently our conjecture that the coordination cube 
is complete with 8 oxygens at some 
reasonable. 

The effect on the Cr** spin Hamiltonian due to a 
variation in the crystalline field from cubic to axial and 
rhombic symmetry within the same crystal has been 
reported for MgO.*-? There the perturbation in the 
crystal field results from vacancies in the next nearest 
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Fic. 3. Energy levels of Cr’+ in an Ss symmetry site for the case 
of the external magnetic field H parallel to the magnetic 2 axis. 
The two indicated transitions were used to obtain g;, and D. 
5 W. Low, Phys. Rev. 105, 801 (1957) 
6 J. E. Wertz and P. Auzins, Phys. Rev 
7 J. H. E. Griffiths and J. W. Orton, Prox 
73, 948 (1959). 


106, 484 (1957). 
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neighbor sites. In MgO the distortion from cubic sym- 


metry produced a variation in the g values of at most a’ 


fraction of a percent, while the largest zero-field splitting 
(11.5 kMc/sec) resulted from a rhombic field. The effect 
of the distortion in Y2O; as compared to MgO is thus 
about an order of magnitude larger in the zero-field 
splitting and of the same order of magnitude in g. 

In summary, the intense part of the spectrum ob- 
served in YO; is accurately described by the spin 
Hamiltonian of Eq. (1) when the magnetic z axis is 
along the symmetry axes of the A sites. The remarkably 
large zero-field splitting of the Kramers’ doublets results 
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OF Cr**+ IN ¥:20; 1143 
when the Cr** enters the lattice substitutionally at the 
Y** sites in the crystal field of point group symmetry 
Ss. The weak isotropic line in the spectrum is notable 
because of the only slight change in the g value. 
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Magnetic Resonance in Canted Ferrimagnets* 


Perry A. MILES 
Laboratory for Insulation Research, Massachuseits Institute of Technology, Cambridge, Massachusetts 


(Received October 19, 1960; revised manuscript received February 13, 1961) 


The classical theory of the uniform (k=0) modes of a four-sublattice, planar canted ferrimagnet is 
developed. Two of these modes should lie in the microwave range for reasonable values of applied field, 
anisotropy, and exchange constants: the normal low-frequency mode familiar in collinear ferrimagnets 
and the mode excited by !ongitudinal rf fields at a frequency depending on anisotropy and angle of cant. 
Observation of this latter mode should allow analysis of ferrimagnetic structures and phase changes. 


N his original theory of magnetic structures in 

ferrospinels, Néel' conceived of phases either with 
parallel aligned groups of spins or with spins in random 
paramagnetic arrangements. Yafet and Kittel® extended 
and partly corrected this idea by pointing out that 
triangular spin arrangements become energetically 
favorable in the molecular field model when the inter- 
actions between spins that are all on tetrahedral A or 
all on octahedral B sites become comparable with the 
intersite AB interaction. Lotgering’ formulated this 
model in some detail. 

These concepts have been further extended by 
Kaplan‘ and, for the case of antiferromagnets, by 
Yoshimori,® to include generalized helical spin arrange- 
ments. Our present knowledge of the stability ranges 
for these various structures in the presence of anisotropy 
and in noncubic spinels is still far from complete. 

On the experimental side Gorter* and more recently 
Lotgering,’ Prince,’ and Dwight and Menyuk* have 
invoked canted sublattices to account for the relatively 

* Sponsored by the U. S. Office of Naval Research, the Army 
Signal Corps, and the Air Force. 

1L. Néel, Ann. phys. [12] 3, 137 (1948). 

2 Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 

3 P. L. Lotgering, Philips Research Repts. 11, 190 (1956). 

‘T. A. Kaplan, Phys. Rev. 109, 782 (1958); 116, 888 (1959); 
119, 1460 (1960). 

5 A. Yoshimori, J. Phys. Soc. Japan 14, 807 (1959). 
=. W. Gorter, Philips Research Repts. 9, 295 (1954). 

E. Prince, Acta Cryst. 10, 554 (1957). 
® N. Dwight and N. Menyuk, Phys. Rev. 119, 1470 (1960). 


low saturation magnetization observed in various 
spinels. Wickham and Goodenough,’ on the other hand, 
interpreted the same observations in terms of a partly 
reversed but collinear B sublattice. Presumably their 
structure would differ from the Néel model by a 
physical distortion identifying the lattice sites for 
reversed spins. 

The high-field susceptibility measurements of Jacobs” 
on Mn,Q, are consistent with a canted lattice structure 
but in principle depend only on the existence of low 
effective exchange fields. Neutron-diffraction data’ for 
CuCr.O, are also consistent with canted lattices, but 
the evidence has not uniquely determined individual 
spin alignments. 

It is our purpose here to point out that the magnetic 
resonance spectrum of canted ferrimagnets differs 
characteristically from that of ferrimagnets with 
collinear sublattices, and that this difference should 
permit the detection and analysis of canted structures. 
Such experiments appear capable of showing definitely 
the existence of canting and, together with magnet- 
ization data, of indicating the spins involved and their 
relative orientations. 

RESONANCE CONDITIONS 

Some aspects of the canted lattice resonance problem 

have been treated previously by Eskowitz and Wangs- 
‘ a G. Wickham and J. B. Goodenough, Phys. Rev. 115, 1156 
959). 

10 Ls. Jacobs, J. Phys. Chem. Solids 11, 1 (1959). 
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ness,"'!2, who concentrated their attention on the 
effective gyromagnetic ratio for the usual microwave 
mode. In the present case we will deal with the modes 
influenced by exchange fields. 

Consider a tetragonally distorted, normal spinel at 
0°K, with its tetragonal axis magnetically hard (an 
idealization of the properties of Mn;0,). The anisotropy 
assumption is important because the frequency of the 
resonant mode characteristic of the canted sublattices 
will be seen to depend critically on this factor. The A 
sublattice is assumed to divide by lattice distortion 
into the groups A;, A», each with magnetization M 4, 
the B sublattice into the groups B;, By, with magnet- 
ization |Mgz|>|M.,|. The molecular field constants 
A, ad, a’A, a’A, BA, BA, BA, describe the interactions 
between individual 4—B, A,;—A»2, A}—A}1, A2—Az2, 
B;—B,, B;—B;, and By— By, spins, respectively. They 
are assumed to be negative numbers indicating anti- 
ferromagnetic interactions. The vectors m;, mM», m3, m, 
describe the small dynamic displacements of the sub- 
lattice magnetization vectors from their static equi- 
librium values M;,, Mo, in the z direction, M;, and My, 
lying in the magnetically easy zx plane (Fig. 1). 
Effective fields to account for anisotropy torques due 
to deviations my, Me2,, m3,, and m4, out of this plane, 
are described by the constants V4‘ and N° for the A 
and B sublattices, respectively. For the sake of clarity 


| Qs 


H +2\M p.4+2a\M 4+Nat*Ma 0 
—H—2\Mp.—2ar\M 4 Qs 0 
0 0 
0 0 
0 0 0 


0 0 
0 0 
0 0 0 


21M gz 
0 


where Q4 = —iw/yauo and Qg= —iw/ypzuo. Setting the 
determinant to zero yields four resonant frequencies, 
listed here in their probable order of magnitude in low 
fields : 


@1= —7 Moll +wa, 
w= —ypuoM g.[ 2 BX Nz‘ }}, 
w3= (Ye—Ya— YB) HoH — 2r\uo(v¥aM atyaMp:)+ou', (6) 


w= yanoL H+ 2\(Mp.+aM 4 )}} 
<[H+2\(Mp.toM s)+Na'Ma}, 


where ye=Yava(Mit+Msz.)(ysMatyvaMse.)", and wa, 
w,’ are terms depending on the anisotropy constants. 
Their precise forms are complicated in general, as 
Wangsness" has shown, and are not of great importance 
in the present development. 

In the familiar microwave mode a, the sublattice 


1A. Eskowitz and R. K. Wangsness, Phys. Rev. 107, 379 
(1957). 

12 R. K. Wangsness, Phys. Rev. 119, 1496 (1960). 

18R. K. Wangsness, Phys. Rev. 91, 1085 (1953). 


Qa H+2\Mz2.4+-Na’M a 0 
—H-—2dMsz, 
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we will assume a spherical sample with an external 
field H applied in the z direction. With a simple tri- 
angular spin arrangement, the canted B lattice vectors 
are determined by the equation‘ 
H+)(M,,.+Me,)+8A(M3.+Mg,) =0. (1) 
It follows that the four equilibrium vectors are given by 
M,,=i.M 4, M;,=1.Mz.+i.Ms., , 
: ‘ , (2) 
M;,=1.M 4, M,, =1,M 5.—1.M pz. 
The equations of motion for the individual sublattices, 
dM,,/dt-= ¥ uo(M XH), 1 
are now solved with the effective fields 
H,=H+)(M;+ M,)+ad\M.+0’AM)—i,.V 4°, 
H.= H+ A(M;+M,)+ad\M,+a’\M.—i,N 4°mz,, 
H,=H+ A(M,+ M.)+8\M,+6’AM;—i,V2'ms,, 
H,=H+A(M,+ M.)+6\M +8’°>M,—i,Ne°my,. 
Eight independent linear equations for small-angle 
excitation can be thosen from the ten that are available 
and, written in terms of the convenient variables 
M12— Moz, Miz+Moz, MiytMey, M32+M42, 


M3y+M4,, M3,—M4,, and m3.+mg4,, lead to the secular 
determinant 


M1,— M2, 


0 0 
0 0 


Qs 2\M 
—2\M pz Qe 
0 28M Bz 
0 0 
0 0 


(Nz" 





(5) 
vectors precess essentially in their equilibrium configu- 
ration. In the normal infrared mode w;, the combined 
B lattice precesses in the negative sense and at an angle 
with respect to the A lattice precessing in the same 
sense. The new intermediate mode «,» is of particular 
interest. It corresponds to the two B sublattices, both 
precessing symmetrically in the positive sense but in 
phase opposition, while the A sublattice remains 
immobile (Fig. 2). For convenience, this mode will be 
referred to as a “Y mode.” In analogy with degenerate 
antiferromagnetic resonances," its frequency is deter- 
mined by a combination of a molecular field torque 
alternating in time with an anisotropy torque as the 
magnetization vectors swing in and out of the zx plane. 

The anisotropy factor Vz° is given by 
Np*=—2Kiz uoM 2”, (7) 
where Ki, is the axial anisotropy constant relating to 
the B sublattices alone. This is to be distinguished 
from the over-all anisotropy constant K,, determined 
4 F. Keffer and C. Kittel, Phys. Rev. 85, 329 (1952). 
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Fic. 1. Definition of dynamic deviations of Mi, My, two of 
the four magnetization vectors, from their equilibrium values 


Mi, Ma,. 


from torque measurements on the net magnetization. 
Using the values |8A|=300, Mg,=2.5X10° amp/m, 
Np*=1, and the free-spin value for yg, gives a figure 
of about 7 cm for the Y-mode frequency. 

The final mode w, corresponds to the two A sub- 
lattices precessing in phase opposition. In this mode, 
molecular field torques are brought into play for both 
x and y displacements. 


FIELD DEPENDENCE 


Figures 3(a) and 3(b) indicate the frequency versus 
field behavior of all the sublattice modes. Here the 
sense of each resonance mode is defined by the sense of 
rotation of the individual moments projected onto the 
xy plane. For example, the normal microwave mode 
projections move in a positive sense for y,<0, corre- 
sponding to a clockwise precession seen by looking 
along the field direction. The broken lines indicate 
mode branches that cannot be excited (compare next 
section). 

The form of these curves can be understood by 
considering the magnetic phase changes produced by 
an external field. In a canted ferrimagnet, the over-all 
magnetization M,=(2M.4+2Mz,.,) in the field direction 
may be either parallel or antiparallel to the resultant 
of the two canted sublattices, depending on whether 8 
is less or greater than (1+H/2\M4). Assuming that 
the Yafet-Kittel model? of planar spin arrangements is 
valid, it follows from Eq. (1) that for a Y configuration 
in low fields [Fig. 4(a)], an increase in z field will 
decrease the angle between the canted vectors until at 
H=2)\| (|8Mz|—|M,)) all vectors are collinear. For 
H>2\|\|(|Mg\—|aM4!|), the A sublattice vectors 
become canted to form an inverted Y configuration, 
producing antiparallel A vectors at H=2|AMz| and 
passing to a completely collinear structure for H 
>2!A|(|Meg|+!aM |). If an inverted Y configuration 
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Fic. 2. The four resonant modes characteristic of canted 
ferrimagnets in a VY configuration. 


exists in low fields [Fig. 4(b)], the B lattice vectors 
will become antiparallel at H=2|\M,4| and give 
a completely collinear structure at H=2|A|(|Ma| 
+ {!8Mz, |). In each case the normal microwave reso- 
nance frequency w; increases almost linearly with field. 
For an initial Y configuration the infrared mode 
frequency ws; varies linearly with field, with negative 
slope if a canted phase is stable and positive slope in 
collinear phases. For the inverted case, the slope is 
always positive with the frequency passing through 
zero near H=2|AM 4). 

The field dependence of the Y mode resonances is 
implicit in Eq. (1), which determines the canting angle 
and hence the equilibrium value of Mz,: 


dM Ker 1 


Mz: 


Mz.=(Mz’—M3?)', ——=—- —————_. 
dH 28 (M;?—Mz32)! 


(8) 


Thus, if the anisotropy torque for y displacements is 
independent of the canting angle, as our simplified 
model has supposed, a Y resonance frequency will 
decrease monotonically with increasing z field, tending 
to zero for collinear B sublattices. At higher fields, 
this mode takes on a form analogous to w, of Fig. 2, 
with a frequency 


ws’ = Ypuo(H+ 2\(M 4.+8Msz))! 
X (H+24(M4:+8Mz)+Np*Mzp)'. (9) 
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(b) 


Fic. 3. Frequency vs field for resonances in canted ferrimagnets 
(schematic) ; (a) Y configuration in zero field (a =0.6, 8 =0.8); (b) 
inverted Y configuration in zero field (a=0.6, 8=1.2). In each 
case M4=1.0X10° amp/m, Mg=3.0X10° amp/m, |8A| =300. 
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Fic. 4. Equilibrium sublattice configurations in an external 
field, according to the Yafet-Kittel model*: (a) M4/Mp<6<1; 
(b) B>1. 


An inverted Y resonance, on the other hand, will 
increase in frequency as the z field increases and the 
sublattices diverge, reach a maximum at H=2/AM 4), 
and then decrease to zero. The sign of the initial slope 
of |we| vs HA is sufficient, therefore, to distinguish 
between the two configurations. For the Y configuration 
that changes to an inverted } structure at intermediate 
fields, the original mode frequency w, will take the form 


wa’ =ysuoM 4,(2|adr|Na*)! (10) 


as the A sublattice vectors diverge. 


RESONANCE EXCITATIONS 


In collinear ferrimagnets the usual microwave and 
infrared modes are excited by circularly polarized rf 
fields whose magnetic field vectors rotate in the xy 
plane in the positive and negative senses, respectively. 
It follows from symmetry, however, that the Y and 
inverted Y resonances will respond only to an oscillating 
rf field in the z direction. The excitation symmetry will 
thus characterize the resonance. Its intensity is related 
to the intrinsic static susceptibility X,,, by the Kramers- 
Kroénig formula 


dM, 1 : 
Xns=——= -f Xm’'d \nw. 
dH Br 0 


For typical values |8A|=300, H=10° amp/m, and 
M,=5X10' amp/m, the intensity ratio of a Y mode 
to the normal microwave mode is predicted to be of 
the order of 0.06. This should: be detectable with 


(11) 
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present microwave techniques, provided the line width 
is manageable, i.e., <5000 oe (0.4X10° amp/m). (In 
this connection it must be realized that the resonance 
linewidth AH, determined at fixed frequency, is a 
simply defined measure of a relaxation controlled 
linewidth Aw at fixed field only over linear portions of 
the frequency-vs-field diagram.) From symmetry again, 
the high-frequency mode w, and its analogue ws’ cannot 
be excited in a perfect crystal by uniform fields. 

The application of high fields to a canted ferri- 
magnet produces magnetic phase changes with corre- 
sponding changes in mode descriptions, as we have 
indicated. Changing the temperature can produce even 
greater variations" 
by careful intensity measurements on both the normal 
microwave mode and the Y modes. As an example, the 
transition from a canted to a collinear phase at a 
temperature Ty would reduce the Y mode frequency to 
zero, leaving only the normal mode between Ty and 
the Curie temperature 7¢ with an intensity propor- 
tional to the net magnetization. On the other hand, 
the simultaneous disappearance of the over-all magnet- 
ization, the normal mode, and the Y mode resonances 
would indicate a transition to a mixed antiferromag- 
netic, paramagnetic state. 


that could be followed, in principle, 


CONCLUSION 


The Y mode resonances predicted for canted ferri- 
magnets are unusual both in their manner of excitation 
and in the dependence of their frequency on field and 
temperature. In addition to their potential use in the 
analysis of magnetic sublattice structures, they offer a 
possibility for resonances that could be manipulated 
by variations of anisotropy, field, or temperature to 
lie at frequencies in the microwave-to-infrared region. 
An extension of this theory to cover helical spin 
arrangements would be of great interest. From sym- 
metry alone it follows that in a four-sublattice helical 
array two modes exist that are the analogues of the Y 
modes of the present case. These modes, too, will be ex- 
cited by longitudinal rf fields at frequencies determined 
by anisotropy-exchange products. Consideration of re- 
laxation effects, which can be expected to depend on the 
type of mode and hence on the particular energy 
terms involved, suggests a further means of probing 
the structure of ferrimagnets. 
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The electron removal rate for n-type germanium irradiated with fission spectrum neutrons is 8-1 per 
neutron at room temperature. This value is compared with the results of monoenergetic neutron irradiations 
from 2 to 5 Mev. The fact that the removal rate is roughly constant is explained by the constancy of the 


energy dissipated in elastic collisions. 


INTRODUCTION 


ONOENERGETIC neutron irradiations of n- 

type germanium by Ruby, Schupp, and Wolley' 
have shown that the number of charge carriers removed 
per incident neutron is either constant or decreases 
with increasing neutron energy in the range 2 to 5 Mev. 
For 1.8, 3.2, and 4.8 Mev neutrons, the removal rates 
are 21, 12, and 13 per neutron, respectively, with 
estimated errors of 25%. It is of interest te compare 
these results with reactor irradiations as an indication 
of the variation with energy below 2 Mev. Results in 
a reactor hole with uranium converter will be de- 
scribed, where the irradiation effects were predomi- 
nantly from fission spectrum neutrons. Previous results?* 
on the basis of theoretical flux values gave removal 
rates at least twice as small as the monoenergetic 
irradiations. In this experiment, the neutron flux was 
measured with threshold detectors and the results were 
closer to the monoenergetic values. 


EXPERIMENTAL MEASUREMENTS 


Irradiations were carried out in hole 51N of the 
ORNL Graphite Reactor, which is a 4X4 in.:hole cut 
transverse to the 8X8 in. lattice. The hole contains a 
hollow cylinder of enriched uranium. The uranium 
cylinder or ‘‘converter’” absorbs half the thermal neu- 
tron flux to give a predominantly fission spectrum 
inside the converter. 

The neutron flux was determined by measuring the 
fission yields in foils of Np’ and U** by an extension 
of a method developed by Hurst ef al.‘ The original 
method compared the fission product gamma rays from 
the fast fission of Np*? (20.7-Mev neutrons) and 
U8 (> 1.3-Mev neutrons) with the same gamma rays 
from the fission of Pu” in a known thermal flux. It is 
necessary to eliminate gamma rays from thermal re- 
actions in Np”? and U*, and this was accomplished 
in the original method‘ by using large B"™ shields 
during exposure, and counting only gamma rays >1.1 
Mev after exposure. 

1S. L. Ruby, F. D. Schupp, and E. D. Wolley, Phys. Rev. 111, 
1493 (1958). 

2 J. W. Cleland, J. H. Crawford Jr., K. Lark-Horovitz, J. C. 
Pigg, and F. W. Young, Phys. Rev. 83, 312 (1951). 

3 J. W. Cleland, J. H. Crawford Jr. and J. C. Pigg, Phys. Rev. 
98, 1742 (1955). 


*G. S. Hurst, J. A. Harter, P. N. Hensley, W. A. Mills, M. 


Slater, and P. W. Reinhardt, Rev. Sci. Instr. 27, 153 (1956). 


The method was modified to permit the use of 30 
mil cadmium covers. The dominant competitive reac- 
tion for Np”? is the (m,y) reaction leading to 2-day 
Np**® gamma rays. These may be eliminated by a 
technique described elsewhere.5 The competitive reac- 
tion in the U** foils is the thermal fission of the U™* 
impurity. The U** foils used for the measurements® 
were depleted to 10 ppm U*®, which made the thermal 
fission negligible. The new technique allowed the 
counting of gamma rays at integral biases of >0.4 Mev, 
>0.8 Mev, and >1.2 Mev. 

The Np”? and U** foils were irradiated in hole 51N 
for times either up to 30 min or greater than 60 hr. 
The fission-product yields were compared to that for 
Pu irradiated for the same times in a known thermal- 
neutron flux. The neutron flux values were determined 
by using cross sections for a fission spectrum, and the 
results are shown in Table I. The value of o;, the 
fission cross section, was obtained for Np*” by averag- 
ing the cross section vs energy curve of Schmitt and 
Murray’ over a fission spectrum. The cross section for 
U** was from a direct measurement in a fission spec- 
trum.* The neutron flux was measured in the center 
of and outside the converter, and the difference be- 
tween these values is in agreement with a fission 
spectrum. 

The electron removal rate at room temperature for 
n-type germanium in the center of the converter had 
been previously quoted as 3.2 per neutron,?* on the 
basis of a theoretical flux of 8X10" fast neutrons/cm? 
sec-'. The observed removal rate was then 26X10" 


TABLE I. Neutron flux values as determined by the 
Np”? and U** fission reactions in hole 51N. 








[238 
oy (barns) 

Neutron flux (cm~ sec™) 
Center of converter 
Outside of converter 
Difference 








0.305 


3.44 10" 
1.16 10" 
2.28 10" 


3.15 10" 
0.9210" 
2.23 X 10" 


5D. Binder, Rev. Sci. Instr. 31, 902 (1960). 

6 The U8 was kindly supplied by J. A. Martin of Oak Ridge 
National Laboratory. 

7H. W. Schmitt and R. B. Murray, Phys. Rev. 116, 1575 
(1959). 

8 W. D. Allen and R. L. Henkel, Progress in Nuclear Energy 
(Pergamon Press, New York, 1958), Ser. 1, Vol. 2. 
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raste II. Fission fluxes and removal rates for hole 51N. 


Removal rate 
per neutron 
(cm™) 


Removal rate 
(cm™~ sec™') 


Fission flux 
(cm™ sec™) 
3.44 10" 


1.16 10" 
2.28 X 10" 


Center 
Outside 
Difference 


841 
8+1 
8+1 


(26+3) x 10" 
( 941)«10" 
(17+3) x10" 


electrons/cm*® sec~!. This value was checked by Hall 
measurements’ during the period of the neutron meas- 
urements and confirmed within 10%. The writer found 
by conductivity measurements that the center of the 
converter was 2.9 times as effective as the position out- 
side. The results are summarized in Table II along with 
the fission fluxes determined from Np”*’. The removal 
rate per neutron is insensitive to the change in spectrum 
and is constant at 8+1 neutron. 


DISCUSSION 


To compare with the monoenergetic results of Ruby, 
Schupp, and Wolley, we must multiply the observed 
removal rate by 1.5, the factor between liquid nitrogen 
and room temperature irradiations in the reactor.’ The 
result, 12+2 per fission neutron, is close to the values 
of 21+5, 12+3, and 13+3 for 1.8, 3.2, and 4.8 Mev 
neutrons. The removal rate, within error, is approxi- 
mately independent of neutron energy. 

An approximate constancy in defect production with 
neutron energy is predicted by a calculation of the 
average energy dissipated in elastic collisions. Two 
effects are important: (1) the increase in forward 
scattering as the neutron energy increases, and (2) 


TABLE III. Removal rates compared with Eno. (é/emax). 


Eyoe(€/emax) Removal rate 


(Mev barn) 





9 J. W. Cleland (private communication). 


BINDER 


the decrease in the elastic cross section. The energy 
dissipated in elastic proportional to 
E,0¢(@/€max), Where E, is the neutron energy, o, is the 
elastic scattering cross section, and (@/emax) is the ratio 
of the average to the maximum recoil energy. The 
ratio (€/émax) decreases from the value of 0.5 for iso- 
tropic scattering as the neutron energy increases. Al- 
though angular distributions are not available for 
germanium, approximate values of (@/émax) may be 
calculated from the neighboring elements, copper and 
zinc.” The results are shown in Fig. 1. Only the total 


collisions is 











| 
2 


£ { 

n 

Fic. 1. Average recoil energy divided by maximum recoil energy, 
é/€max, aS a function of neutron energy / 


cross section is known for germanium, but an approxi- 
mate elastic scattering cross section is obtained by 
subtracting the inelastic cross section for zinc from the 
total cross section.!! 

The results are summarized in Table III, where the 
value for fission neutrons is obtained by averaging over 
a fission spectrum. The variation, within error, of the 
removal rates is in agreement with the energy dissipated 
in elastic collisions. 

1D). Binder (to be published). 

1 D—. J. Hughes and R. B. Schwartz, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (U. S. Govern- 
ment Printing Office, Washington, D. C., 1958), 2nd ed 





PHYSICAL REVIEW VOLUME 122, NUMBER 4 


Effect of Pressure on the Absorption Edges of Some III-V, 
II-VI, and I-VII Compounds* 


A. L. Epwarps AND H. G. DricKAMER 
Department of Chemistry and Chemical Engineering, University of Illinois, Urbana, Illinois 
(Received December 13, 1960) 


The effect of pressure to 160 kilobars was measured on the absorption edges of the III-V compounds 
AlSb, GaSb, InP, and InAs, the II-VI compounds CdS, CdSe, and.CdTe, and the I-VII compounds CuCl, 
CuBr, and Cul. It is possible to discuss the band structure of the I1I-V compounds with reasonable assur- 
ance relative to known group IV and III-V structures. For the II-VI and I-VII compounds, ionic and other 
effects must be important. A number of new phase transitions were noted at high pressure. For CuCl and 
CuBr the 7-P curves of some of these transitions were established. 


HE effect of pressure (in some cases as high as 160 

kilobars) has been measured on the absorption 
edges of a number of III-V, II-VI, and I-VII com- 
pounds which have the zincblende or wurtzite structure 
at room temperature and atmospheric pressure. Pre- 
viously'? results have been published on certain group 
IV, III-V, and II-VI compounds. In the case of CuCl 
and CuBr the temperature shift of the phase boundaries 
of several pressure-induced phase transitions was also 
obtained. 

The experimental procedures have been previously 
described,’ except that the latest revised pressure 
calibration® was used. In attempting quantitative inter- 
pretation of the results it must be kept in mind that the 
apparatus is not primarily suited to handling these very 
brittle substances, and to obtaining quantitative results 
in the pressure range below .20 kilobars. 


A. III-V COMPOUNDS 


The effects of pressure on the optical absorption 
spectra of the group III-V compounds AISb, GaSb, 
InP, and InAs have been measured. In addition, an 
investigation has been made to help identify the source 
of an absorption band on the long-wavelength side of 
the absorption edge of GaSb at higher pressures. 

AlSb was obtained from the Ohio Semiconductor 
Company, Columbus, Ohio, in the form of a section 
from a large polycrystalline ingot. Spectra were obtained 
for two samples, 11.3 and 12.4 mils in thickness. The 
DUR Spectrophotometer was used, with a tungsten 
lamp source and an RCA 7102 detector. A slit width of 
2.0 mm was used on the monochromator. The resulting 
curves are nearly linear on a plot of (ax)! vs wave 
number. In the pressure runs, the long-wavelength 
transmission and the reflection correction varied only 
© This work was supported in part by U. S. Atomic Energy 
Commission, Chemical Engineering Project 5. 

1 T. E. Slykhouse and H. G. Drickamer, J. Phys. Chem. Solids 
7, 210 (1958). 

2 A. L. Edwards, T. E. Slykhouse, and H. G. Drickamer, J. Phys. 
Chem. Solids 11, 140 (1959). 

8 R. A. Fitch, T. E. Slykhouse, and H. G. Drickamer, J. Opt. 
Soc. Am. 47, 1015 (1957). 

4A. S. Balchan and H. G. Drickamer, Rev. Sci. Instr. 31, 511 
(1960). 

5H. G. Drickamer, Rev. Sci. Instr. 32, 212 (1961). 


slightly between 10 and 50 kilobars, indicating that no 
crushing of the sample occurred. The shift of the absorp- 
tion edge with pressure was measured from an initial 
value of 13 180 wave numbers at an absarption coeffi- 
cient of 30 cm~, and is given in Fig. 1. The result is a 
monotonic red shift with increasing pressure, with a 
slope of —0.0016 ev/kilobar up to the highest pressure 
attained, 50 kilobars. The total shift at 50 kilobars is 
660 wave numbers. | 

GaSb was provided by Dr. J. H. Racette, of the 
General Electric Research Laboratories, in the form of 
rectangular polished samples of three thicknesses, 4, 7, 
and 11 mils, having a carrier density of 3X10" cm. 
All spectra were obtained on the infrared spectrometer, 
with a tungsten lamp source and a PbS detector, with 
a slit width of 2.0 mm on the monochromator. Spectra 
obtained for 11 and 4 mil samples at 1 atm located the 
absorption edge at 5500 cm~ for an absorption coeffi- 
cient of 30 cm~. The shift of the absorption edge with 
pressure was measured in three runs, and the results are 
given in Fig. 2. There is an initial blue shift having a 
slope of 0.0120 ev/kilobar. At 18 kilobars, there appears 
to be a change of slope, to about 0.0073 ev/kilobar, and 
between 32 to 50 kilobars the shift of the edge appears 
to be leveling off and beginning to go red, with a maxi- 
mum blue shift of about 2750 cm~ at about 45 kilobars. 

In each run, a broad absorption band appeared on 
the long-wavelength tail of the absorption edge at 
higher pressures. This peak remained nearly constant 
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Fic. 1. Shift of AlSb absorption edge with pressure, 
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Fic. 2. Shift of GaSb absorption edge with pressure. 


in intensity and location, as if the motion of the absorp- 
tion edge itself were exposing it, allowing it to be 
observed. The spectra from a typical run are shown in 
Fig. 3. The peak in this case is centered at 6750 cm™ 
and has an absorption coefficient of 12 cm~. In other 
runs, the absorption coefficient at this wave number 
varied from 6 to 35 cm™ at a pressure of 42.5 kilobars. 
From 45 to 50 kilobars, in two runs, the intensity of the 
peak appeared to increase slightly, and remained more 
intense as the pressure was lowered. 

To help identify the source of the absorption peak, 
samples were subjected to various treatments before 
loading and running in the $-in. bomb. A 4 mil sample 
was heated in air for 40 hr at a temperature of 450°C, 
and cooled slowly. In the bomb at 42.5 kilobars, the 
absorption peak height was 32 cm. The reflection 
correction was about normal, and the long-wavelength 
transmission of the sample decreased only slightly at the 
highest pressure. Another 4-mil sample was given the 
same heat treatment in an evacuated Vycor tube. In 
this case, the peak height was about 9 cm, and was 
not affected by reducing the pressure from 42.5 kilobars 
to 1 atm, letting the bomb sit overnight and then 
increasing the pressure again to 42.5 kilobars. The long- 
wavelength transmission of the sample changed little 
under pressure, but the reflection correction had a slope 
about twice the normal value. In two'separate experi- 
ments, 7 mil samples were bent to about 0.2% strain in 
the outer fibers, and spectra taken while bent, and after 
repeated flexing in opposite directions. The only appar- 
ent effect is an insignificant red shift on the edge, less 
than 100 wave numbers, One of these samples was then 
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subjected to pressure, and at 42.5 kilobars, the absorp- 
tion peak height was 18 cm~'. The reflection correction 
and long-wavelength transmission were normal. Finally, 
an 11 mil sample was cold-rolled by rolling a 7g in. glass 
rod over it in one direction about 50 times with a down- 
ward force of 5 lb. A second sample mounted next to the 
first one crushed and broke up under this treatment. In 
the 4-in. bomb at 42.5 kilobars, the peak height was 
7 cm, and repeated cycling of the pressure between 
42.5 kilobars and 1 atm had no effect on the peak. Also, 
a change in the intensity of the light passing through 
the sample, by a factor of 25, had no significant effect 
on the peak height. 

Two x-ray powder diffraction patterns were obtained 
for crushed GaSb samples which had been placed under 
100 kilobars pressure for five minutes. No extra lines 
were found in these patterns. The lattice spacings indi- 
cate a cube edge dimension of 6.10 angstrom units, and 
a Ga-Sb separation of 2.645 angstrom units. 

InP was obtained in the form of small irregularly 
shaped pieces of single crystal material, from Dr. A. A. 
Giardini, of the U. S. Army Signal Research and 
Development Laboratory. Spectra were obtained on the 
infrared spectrometer, with a tungsten lamp source and 
a PbS detector, with a slit of 2.0 mm in the monochro- 
mator, for several unpolished samples in the 4-in. bomb 
and a polished sample in the 4 


= 


in bomb. Several loadings 
were unsuccessful due to crushing of the samples, which 
appear to be extremely brittle. For the successful runs, 
the shift of the absorption edge with pressure was meas- 
ured from an initial value of 11 100 wave numbers at 
an absorption coefficient of 30 cm~!. The results are 
shown in Fig. 4. There is an initial blue shift with 
pressure up to about 40 kilobars, with a slope of 0.0046 
ev/kilobar. Above 40 kilobars, a long tail develops on 
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Fic. 3. GaSb absorption spectra at various pressures 





EFFECT OF PRESSURE 
the long-wavelength side of the absorption edge, and 
the edge begins to shift red rapidly. Above 50 kilobars, 
the long-wavelength transmission dropped off rapidly, 
and the reflection correction increased rapidly in slope, 
indicating that the sample was being crushed. The 
maximum blue shift of the edge was 2500 wave numbers 
at about 45 kilobars. 

InAs was obtained from the Ohio Semiconductor 
Company, in the form of a large polycrystalline section, 
labeled ‘‘type IN.” Samples for the }-in. bomb were 
polished to thicknesses from 6.7 to 7.8 mils thick. 
Spectra were obtained in the infrared spectrometer, 
using a globar source and a thermocouple detector, with 
a slit of 2.0 mm in the monochromator. The absorption 
curves at low pressures were very steep, increasing by 
two orders of magnitude within 300 wave numbers at 
1 atm. At higher pressures, the absorption curves 
became less steep, and at 50 kilobars, the same increase 
required about 2000 wave numbers. The shift of the 
absorption edge with pressure was measured from an 
initial value of 2460 wave numbers at an absorption 
coefficient of 15 cm~', and the results are shown in Fig. 
5. There is an initial blue shift up to 20 kilobars with a 
slope of 0.0048 ev/kilobar. At 20 kilobars, the shift with 
pressure appears to decrease, and from 20 to 50 kilobars, 
the slope of the shift is 0.0032 ev/kilobar. The maxi- 
mum blue shift is about 1500 wave numbers at 50 
kilobars. 

It is apparent that the results obtained for AISb, 
GaSb, InP, and InAs are closely related to the results 
previously reported for Si and Ge,' and for GaP, GaAs, 
and GaSb.’ The similarities will be discussed below. 

In the case of AlSb, the red shift with pressure indi- 
cates that the transition may be in the [100] direction, 
as is generally regarded to be the case also in Si. The 
slope of the shift for AlSb, —0.0016 ev/kilobar, com- 
pares with a slope of —0.0020 ev/kilobar' and —0.0013 
ev/kilobar® reported for Si, and the slope of —0.0017 
ev/kilobar® reported for GaP, which is also interpreted 
as having a transition in the [100] direction. Thus, 
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Fic. 4. Shift of InP absorption edge with pressure. 


®W. Paul and D. M. Warschauer, J. Phys. Chem. Solids 5, 102 
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Fic. 5. Shift of InAs absorption edge with pressure. 


although AISb is isoelectronic with Ge, it may be more 
like Si in the relative order of the conduction band 
states. 

The initial blue shift in GaSb agrees with the data 
previously reported by Edwards, Slykhouse, and 
Drickamer.2 The slope of 0.0120 ev/kilobar compares 
with the slope of 0.0123 ev/kilobar previously obtained,” 
and the slope of 0.0157 ev/kilobar reported by Taylor’ 
for the pressure range 0-2 kilobars. The change in the 
slope at 18 kilobars indicates a change in the transition 
direction, and the slope of 0.0073 ev/kilobar is compar- 
able with the slope of 0.0080 ev/kilobar obtained for Ge, 
at about the same absorption coefficient for the indirect 
transition in the [111] direction. If the shift in GaSb 
between 18 and 32 kilobars is extrapolated back to 1 
atm, it indicates an initial energy level about 700 wave 
numbers, or 0.09 ev, above the lowest energy level at 
1 atm. The interpretation of this picture is that the 
minimum energy gap in GaSb at 1 atm is at the zone 
center, and that the conduction band minima in the 
[111] direction are about 0.09 ev above that at the 
zone center. Zwerdling, ef al.* showed through oscillatory 
magnetoabsorption measurements that the transition 
in GaSb is direct. If it is assumed that the [100] con- 
duction band minima move down at the rate of about 
— 0.0015 ev/kilobar, the leveling off of the shift at about 
45 kilobars indicates that the [100] minima are about 
0.4 ev above the [000] minimum at atmospheric pres- 
sure. Ehrenreich and Olechna’ conclude that a con- 
sistent picture for GaAs places the [111 ] minima 0.25 ev 
above the [000 ] minimum, and the [100 ] minima about 
0.5 ev above the [000 ] minimum. It is quite likely, then, 
that GaSb has the same relative order of conduction 
band states as GaAs. 

InP and InAs can be assumed to have similar band 
structures since Weiss" has found that in mixed crystals 
of the form In(As,P,_,), there is a linear relationship 
between y and the size of the forbidden energy gap. This 


7]. H. Taylor, Bull. Am. Phys. Soc. 3, 121 (1958). 

8S. Zwerdling, B. Lax, K. J. Button, and L. M. Roth, J. Phys. 
Chem. Solids 9, 320 (1959). 

°H. Ehrenreich and D. J. Olechna, Bull. Am. Phys. Soc. 5, 151 
(1960). 

10H. Weiss, Z. Naturforsch. lla, 430 (1956). 
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is in contrast to the situation for mixed crystals of the 
form Ga(As,P,_,)"' and for Ge-Si alloys,": for which 
the relationship between composition and the size of the 
energy gap is not linear. In those cases the shift with 
pressure was also quite different, comparing GaP with 
GaAs, or Si with Ge. In the case of InP and InAs, the 
shifts are quite similar, both having slopes of about 
0.0047 ev/kilobar obtained for InAs by Taylor’ from 
0-2 kilobars. Work done by Lax" indicates that the 
conduction band minimum is probably at the zone 
center in InAs. Calculations by Kane" of the absorption 
constant associated with direct transitions in the 
vicinity of the zone center agree fairly well with the 
experiments of Fan and Gobeli.'® The change in slope 
of the shift of the absorption edge of InAs with pressure 
is additional evidence that the initial transition is direct, 
since the same effect was observed in the case of GaSb. 


B. II-VI COMPOUNDS 


The effects of pressure on the optical spectra of CdS, 
CdSe, and CdTe have been measured, and the results 
are presented and discussed below. In each case, the 
shift of the optical absorption edge with pressure was 
measured, and a phase change observed. 


1. Experimental Results 


CdS was obtained from E. C. Stewart of the Harshaw 
Chemical Company, in the form of large single crystals 
and polycrystalline masses, having the wurtzite struc- 
ture. Spectra were obtained on the DUR Spectro- 
photometer, using a tungsten lamp source and an RCA 
7102 photomultiplier detector. The results of a $-in. 
bomb run, and two 4-in. bomb runs are shown in Fig. 6. 
The shift with pressure was measured from an initial 
value of 19 140 wave numbers at an absorption coeffi- 
cient of 30 cm~. The edge shifts red irreversibly when 
the sample is initially pressed in, to a point about 230 
wave numbers red from the location of the absorption 
edge measured at one atmosphere. The slope of the 
shift from this point is 0.0033 ev/kilobar. A phase 
transition occurs, starting at about 27.5 kilobars, and 
is essentially complete at about 40 kilobars. The 
absorption edge shifts red about 6000 wave numbers 
over the transition. In the high-pressure form, the 
absorption edge shifts very little up to 50 kilobars, then 
begins to shift red. Between 60 and 160 kilobars, the 
average slope is about —0.0007 ev/kilobar. On reduc- 
tion of pressure, the reverse phase transition begins at 
10 kilobars, and does not appear to be complete at 1 atm 
even after letting the bomb stand for several days. The 


1 QO. G. Folberth, Z. Naturforsch. 10a, 502 (1955). 

2 FE. R. Johnson and S. M. Christian, Phys. Rev. 95, 560 (1954). 

'8R. Braunstein, A. R. Moore, and F. Herman, Phys. Rev. 109, 
695 (1958). 

4B. Lax, Revs. Modern Phys. 30, 122 (1958). 

16 E. O. Kane, J. Phys. Chem. Solids 1, 249 (1956). 

1H. Y. Fan and G. W. Gobeli, Bull. Am. Phys. Soc. 6, 298 
(1956). 
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Fic. 6. Shift of CdS absorption edge with pressure. 


absorption edge moved back part way, but is still about 
4150 wave numbers red from the initial value. The 
progress of the phase transition was followed by meas- 
uring the change in intensity with pressure of the light 
transmitted by the sample at 10000 wave numbers. 
Figure 8 is a plot of such data for a typical run involving 
a phase change in CdSe, which behaves very much like 
CdS. 

X-ray powder diffraction patterns for 3 CdS samples 
which had been under 50 kilobars pressure for several 
minutes showed a faint line corresponding to a planar 
spacing of 2.915 A, which could be due to the 200 plane 
of the zincblende structure. Other strong lines in zinc- 
blende pattern correspond too closely to strong lines 
in the wurtzite pattern to be definitely identified. The 
lines in the diffraction patterns are much more diffuse 
than in a pattern for a crushed CdS sample which had 
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EFFECT OF PRESSURE 
not been under pressure, indicating that the high 
pressure results in a much smaller particle size. 

CdSe was obtained from Dr. R. H. Bube, of the RCA 
Laboratories, Princeton, New Jersey, in the form of 
small needles and plates having the wurtzite structure. 
Spectra were obtained on the infrared spectrometer. 
with a tungsten lamp source and PbS detector. The 
shift was measured from an initial value of 13 150 wave 
numbers, at an absorption coefficient of 60 cm~. The 
results are quite similar to those for CdS, and are shown 
in Fig. 7. There is an initial irreversible red shift of about 
750 wave numbers when the sample is pressed in, 
followed by a reversible blue shift with pressure of 
0.0037 ev/kilobar. A phase transition begins at about 
27 kilobars, and is complete at about 37 kilobars, as 
shown by a plot of light intensity vs pressure at 6500 
wave numbers, Fig. 8. The absorption edge of the new 
phase is about 8000 wave numbers red from that of the 
wurtzite phase. In the high-pressure phase, the edge 
shifts red reversibly with a slope of —0.0015 ev/kilobar 
up to 50 kilobars. The absorption edge returns to about 
11400 wave numbers, about 2500 wave numbers red 
from the original location, and 1750 from the zero point 
of measurement. 

In an investigation to determine the factors affecting 
the initial irreversible red shift, several samples were 
repeatedly bent to a strain of 0.2% in the outer fibers, 
but this does not significantly affect the location or 
shape of the absorption edge. Another sample was 
polished in several steps, from a thickness of 14.7 to 7.1 
mils, taking spectra at each step. This also does not 
significantly affect the location or shape of the edge, 
with the sample thickness taken into account. Another 
sample was loaded into the }-in. bomb between thin 
plates of AgCl, which has much less shear strength than 
NaCl, in an effort to reduce the shearing effect on the 
sample during the initial pressing in. In this case, the 
irreversible red shift took place in much the same way 
as for runs in which the sample was loaded in the 
usual way. 

CdTe was obtained from Dr. A. A. Giardini, of the 
U. S. Army Signal Research and Development Labora- 
tory, in the form of small pieces of single crystal material 
with the zincblende structure. Spectra were obtained 
on the infrared spectrometer, with a tungsten lamp 
source and a PbS detector. As in the case of CdS and 
CdSe, there is an initial irreversible red shift on being 
pressed in, so the shift was measured from an initial 
value of 11 630 wave numbers at an absorption coefii- 
cient of 100 cm~. The edge shifts reversibly from this 
point with a slope of 0.0044 ev/kilobar, up to about 35 
kilobars, where a phase transition begins to occur. Since 
the edge shifts at least 8000 wave numbers red, beyond 
the range of the instrument, no spectra could be ob- 
tained above 39 kilobars. On reduction of pressure, the 
reverse transition begins at about 20 kilobars, and the 
absorption edge returns to about 10 630 wave numbers. 
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Fic. 8. Light intensity vs pressure for CdSe phase changes. 


From this point, increasing results in a blue shift with a 
slope of 0.0048 ev/kilobar up to about 35 kilobars. The 
data appear in Fig. 9. In several runs, a small absorption 
band appeared on the tail of the absorption edge, 
centered at about 10 700 wave numbers, with a maxi- 
mum absorption coefficient of about 10 cm. This peak 
increases in size above 35 kilobars, but is hidden by the 
red shift due to the transition. 

The effects of pressure on CdS, CdSe, and CdTe 
appear to be quite similar, although the first two com- 
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1154 EDWARDS 
pounds have the wurtzite structure, while CdTe has 
the zincblende structure. This difference must be 
considered in comparing the results for CdS and CdSe 
with those for CdTe and those for the group III-V 
compounds considered above. 

The results for CdS and CdSe indicate that the band 
structures are similar. This would also follow from the 
results of Khanseverov, Ryvkin, and Ageeva,'? who 
found that the energy gap varies in a smooth curve 
with composition for solid solutions of CdS and CdSe. 
Thomas, Hopfield, and Power'’ measured the absorp- 
tion coefficient of CdS from 10 to 300 cm in polarized 
light, from 20° to 300°K, in the region of the absorption 
edge, and concluded that the transition was direct at 
the zone center. However, Boer and Gutjahr,"® from 
measurements of the absorption constant at 90° and 
300°K, concluded that an indirect transition involving 
phonons was responsible. The shift of the absorption 
edge of CdS with pressure up to 4 kilobars was measured 
by Gutsche” who found a slope of 0.0044 ev/kilobar, 
compared with the value 0,0033 ev/kilobar obtained 
in this work. He also obtained a compressibility 
(—dV/VdP) of 0.00166 per kilobar up to 4 kilobars. 
Preliminary calculations on the band structure of CdS 
have been started by Cohen and Reitz.’ The shifts with 
pressure of the absorption edges of the high pressure 
forms resemble the shifts of the corresponding group 
I-VII compounds much more than those of the corre- 
sponding group III-V compounds. 

The blue shift of the absorption edge of CdTe indi- 
cates that the initial transition is probably to a conduc- 
tion band minimum either in the [111] direction or at 
the zone center. An analysis of the shape of the absorp- 
tion edge according to the theory of Bardeen, Blatt and 
Hall,” was carried out for CdTe by Davis and Shilliday” 
at various temperatures. The results indicate that the 
lowest conduction band minima are in [111 ] directions, 
and 1.440 ev above the valence band maximum at room 
temperature, and that the [000] conduction band 
minimum is at 1.505 ev, or 0.065 ev higher. 

The irreversible red shifts which occur in CdS, CdSe, 
and CdTe on being pressed in, may conceivably be due 
to strain and shear, although the experiments with CdSe 
failed to produce this effect outside the bomb, or prevent 
it from occurring in the bomb. The samples are very 
brittle, and many cracks probably develop when they 
are pressed into the sample chamber of the bomb. 

17 R, I. Khanseverov, S. M. Ryvkin, and I. N. Ageeva, Soviet 
Phys.-Tech. Phys. 3, 453 (1958) 

18D. G. Thomas, J. J. Hopfield, and M. Power, Phys. Rev. 119, 
570 (1960). 

1K. W. Boer and H. Gutjahr, Z. Physik 155, 328 (1959). 

* E. Gutsche, Naturwissenschaften 45, 486 (1958). 

211. A. Cohen and J. R. Reitz, Bull. Am. Phys. Soc. 5, 162 
(1960). 

2 J. Bardeen, F. G. Blatt, and-L. J. Hall, Proceedings of the 
Conference on Photoconductivity, Atlantic City, 1954, edited by 
R. G. Breckenridge et al. (John Wiley & Sons, New York, 1956), 


pp. 146-154. 
3 P. W. Davis and T. S. Shilliday, Phys. Rev. 118, 1020 (1960). 
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The phase transitions occurring in CdS and CdSe 
under pressure are quite similar, both in the pressure at 
which they take place and in their effect on the location 
of the absorption edge. The actual thermodynamic 
transition points are probably about 19 kilobars in each 
case, with a region of indifference of about 8-12 kilobars 
on either side of the thermodynamic point. This can be 
seen in Fig. 8, for a typical CdSe run. With either in- 
creasing or decreasing pressure, the transitions require 
about 10 kilobars to become essentially complete, once 
they have begun. The transitions do not progress at 
constant pressure, but only for a few seconds after each 
pressure increase. This might indicate that the transi- 
tions are of the diffusional type, requiring a shear or 
strain mechanism to progress rapidly. 

Although no direct identification of the high-pressure 
phases has been made, the x-ray patterns for CdS 
which has been subjected to high pressure do show some 
evidence of a small amount of the zincblende form being 
present. The shifts of the absorption edges after the 
transitions look considerably like the pressure shifts of 
the zincblende phases of CuCl, CuBr, and Cul, which 
will be presented and discussed below. 

The phase transition in CdTe results in a form with 
an energy gap no larger than about 0.35 ev, which could 
be wurtzite, a distorted zincblende structure, or even 
the liquid form. On using approximate values of the heat 
of fusion and volume decrease on melting for CdTe of 
10+5 kcal/mole and 10+4%, respectively, the pressure 
required to bring the melting point from 1041° to 27°C 
is 120+90 kilobars, so that melting is possible. The 
large volume decrease is reasonable, since the average 
coordination number in the melt would probably be 6 
or 8 compared to 4 in the solid. 


C. I-VII COMPOUNDS 


The effects of pressure on the optical properties and 
lattice stability of the group I-VII compounds CuCl, 
CuBr, and Cul have been measured, up to pressures of 
160 kilobars. Each compound underwent at least two 
phase transitions under pressure, and the shifts of the 
absorption edges were measured in each phase. The 
phase transitions in CuCl and CuBr were studied in the 





T 


4 
—A—.- — 


142 25 080 c=! 
° 


@= isc 
SYMBOL RUN NO. 
° 3, 

4 


= 
a 





1 —_—i_. 1 = 


40 





=a 
160 


30 120 
P, KILOBARS 


10. Shift of CuCl absorption edge with pressure 





EFFECT OF PRESSURE 
high-temperature modification of the }-in. bomb, and 
the phase boundaries determined up to 160 kilobars and 
400°C. A small peak on the absorption edge of CuCl 
was observed up to 50 kilobars, and the shift and change 
in intensity measured. These results are presented and 
discussed below. 

Reagent grade CuCl from Fisher Scientific Company 
was repurified, and runs made in the $-in. bomb, the 
3-in. bomb, and the high- temperature modification of 
the 3-in. bomb. Spectra and light intensity changes with 
pressure and temperature were obtained on the DUR 
Spectrophotometer, using a tungsten lamp source and 
a 1P28 photomultiplier detector. The shift of the 
absorption edge with pressure was measured from an 
initial value of 25 080 wave numbers at an absorption 
coefficient of 15 cm™. The results are shown in Fig. 10. 
The initial slope of the shift is 0.0007 ev/kilobar, level- 
ing off at about 30 kilobars, and shifting red from 30 to 
50 kilobars. A phase transition occurs at about 54 
kilobars, accompanied by a change in the location of the 
absorption edge of —1900 wave numbers. In the new 
structure, the edge shifts blue with a slope of 0.0010 
ev/kilobar, until a second phase change, beginning at 
100 kilobars, causes a change in the location of the 
absorption edge of 1800 wave numbers. The direction 
of shift could not be obtained in the highest pressure 
form, because of the over-all loss of light due to the 
previous transitions. The purer the sample, the lower 
were the transition pressures. One sample, which had 
been stored in a light-tight bottle in a desiccator for 
only a few days after repurification, required pressures 
up to 100 kilobars to complete the first transition, and 
did not begin the second transition until 135 kilobars 
had been reached. 

The results of the combined high-temperature high- 
pressure runs are shown in Fig. 11. The transitions were 
located by following the changes in light intensity with 
increasing temperature, with the pressure applied to 
the 4-in. bomb remaining constant, and also taking 
spectra at intervals to locate the absorption edge. The 
samples did not clear up completely after each transi- 
tion, and the defects seemed to hinder the following 
transition, so that some transitions were difficult to 
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Fic. 11. Phase equilibrium diagram for CuCl. 
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Fic. 12. Pressure effect on the 3.3-ev absorption peak in CuCl. 


find. Fig. 11 is probably correct only within about 10% 
due to inaccuracies inherent in the method. 

A small absorption peak on the absorption edge was 
studied in the }-in. bomb, with a sample 10 mils thick 
containing 10% CuCl and 90% NaCl. The background 
absorption was corrected for by subtracting a linear 
tangent between 23 000 and 29000 wave numbers, on 
a plot of log(/)/J) vs wave number. The results are 
shown in Fig. 12. It appears that the peak has at least 
two components, which change in relative strength with 
increasing pressure. The peak, as a whole, shifts about 
300 cm blue, and decreases in strength by about 
60-65% at 50 kilobars. Similar results were obtained in 
a previous run made by T. E. Slykhouse in this 
Laboratory. 

CuBr Regent Grade powder was obtained from 
Matheson, Coleman, and Bell Company, repurified, 
and the same types of runs made as for CuCl, using the 
same equipment. The shift of the absorption edge with 
pressure was measured from an initial value of 22 740 
wave numbers, at an absorption coefficient of 15 cm™. 
The results are shown in Fig. 13. The absorption edge 
shifts slightly blue up to 10 kilobars, then shifts red 
with a slope of about —0.0010 ev/kilobar up to 50 
kilobars. One or more phase changes occur near 50 
kilobars. The reverse transition, on reduction of pres- 





cuar 
%=22 740 cm 
<= is cmt 
SYMBOL RUN NO. 
° 


o 

e 

° 
° 








j40 160 180 200 





80 100 20 
P, KILOBARS 


‘1G. 13. Shift of CuBr absorption edge with pressure. 





EDWARDS 














30 60 80 100 120-*140 
P,KILOBARS 


Fic. 14. Phase equilibrium diagram for CuBr. 


sure, clearly involves two separate steps, spaced about 
5 kilobars apart, with the absorption edge returning 
only part of the way at each step. Completion of the 
transitions with increasing pressure results in a total 
change in the location of the absorption edge of — 2600 
wave numbers. The absorption edge in the new form 
appears to shift blue with pressure. Between 80 and 95 
kilobars, what appear to be two separate transitions 
take place, moving the absorption edge about 1700 
wave numbers blue. In the highest pressure form, the 
absorption edge shifts red, with a slope of about 10.0019 
ev/kilobar. 

The phase equilibrium diagram obtained for CuBr is 
shown in Fig. 14. Because of the many phase transitions, 
the high-temperature runs were more difficult to 
analyse, although the large difference in the absorption 
edges, between the phase stable from 55 to 80 kilobars 
at room temperature, and the lowest and highest 
pressure forms, was helpful in determining the occur- 
rence of transitions. The curves drawn in Fig. 13 are 
probably accurate within 10-15%. 

Purified Reagent Grade Cul was obtained from 
Fisher Scientific Company, and room temperature 
pressure runs made up to 150 kilobars, with the same 
equipment used for CuCl and CuBr. The shift of the 
absorption edge with pressure was measured from an 
initial value of 23 550 wave numbers at an absorption 
coefficient of 15 cm™, and is shown in Fig. 15. Three 
distinct phase transitions took place, as indicated both 
by discontinuities in the shift of the edge, and by 
measurement of light intensity changes with pressure. 
These transitions occurred at 14, 41, and 80 kilobars, 
with changes in the location of the edge of 1300, 150, 
and 0 wave numbers, respectively. The slopes of the 
shift in the four separate phases were —0.0041, 
—0.0079, —0.0061, and —0.0022 ev/kilobar, in order 
of increasing pressure. 

The direction and slope of the absorption edge shifts 
in the zincblende form of CuCl] and CuBr are somewhat 
different and the shift of Cul quite different, than those 
of the corresponding group II-VI compounds, ZnS and 
ZnSe, which had blue shifts up to very high pressures, 
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with slopes of 0.0057 and 0.0060 ev/kilobar, respec- 
tively.? However, the shifts of the edges are similar to 
those observed in the high-pressure forms of CdS and 
CdSe, which may have the zincblende structure. This 
would indicate that the band structure picture used in 
interpreting the results for the group IV elements Si 
and Ge and the group ITI-V compounds GaP and GaAs, 
and AlSb, GaSb, InP, and InAs cannot be carried over 
without modification, to the heavier and more ionic 
group II-VI compounds or any of the group I-VII 
compounds, which are quite ionic. Herman™ has indi- 
cated that this is the case, because of the way the size 
of the energy gap changes in isoelectronic sequences. 
CuCl, CuBr, and Cul have smaller energy gaps than 
would be obtained from a reasonable extrapolation from 
the other members in the isoelectronic sequences, as do 
the high-pressure forms of CdS and CdSe, which may 
have the zincblende structure. 

Fesefeldt and Gyulai®® observed absorption peaks on 
the edges of CuCl, CuBr, and AglI, at 26870, and 
25 320, and 23 600 cm™, respectively. The peak in CuCl 
is largest. Gross and Kaplyanskii®® observed this peak 
in a mixture of 10% CuCl in NaCl at 77°K, and found 
it to consist of a narrow component at 26 000 cm™ and 
a broad component from 26 450 to 26970 cm. The 
room temperature locations found here were 26 260 and 
26 600 cm! for the two components of the peak, 
indicating little or no temperature dependence of the 
peak energies. 

Seitz?” states that the peaks in CuCl and CuBr are 
probably due to d to d*s transitions in the Cut ion, 
which are allowed due to the tetrahedral symmetry of 
the lattice. 

There is undoubtedly a crystal field splitting of these 
levels. due to the lattice symmetry, and the effect of 
pressure may be further complex splitting and shifting, 
resulting in the observed blue shift. The loss in strength 


*F. Herman, J. Electronics 1, 103 (1955) 

2° H. Fesefeldt and Z. Gyulai, Gottingen Nachr. 226 (1929). 

#6 FE. F. Gross and A. Kaplyanski, Optika i Spektroscopiya 2, 204 
(1957). 

27 F, Seitz, Revs. Modern Phys. 23, 328 (1951). 
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of the peak with increasing pressure could be due to 
many possible effects, including the changes in the back- 
ground absorption, pressure effects on lattice vibrations, 
production of lattice defects, or effect from the NaC] 
matrix in which the CuCl particles are dispersed. A d'° 
to d*s transition requires a mixing of symmetrical and 
antisymmetrical states, which is already present in the 
zincblende structure, but is somewhat increased by 
lattice vibrations. 

For complete understanding of the band structure, 
a wide variety of measurements would be necessary on 
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each compound. It is hoped that these optical measure- 
ments will promote some general understanding of the 
band arrangement of compounds of the same crystal 
structure, and of the effects in going from a purely 
valence crystal to a largely ionic compound. 
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Ferromagnetism in Dilute Solutions of Cobalt in Palladium 
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Measurements of the magnetic properties of solid solutions of cobalt in palladium show that ferromag- 
netism exists in solutions as dilute as 0.1 at. % of cobalt, when the cobalt atoms are about 10 at. diam apart. 
The ferromagnetic Curie point is established in this alloy by three different methods as 7°K. Bohr magneton 
numbers are determined for the whole series of alloys, and the moment associated with one cobalt atom is 
found to increase with dilution from 1.7 Bohr units in pure cobalt to a limit of 9 to 10 units in the greatest 
dilution. Lattice constants measured at room temperature show the effect of the onset of ferromagnetism 


at about 10 at.% 


moment. 


ONSTANT,' and more recently Gerstenberg,’ have 
shown that dilute solutions of cobalt in palladium 
are ferromagnetic, and that the moment associated 
with one cobalt atom (the total ferromagnetic moment 
divided by the number of cobalt atoms) is greater than 
the atomic moment of pure cobalt. Working at tem- 
peratures above 80°K, ferromagnetism was observed! ? 
in alloys as dilute as 5 at. % cobalt. Crangle,*® working 
to 20°K, has found ferromagnetism in solutions of iron 
in palladium as dilute as 1.25 at. % iron. If it is assumed 
that the total moment is carried by the iron atoms the 
moment per atom must be more than 7 Bohr mag- 
netons. As Gerstenberg and Crangle point out, it must 
be concluded that some of the moment resides on the 
Pd atoms. 

The present work was undertaken to find out how 
dilute the cobalt alloys could be made and still remain 
ferromagnetic. As shown below, the most dilute alloy 
studied, 0.1 at. % of Co in Pd, was found to be ferro- 
magnetic even though the distance between Co atoms 
is about 10 at diam. Interpretation is given of the high 
moment per cobalt atom, and of ferromagnetic inter- 
action over these long distances. 


1F, W. Constant, Phys. Rev. 36, 1654 (1930). 
2D. Gerstenberg, Ann. Physik 2, 236 (1958). 
3 J. Crangle, Phil. Mag. 5, 335 (1960). 


cobalt. A simple model explains the magnitude and variation of the cobalt 


MATERIALS AND MEASUREMENTS 

The palladium used was of 99.999% purity, the 
greatest impurities being 0.0002% each of Fe and Cu. 
The purity of the electrolytic Katanga cobalt was 
99.91%, the principal impurities being 0.049% Fe and 
0.04% Si. The constituents were melted in argon in 
pure fused silica and raised to about 1800° with high- 
frequency heating. After cooling they separated from 
the silica with no sign of corrosion. The loss in weight 
during melting was usually less than 0.1%. Spectro- 
scopic analysis of the specimen containing 0.1 at. % 
Co showed a trace of silicon and iron to the extent of 
less than 0.001%; photometric analysis of Co gave 
0.10 at. %. 

Magnetic moments were measured in fields up to 
12 koe at temperatures down to 1.3°K, as previously 
described.4 The moment per atom of alloy was deter- 
mined by extrapolation to T=0, H=, except that 
in the most dilute alloys the paramagnetic moment of 
pure palladium was subtracted before extrapolation. 
Curie points were determined by the classical Weiss- 
Forrer method and also by the method of plotting® 
H/am VS On?, Tm being the magnetization per mole. 

*R. M. Bozorth, H. J. Williams, and D. Walsh, Phys. Rev. 
103, 572 (1956). 

5K. P. Belov and A. N. Goriaga, Fiz. Metal. i Metalloved. 
Akad. Nauk S.S.S.R. 2, 3 (1956); A. Arrott, Phys. Rev. 108, 
1394 (1957); J. S. Kouvel, C. D. Graham, and J. J. Becker, J. 
Appl. Phys. 29, 518 (1958). 
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Fic. 1. Magnetic moments per mole (gram-atom) of alloy, 
at indicated field-strengths and temperatures. The broken line 
refers to a specimen of pure palladium. 


RESULTS 
Figure 1 shows as an example the measurements of 


moment vs temperature for the alloy containing 0.1 
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Fic. 2. Determination of Curie point of 0.1 at. % alloy, a» 
having been corrected for moment of pure Pd. 
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at. % Co. In this case the highest measured magnetiza- 
tion per mole is about 73, and in order to find the 
saturation ferromagnetic we have first sub- 
tracted the paramagnetic pure Pd, for 
which the highest o,, was observed to be 11.5. Similar 
corrections were made to 


moment 
moment of 


the moments for various 
temperatures and field strengths. Hysteresis was ob- 
served at 1.3°K; the loop for a maximum applied field 
of 12 koe was found to have a vertical height of 15% 
of o,, at 400 oe. 

The Curie point of this alloy was determined most 
accurately by plotting H/o VS om”, om having been 
corrected in this case by subtracting the moment of 
pure Pd. Figure 2 shows that the lines drawn through 
the high-field points pass through the origin at about 
7°K, the same Curie point as that determined by the 
Weiss-Forrer method. 

The magnetization of pure Pd at H=12 koe is 
plotted as a broken line in Fig. 1, and the 1/x,, curve 
(at H=8 koe) is given in Fig. 3. No ferromagnetism 
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Fic. 3. Reciprocal susceptibility of palladium of high purity, 
showing maximum in x at 85°K, and of Coo.o01Pdo.995 
showing change in slope near the Néel point of Pd 


about 


was detected down to 1.3°K. A maximum in suscepti- 
bility was observed at about 80°K, in fair agreement 
with the results of Hoare and Mathews’ who interpreted 
the maximum as evidence of antiferromagnetic be- 
havior; the existence of antiferromagnetism is yet to 
be established. The paramagnetic moment above 85°K 
is perp =1.8; this corresponds to S=0.5 if we put 
bete= 2[,.S(S+1) }'. No appreciable changes in the values 
result from corrections for diamagnetism of the Pd core. 

Average ferromagnetic moments per atom of alloy ng 
and Curie points 6 are given for the series in Figs. 4 
and 5. Values of @ for compositions greater than 10 
at. % Co are taken from Grube and Winkler.’ At all 
compositions the curve of Fig. 4 lies above the straight 
line based on the idea that only Co atoms of moment 
1.7 contribute to the total moment of the alloy. As 
nearly as can be determined both the moment and the 
Curie point extrapolate to zero Co, provided we sub- 


°F. E. Hoare and J. C. Matthews, Proc. Roy. Soc. (London) 
212A, 137 (1952). 


7G. Grube and O. Winkler, Z. Electrochem. 41, 52 (1935). 
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Fic. 4. Ferromagnetic moments per atom of alloy. 


tract the paramagnetic moment of Pd as measured in 
the pure material. 

If we divide the total moment by the number of Co 
atoms we have the moment associated with each Co 
atom without making any assumption as to whether 
the moment resides entirely on the Co atom, or partly 
on the Co, and the rest on some or all of the Pd atoms 
(see discussion). Such numbers, designated m, and 
equal to mg (fractional content of Co atoms), are 
plotted in Fig. 6. As the insert shows, m, appears to 
approach a limit at zero Co of 9 to 10 Bohr magnetons. 
The scatter of the points below 1 at. % Co is presum- 
ably due to errors in the measurements, corrections, 
and composition. 

From the plot of 1/xm vs T for 0.1 at. % Co, given 
in Figs. 3 and 7 for various values of H, we find for the 
paramagnetic region that pers is 1.6 in the range 80 
300°K. The curve shows a marked change in slope at 
about 40° and approaches the Curie point when extra- 
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Fic. 5. Curie points of alloys. Data for the higher concentra- 
tions of cobalt are due to Grube and Winkler (see footnote 7 in 
text). 
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Fic. 6. Moment associated with one cobalt atom 
at various cobalt concentrations. 


polated to the temperature axis (weak field values). 
This change in slope is consistent with the coexistence 
of a small number of units of large moment and a larger 
number of units of small moment (see Discussion). 
Ordinarily the initial susceptibility xo is a maximum 
at the Curie point. We have determined the suscepti- 
bility in weak fields of 10 and 20 oe by placing the 
specimen in a coil and turning both coil and specimen 
together through 180°, the ends of the coil being con- 
nected to a galvanometer. Previous measurements® on 
the solid solution Gdo oeCeo.92Rue showed that the maxi- 
mum in xo occurred at 6.2°K while the Curie point as 
determined by the Weiss-Forrer method was 6.4°K. 
However, in the alloy of 0.5 at. % Co in Pd xo was 
found to be a maximum at about 14°K while 6 deter- 
mined by the Weiss-Forrer method was 26°K. In the 
0.1 at. % alloy no maximum in xo was observed. We 
conclude from the agreement between the values of @ 
determined by three methods [(1) Weiss-Forrer ex- 
trapolation; (2) H/om VS om? plots; and (3) 1/xm vs T 
extrapolation] that the true Curie point of the 0.1 
at. % alloy is 7+1°K and that xo is not a maximum at 
the Curie point in dilute alloys of this system. 
Preliminary examination of cobalt additions to other 
elements of the Pd and Pt triads indicates that a 
solution of 1 at. % in Pt is ferromagnetic, and that 
solutions of several percent in Rh are not ferromagnetic. 
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Fic. 7. Reciprocal susceptibility in the lower temperature range, 
showing dependence on field strength and extrapolation to ferro- 
magnetic Curie point. 


sR. M. Bozorth, D. D. Davis, and A. J. Williams, Phys. Rev. 
119, 1570 (1960). 
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X-RAY DATA 


X-ray diffraction powder photographs of the alloys 
were taken at room temperature using Co Ka radiation 
(A=1.790A). The lattice constants were calculated 
from the measured interplanar spacing of the (311) 
and (222) reflections (see Fig. 8). The samples used 
were unannealed filings, and gave rather broad lines 
particularly for the Co-rich alloys. The estimated error 
is 0.005A for the high-Co alloys, 0.002 for the low-Co 
alloys. 

The form of the lattice constant vs composition 
curve is of the expected kind (convex upwards) for a 
system such as this is, which has a solidus that is con- 
cave upwards. 

The curvature seems to disappear near 8-10 at. % 
Co. Alloys having less than this amount of Co are not 
ferromagnetic at room temperature. Qualitatively the 
change in the position of the curve at the onset of 
ferromagnetism is in accord with the change in the 
thermal expansion of Ni as it is heated through the 
Curie point: Williams’ observed a contraction of about 
1.5% as the magnetization is lost by heating. This is 
in the same direction, and several times as large, as the 
change in lattice constant in the Co-Pd alloys as they 
become nonmagnetic at room temperature with de- 
creasing Co content. 


°C. Williams, Phys. Rev. 46, 1011 (1934). 
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DISCUSSION 


In view of previous theoretical work on dilute alloys'” 
it was somewhat surprising to find ferromagnetism in 
the dilute alloy that Crangle studied, 1.25 at. % Fe in 
Pd, and now it is even more surprising to find it when 
the concentration of the magnetic atom is 0.1 at. % so 
that the Co atoms are separated by 10 atomic dis- 
tances, or somewhat less if their distribution departs 
from a close-packed arrangement. 

A simple model accounts for the moment (n,=9 to 10) 
per Co atom, and for its rate of decrease with Co con- 
centration. We assume that the moment on each Co 
atom is 1.7 (as in pure Co), and that each of its twelve 
nearest neighbor Pd atoms has a moment of 0.6 (corre- 
sponding to complete polarization of the 0.6 hole in 
the 4d band) and, finally, that more distant Pd atoms 
are nearly unpolarized. The essential feature of the 
model is the saturation of Pd moment on a shell of 
atoms surrounding a Co atom. At finite Co concentra- 
tions a certain fraction of these shells will overlap one 
another, and thus reduce the average moment per Co. 
A straightforward calculation shows that for small Co 
concentration, , decreases by about 1 Bohr magneton 
per atom percent Co. Both this figure and the total 
moment are in good agreement with the experimental 
values. 

Polarization of the Pd atoms near a Co atom is 
caused by exchange interaction between the 4d elec- 
trons of Pd and the (localized) 3d electrons on the Co. 
However, because of the very large susceptibility and 


density of states in pure Pd, the exchange integral re- 
quired for the saturation envisaged above is rather 
small. A value of a few tenths of an electron volt 


should be sufficient to saturate the Pd atoms nearest a 
Co atom. 


ACKNOWLEDGMENTS 


We are glad to acknowledge the benefit of discussions 
with Professor R. Brout, Dr. P. W. Anderson, and Dr. 
B. T. Matthias. 


1 For example, H. Sato, A. Arrott, and R. Kikuchi, J. Phys. 
Chem. Solids 10, 19 (1959); R. Brout, Phys. Rev. 115, 824 (1959). 





PHYSICAL REVIEW VOLUME 


122, NUMBER 4 15, 1961 


Mechanisms of Double Resonance in Solids 


J. Lampe, N. Laurance, E. C. McIrvine, anp R. W. TERHUNE 
Scientific Laboratory, Ford Motor Company, Dearborn, Michigan 
(Received November 10, 1960) 


A study of electron-nuclear double resonance (ENDOR) in ruby 
and other solids demonstrates the existence of the “distant- 
ENDOR?” effect, which involves a change in the electron para- 
magnetic resonance (EPR) signal caused by the depolarization 
of “distant” nuclei (nuclei having negligible hyperfine interaction 
with the paramagnetic centers). In order to obtain interpretable 
data on the mechanism, it proved necessary to perform most of 
the experiments without modulation, observing not the derivatives 
but the functions x’ and x”’ themselves, the dispersive and absorp- 
tive parts of the spin susceptibility. The former shows a large 
decrease upon application of rf power at a nuclear transition 
frequency ; the latter shows a moderate increase. Both the distant 
ENDOR (AF? nuclear Zeeman frequencies) and local ENDOR 


I. INTRODUCTION 


HE technique of electron-nuclear double resonance 
(ENDOR) developed by Feher'~® has proved an 
important method for the study of hyperfine interac- 
tions in solids. By observing changes in an electron 
paramagnetic resonance (EPR) signal, one determines a 
radio-frequency spectrum corresponding to nuclear 
magnetic resonance (NMR) transitions. In effect, it is 
possible to make NMR measurements with greatly 
enhanced sensitivity. 

The mechanisms which lead to ENDOR effects are of 
considerable interest for the understanding of electron- 
nuclear interactions in solids. Recently we have made 
ENDOR measurements® on materials in which the 
ENDOR mechanism appears different from that opera- 
tive in the systems studied by Feher. Dynamic nuclear 
polatization’’* appears to be intimately related to 
ENDOR behavior in our systems. In this paper we 
report a more detailed study of these cases. 

In discussing ENDOR it is important to distinguish 
between effects which occur in absorption and disper- 
sion. By “absorption ENDOR effects” are meant 
changes in the absorptive part of the electron spin sus- 
ceptibility caused by the stimulation of NMR transi- 
tions by applied rf. “Dispersion ENDOR effects” 
similarly means changes in the dispersive part of the 
electron spin susceptibility due to the same cause. In 
the case of homogeneously-broadened lines with resolved 
hyperfine splitting, dispersion and absorption ENDOR 
effects go hand in hand, increasing and decreasing pro- 


!G. Feher, Phys. Rev. 103, 500 (1956). 

2G. Feher and E. A. Gere, Phys. Rev. 103, 501 (1956). 

3G. Feher, Phys. Rev. 103, 834 (1956). 

‘G. Feher, Phys. Rev. 114, 1219 (1959). 

5G. Feher and E. A. Gere, Phys. Rev. 114, 1245 (1959). 

®R. W. Terhune, J. Lambe, G. Makhov, and L. G. Cross, 
Phys. Rev. Letters 4, 234 (1960). 

7 A. Abragam and W. G. Proctor, Compt. rend. 246, 2253 (1958) 

’M. Abraham, M. A. H. McCausland, and F. N. H. Robinson, 
Phys. Rev. Letters 2, 449 (1959). 


(Cr hyperfine frequencies) affect the EPR with a response time 
comparable to the spin-lattice relaxation time of the distant 
aluminum nuclei. Nuclear-nuclear double-resonance experiments 
show that applied rf corresponding to Cr nuclear transitions 
depolarizes AP’ nuclei. Both of these observations are consistent 
with a mechanism involving dynamic nuclear polarization. A 
theoretical analysis of this mechanism, based on forbidden tran- 
sitions involving distant nuclei, gives good agreement with ob- 
served nuclear polarizations and with the observed behavior of x’, 
but predicts small increases in x’’. The increased absorption signal 
may be explained by enhanced spectral spin diffusion or by a spin 
packet considerably wider than assumed. Distant ENDOR is 
expected to occur quite generally. 


portionately. Inhomogeneously-broadened lines, on the 
other hand, can show various pure or mixed ENDOR 
responses. For example, a pure absorption ENDOR 
effect would occur if the application of the NMR signal 
simply changed the degree of saturation of the spin 
packet at the applied microwave frequency. A pure dis- 
persion ENDOR effect could result from an assymetric 
“skewing” of the line-shape with no change in total 
absorption. 

Feher proposed a model‘ which satisfactorily ac- 
counted for the results of his ENDOR experiments. 
Consider an inhomogeneously-broadened EPR line. 
This line, of width 1/7;* cps, is composed of a group 
of “spin packets” of natural width 1/72 cps. The spec- 
tral position of a spin packet within the line is deter- 
mined by the orientation of the nearby nuclei. If one 
examines the electron paramagnetic resonance at a 
fixed magnetic field at high microwave power, one 
saturates a group of packets whose resonant frequency 
corresponds to the applied microwave frequency. As 
saturation proceeds, the EPR absorption signal de- 
creases. Now, however, one can apply a radio-frequency 
field which flips nearby nuclei, shifting other, un- 
saturated electron-spin packets so that these packets 
become resonant with the microwave field and can 
absorb energy. The EPR absorption signal should then 
increase. 

Since Feher made use of magnetic-field modulation 
and fast-passage techniques, the remainder of his analy- 
sis deals with these complications. The basic mechanism 
is, however, described above. 

Recently, ENDOR experiments on ruby were re- 
ported® in which the mechanism could not be understood 
in terms of this model alone. The salient features of the 
observation were: (1) A large decrease in the EPR signal 
occurred upon application of a radio-frequency field 
corresponding to nuclear transitions whereas, as we have 
indicated above, the absorption signal is expected to 
increase. (2) The recovery time of the signal upon re- 
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moval of the nuclear transition frequency was com- 
parable with the nuclear spin-lattice relaxation time, 
whereas the above model predicts a recovery time com- 
parable with the electron spin-lattice relaxation time. 
(3) The effect was observed at frequencies which flip 
“distant” aluminum nuclei as well as frequencies which 
flip the nucleus of the paramagnetic chromium ion 
itself. By distant nuclei in ruby, we mean aluminum 
nuclei sufficiently removed from the paramagnetic 
center that their resonance shows no detectable shift 
due to the presence of the paramagnetic ion. Clearly, 
the flipping of such nuclei does not significantly alter the 
spectral position of a spin packet, and thus no ENDOR 
effect is predicted on the above model. The effect which 
involves distant nuclei we will term “distant ENDOR.” 
The effect involving nuclei having large hyperfine inter- 
action with the electron spin system we will term “‘local 
ENDOR.” 

The present work was undertaken to clarify the 
mechanisms involved in the ENDOR effect. In the 
course of this work it was recognized that a careful 
distinction must be made between x’ and x”, the dis- 
persive and absorptive components of the electron para- 
magnetic susceptibility. The most straightforward 
method for doing this experimentally is to dispense with 
the usual magnetic field modulation. For this reason, the 
EPR results reported here were obtained without mag- 
netic field modulation. It will be shown that in the 
present ENDOR experiments x’ decreases while x” in- 
creases upon application of the nuclear transition fre- 
quencies. Thus it will be seen that in discussing the 
mechanism of ENDOR, the term “EPR signal” is not 
sufficiently definitive. 

Asa result of this study, we propose that the ENDOR 
behavior in ruby depends upon the existence of induced 
nuclear polarization. Such polarization has been ob- 
served in a number of solid materials,’:* including ruby.° 
Dynamic nuclear polarization appears to be a quite 
general phenomenon, and wherever it exists its presence 
should affect ENDOR behavior. The mechanisms dis- 
cussed here must not be construed to supercede that 
proposed by Feher; rather, they apply under a different 
set of circumstances. In particular, a relatively high 
concentration of paramagnetic impurities is probably 
necessary in order to make the nuclear spin-lattice re- 
laxation time reasonable for the observation of ENDOR 
effects which involve nuclear polarization. 

The details of the ENDOR hyperfine spectrum of 
ruby have been studied and will be published sepa- 
rately.” In the present work we shall be concerned only 
with the ENDOR mechanism and will ignore the details 
of the ruby spectrum. A possible mechanism of distant 
ENDOR is discussed which intrinsically involves for- 


‘] \ Cowen, W 
Letters 3, 13 (1959) 
“ R. W. Terhune, J. Baker, C. Kikuchi, and J. Lambe (to be 
published). See also C. Kikuchi, J. Lambe, G. Makhov, and R. W 
rerhune, J. Appl. Phys. 30, 1061 (1959), for detailed references. 
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bidden transitions and dynamic nuclear polarization by 
the Abragam scheme.’ 

Two important operational aspects of double reso- 
nance are established in this paper. Firstly, the ENDOR 
technique can be applied to distant nuclei in many 
materials. Secondly, double-nuclear resonance can be 
performed in materials where one of the nuclear species 
is present in very dilute amounts. In addition, the 
double-nuclear resonance can be performed with en- 
hanced sensitivity if the population of ‘‘detector-nuclei” 
is originally dynamically polarized through the applica- 
tion of microwave power to the paramagnetic impurities. 
These two technical observations should allow double- 
resonance techniques to be applied to the hyperfine 
spectroscopy of many nuclei unapproachable by NMR 
techniques. 


II. EXPERIMENTAL PROCEDURE 


All the quantitative measurements reported here were 
made on pink ruby (Al,O,;: Cr*+) with chromium ion 
concentrations of 0.1%. These crystals were obtained 
from the Linde Company. They were cut into rectangu- 
lar parallelopipeds with the c axis of the crystal parallel 
to one of the short edges of the sample. A typical sample 
measured 3 mmX3 mmX15 mm. Measurements per- 
formed on other materials, such as dilute ruby (lower 
chromium ion concentrations) and GASH, will be dis- 
cussed only qualitatively. 

For ENDOR measurements, the sample was inserted 
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Fic. 1. Apparatus used in making electron-nuclear 
double resonance measurements. 
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Fic. 2. Apparatus used to make simultaneous measurements of 
electron paramagnetic resonance and nuclear magnetic resonance 
while an auxiliary radio-frequency coil induces nuclear transitions. 


into a lavite cavity which has been described pre- 
viously."" The cavity (Fig. 1) had a fixed coupling iris 
and a hole at the top for introducing the sample. All 
experiments were performed at 4.2°K with the cavity 
immersed in liquid helium. The ruby sample was 
mounted on a Lucite holder fastened to a long stainless- 
steel tube. Two turns of fine copper wire encircled the 
sample, and the tube served as the shield of a coaxial 
lead to this coil. The sample was mounted so that the 
c axis of the ruby was parallel to the plane of the coil. 

The microwave spectrometer was of conventional 
design. Magnetic field was supplied by a Varian 12-in. 
magnet with a 54-in. gap. The microwave source was a 
Laboratory for Electronics X-band generator which was 
tuned to match the resonant frequency of the cavity. 
The source was frequency-stabilized either with refer- 
ence to auxiliary cavities within the source or with 
reference to the sample cavity. The latter mode of 
operation had to be used to observe the absorption 
component of the susceptibility, especially at high 
power levels. 

An important part of the spectrometer is the micro- 
wave circulator, which transmits microwave power to 
the sample and transmits the reflected signal to a crystal 
detector. A bypass arm with variable amplitude and 
phase is used to bias the crystal so that it operates in its 
most sensitive region. For detection of very small 


‘J. Lambe and R. Ager, Rev. Sci. Instr. 30, 599 (1959). 
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signals, a superheterodyne operation was employed with 
an i.f. of 30 Mc/sec. 

Since it was desired to observe directly the signal, and 
not its derivative, no magnetic-field modulation was 
used in the measurements on 0.1% ruby. The signal 
from the crystal detector was amplified by a de amplifier 
and directly applied to the y axis of an x-y recorder. The 
x axis of this recorder was driven by the magnet current 
so that the traces are linear in field. 

Subsequent modifications of the apparatus were made 
to permit observation of the AP? NMR signal in the 
ruby specimen while performing the ENDOR exveri- 
ment. For these measurements, magnetic-field modula- 
tion at 90 cps was used and the NMR signal was ob- 
served with a conventional marginal oscillator. The 
modified crystal holder is shown in Fig. 2. An additional 
coil of wire mounted in the horizontal plane was placed 
around that part of the ruby sample which protruded 
from the cavity. 


Ill. EXPERIMENTAL RESULTS 
A. Distant ENDOR 


In this series of experiments we measured the change 
in x’ and x” of the Cr** paramagnetic system upon 
application of a radio-frequency field at the nuclear 
transition frequency of distant aluminum nuclei. These 
measurements were made directly, without magnetic 
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Fic. 3. The effect on the electron paramagnetic x’ when radio 
frequencies corresponding to Al’ nuclear Zeeman frequencies are 
applied. The top solid curve is the normal x’ curve. The dashed 
curve is taken point by point and shows that x’ decreases when the 
rf is applied. The bottom solid curve is the change in x’; i.e., 
x'+¢—X‘no rt. The line is broadened and distorted due to the high 
microwave power being used. Thus the line does not behave as a 
simple inhomogeneously broadened line. The electronic transition 
is S,= —} to S,= +4. 0=0°. 





LAMBE, 


LAURANCE, 











I 
4.2Mc 





| | 
3.5mMc 3-85Mc 








0.5 





f—> 


Fic. 4. The effect on the electron paramagnetic x’ as the rf is 
scanned through the region corresponding to the Al’ nuclear 
Zeeman frequencies. 


field modulation, so that the true absorption and dis- 
persion curves and not their derivatives were obtained. 
In all the experiments to be reported here, the sample 
was at the temperature of liquid helium with the ¢ axis 
parallel to the magnetic field. The microwave power 
level was varied over a range of 0 to 40 db down 
from 1 mw. 

The results for x’ are shown in Fig. 3. When rf corre- 
sponding to one of the Al*’ resonant frequencies is 
applied to the sample, x’ decreases. This curve was 
taken point by point, since the aluminum resonant 
frequency shifts as the static magnetic field is moved 
across the line. There are five such Al?’ resonant fre- 
quencies, as shown in Fig. 4. The effect vanishes near 
the center of the resonance line. In order to show the 
effect, the EPR absorption line must be partially 
saturated. Within the range of microwave power used 
in the observation, the effect became more pronounced 
as the degree of saturation increased. 

In Fig. 5 one sees that the effect of applying power at 
the Al?’ resonant frequency is to increase x’’. In this 
case also, the effect vanishes near the center of the 
resonance line. Both this curve and that of Fig. 3 were 
taken at a microwave power level 20 db down from 
1 mw. The percentage change in x” is comparable with 
that in x’, while in absolute magnitude the x’ signal is 
about thirty times as great as x”. If the microwave 
power is increased further, the percentage change in x’ 
increases, approaching 50% at 10 db down from 1 mw, 
while the percentage change in x” remains fairly 
constant. 

In order to ensure that the foregoing effects are not 
due to a shift of the EPR line due to the polarization 
of the distant nuclei, the following experiment was per- 
formed. Microwave power sufficient to produce signifi- 
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cant saturation was applied to the sample for a period 
of approximately 1 min. The power was then quickly 
reduced to a value well below that required for satura- 
tion. After switching to low power, we observed x’ as a 
function of time and saw no change. The switching 
operation was completed in less than a second, while 
distant nuclear polarization is known to relax with a 
time constant of 10 sec at this temperature. Any shift 
related to the nuclear polarization should have been 
observed. 


B. Local ENDOR 


In these experiments, attention is focused on radio 
frequencies which flip the spins of Cr® nuclei (10% 
abundant isotope, /=%). These frequencies are calcu- 
lated from the hyperfine coupling constant A=50 
Mc/sec. The hyperfine levels will have a spacing of ap- 
proximately 25 Mc/sec for the states S,=+}, and a 
spacing of approximately 75 Mc/sec for the states 
S,=+%. When these frequencies are applied to the 
sample, ENDOR effects are observed in x’ and x”’ which 
are similar in all respects to those observed in the case 
of distant ENDOR (Figs. 3 and 5). In particular, the 
recovery time of the dispersion signal after the removal 
of the local-ENDOR frequency was measured and is 
shown in Fig. 6. The recovery time, approx 10 sec, is of 
the same order as the nuclear spin-lattice relaxation 
time determined by NMR of distant nuclei. In contrast, 
the electron spin-lattice relaxation time is 0.1 sec. 

In addition to the major recovery with a time con- 
stant of about 10 sec, there was also a small component 
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Fic. 5. The effect on the electron paramagnetic x” of applying 
rf corresponding to Al? nuclear Zeeman frequencies. x’’ increases. 
The top solid curve is taken without rf. The dashed curve, taken 
point by point, shows the effect of applying rf. The bottom solid 
curve represents x"’77;—X’'y 





MECHANISMS OF 
which recovered rapidly. The fast effect was only about 
1% of the total ENDOR effect and had a time constant 
of less than a second. This fast effect was not seen in 


distant ENDOR. 


C. NMR Observation of Local ENDOR 


The above results indicated that the local ENDOR 
effect might occur through a coupling of local nuclei to 
distant nuclei. To clarify this coupling, a double nuclear 
resonance apparatus was devised. The effect of power at 
the Cr® resonant frequencies on the NMR of distant 
Al? nuclei could then be studied. 

The experiment was performed by placing one end of 
a ruby sample in the microwave cavity and winding a 
NMR coil on that part of the sample which protruded, 
as shown in Fig. 2. A loop of wire around the sample 
induced Cr® transitions while the Al?? NMR was moni- 
tored with a marginal oscillator. Microwave power 
applied to the EPR enhanced the Al’? NMR signal. 
When power at a radio frequency corresponding to Cr™* 
nuclear transitions was applied, the NMR signal de- 
creased, as shown in Fig. 7. This decrease corresponded 
to a decrease in the polarization of the Al? nuclei. 

This experiment was also carried out in the absence of 
microwave power. The sensitivity is less, since the initial] 
polarization of the Al’? nuclei is only that due to the 
Boltzmann distribution among the Zeeman levels. 

Apparently there exists an effective coupling which 
permits energy to flow from the Cr* nuclear system into 
the Al’’ system. This coupling allows one to observe the 
hyperfine structure of the Cr ion in concentrations of 
0.01% by monitoring the nuclear magnetic resonance of 
the abundant Al?’. 


D. Dilute Ruby and Other Materials 


To establish some of the more general aspects of dis- 
tant ENDOR and local ENDOR, experiments were 
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Fic. 6. Response time of the electron paramagnetic x’ when rf 
corresponding to Cr®* nuclear transitions is applied and removed. 
The recovery time is approximately 10 sec. 
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Fic. 7. The effect on the Al? nuclear resonance absorption of 
introduting Cr nuclear transitions. The effect is shown here 
with microwave power also applied, enhancing the Al?’ nuclear 
resonance signal by introducing dynamic nuclear polarization. 
The effect can also be observed without microwave power. 


carried out on dilute ruby (Al,O;: 0.01% Cr**), isotope- 
enriched ruby (>99.9% Cr®), sapphire with Fe*+ 
doping, and chromium-doped ““GASH” [C(NH2)3AISO4 
-6H,O: Cr*+]. In these experiments, magnetic field 
modulation was used to give increased sensitivity, since 
the interest was only in observing general effects and 
the associated recovery times. 

The experiments on 0.01% ruby had two objectives. 
Firstly, the ENDOR time constant was expected to be 
much longer, since the nuclear spin-lattice relaxation 
time in 0.01% ruby is about 1 min. Indeed, the ENDOR 
recovery time was increased to about 1 min. 

Secondly, it was hoped that the rapid-response local 
ENDOR described by Feher might be seen as the result 
of flipping Al?’ nuclei which were very close to the 
chromium ion and had appreciable hyperfine interac- 
tion. Such a response had been looked for in 0.1% ruby 
in vain. The longer time constant of the dominant 
distant-ENDOR effects made the quest for rapid local- 
ENDOR effects more hopeful in dilute ruby. A group of 
ENDOR lines appeared which could indeed be identified 
with nearby aluminum nuclei. These lines have a much 
faster response time than distant-ENDOR lines. The 
time appeared to be less than 1 sec, but no detailed 
measurements were made. The analysis of this ENDOR 
spectrum should yield details of the hyperfine coupling 
of the Al?’ nuclei to the Cr*+ paramagnetic site. 

The isotope-enriched ruby showed typical distant- 
ENDOR effects, indicating that the presence of the 
magnetically -active Cr® nuclei is not essential to the 
mechanism. 

Experiments were performed on sapphire doped with 
0.1% iron, which is in the state Fe*+. Observation of the 
EPR of the iron ions showed typical distant-ENDOR 
effects, just as in the case of ruby. The observed Al?’ 
nuclear spectrum was, of course, the same as for ruby. 

The work on GASH had its primary utility in showing 
that distant-ENDOR effects are not specific to Al,O3. 
In the case of GASH, the distant nuclei of interest were 
the protons. When rf power was applied to the distant 
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proton resonance, large effects were observed in the 
EPR dispersion signal. These effects were qualitatively 
the same as those noted for ruby. 


IV. NUCLEAR-POLARIZATION MODEL 
OF DISTANT ENDOR 


A description is given of a model spin system which is 
useful in the analysis of a distant-ENDOR mechanism 
wherein the applied rf simply removes a previously 
established dynamic nuclear polarization. This model 
system shows the qualitative behavior which was ob- 
served in the distant-ENDOR experiments on ruby. 
Although the magnitudes and linewidths used corre- 
spond to an idealized ruby line, the detailed behavior 
of a particular material is ignored. The analysis should 
apply rather generally to depolarization-induced changes 
in inhomogeneously-broadened resonance lines. 

The model spin system consists of a population of 
electron spins interacting with distant spin-} nuclei 
through weak ‘‘forbidden” transitions in which both 
spins flip. Because of a local field distribution h(w’—wo), 
the EPR line is inhomogeneously broadened about its 
center wo with linewidth 1/7.*. The line shape is nor- 
malized with 


x 


f h(w’ —w)dw’ = 1. 


The nuclear Zeeman splitting A is assumed small 
compared to 1/7;*, while the natural linewidth 1/7, 
(the width of a spin packet) is assumed small compared 
to A. The natural line-shape function g(w—w’) satisfies 
the normalization condition 


(1) 


f g(w—w’ )\dw’ = 1. 


The steady-state solution of the coupled equations of 
motion of the electron spins and the nuclear spins will 
be sought. This solution will give the expected value of 
the dynamic nuclear polarization.”~* The change in the 
electron spin population upon removal of the dynamic 
nuclear polarization (through the application of rf at 
the nuclear transition frequency) may then be evaluated. 

The remainder of the analysis rests upon the work of 
Portis on inhomogeneous broadening.'”® The derived ex- 
pression for the spin population difference is used in the 
integrals of Portis’ paper. The susceptibility is then 
evaluated as a function of nuclear polarization, and the 
response of the EPR signal to the applied rf power is 
found. 


Population Dynamics. If microwave power is applied 
at a frequency w, the allowed electron-spin transitions 
(no change in distant nuclei) are stimulated in the 
population h(w’—wo) with a shape factor g(w—w’). In 
addition, the “forbidden” double spin-flip transitions, 
where a distant nucleus flips its spin simultaneously 


2 A. M. Portis, Phys. Rev. 91, 1071 (1953). 
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(a) 
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wi We 
w'— 
(a) —— mo: Steady-state nuclear polarization (no rf), 
(b) --=- mo: ENDOR signal applied (rf at nuclear Zeeman frequency), 


Fic. 8. Electron-spin population changes upon application 
of the ENDOR frequencies 


with an electron, will result in additional power absorp- 
tion with the same shape, a reduced probability, and 
centered at wtA. The shape factors will be represented 
by g’(w+A—w’) with a normalization g’ (the relative 
strength of forbidden and allowed transitions) : 


f g’ (wtA—w’ 


The following notation will be used: 


, 7 
1.3 
)IQ) 


N (w’)=h(w’—wy) : the distribution function of electrons 
in local fields. 
trons which are in 


V (w’) da’ gives the fraction of elec- 
local field such that 
resonance lies between w’ and w’+dw’. 


their 


N-(w’): that part of V(w’) which has spin down. 
N+(w’): that part of V(w’) which has spin up. 


n(w’)= N~(w’) — N+(w’): 


populations. 


the difference in electron spin 


And for the distant nuclear spins: 
M~: the fraction of nuclei with spin down. 
M*: the fraction of nuclei with spin up. 
m= M~— M*: the difference in nuclear-spin populations. 


It follows from these definitions that 


[M N-(w’)— M*+N*+(w’) ] tT n a)’ (4) 


19 N (q’) | 
and 


[M+N-(w’)—M-N+(w’ 5[ n(w’)—mN(w’)] (5) 
in the transport equations below. Equilibrium values of 
m and n(w’) in the absence of fields are represented as 
my and no(w’). 

The coupled equations for a steady state” will be 
written in a relaxation-time approximation, with 7; the 
spin-lattice relaxation time for electrons and Ty the 
nuclear spin-lattice relaxation time: 
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[no(w’) —n(w’) 1/T1= fay? Af g(w—w")[N~ (w’) — Nt (w’) ] 


+g’ (w+A—w")[M+N-(w’)— M-N* (w’) +9" (w— A—w’)[M-N-(w’) — MN 
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+(w') }}, 


(myo—m)/T x= tere f g’ (w—A—w’) [M-N-(w’) — M+ N+ (w!) ldo! 


where ¥ is the electron gyromagnetic ratio and H, is the 


~ f g' (w+A—w’)[M+N-(w’)— M-N*(co") ]deo’ }, 


magnitude of the microwave field. 


Using Eqs. (4) and (5), and the definition of the er 


it is possible to rewrite Eq. (6) in the following useful form: 


14 (#S/2T)[2¢(w 


The steady-state nuclear-spin solution, given by 


n(w')= 


—w N49! (w+A— wy+e i 


no(w') + (wS/2T2)N (w') Le’ (w+ A— w')— g (wo A- w’) |m 


he ~w)} 


mo+ (Tws/20i7.) fm (w’)[g’ (wt+A—w’)— gp’ (w— A—w’) de’ 





m=— 


1+(TyS, ani) f Nw'[ew+a—w') +2’ (w—A—w’) |dw’ 


may be approximated by 


mo 


14 (2Ty/Ti: )Le's 


where advantage has been taken of the relative size of 
1/T.*, A, and 1/T,. The important feature of this solu- 
tion is that, for all the line h(w—wo) except the extreme 
wings and the immediate vicinity of the peak wo, m is 
proportional to (wo—w). Thus the nuclear-spin tem- 
perature is positive for w<wo, and is negative on the 
high-frequency side of the peak. So far this is simply a 
calculation of the Abragam dynamic nuclear polariza- 
tion’ set up through the action of normally forbidden 
transitions. 

The application of rf power sufficient to saturate the 
nuclear resonance then changes m from the steady-state 
value given by (11) to a value m=0. The second term 
in the numerator of (9) then vanishes, effectively chang- 
ing the line shape. Figure 8 shows n(w’) for w<wo, with 
and without applied rf. 

The following subsection will be anticipated here in 
order to make the qualitative observation that the 
change in electron-spin population upon application of 
an ENDOR signal deepens one of the “‘side-band”’ holes, 
makes the other one shallower. The resulting two 
changes in absorption tend to cancel, while the changes 
in dispersion reinforce. Consequently, it is to be expected 
that the ENDOR mechanism described here will show 
more sensitively in dispersion than in absorption. 

Spin Susceptibility. Having derived an expression (9) 
for the difference in electron-spin population as a func- 
tion of nuclear-spin polarization, one may now calculate 


m 1+ (27 w/TsT2)[Ae'S/(1+4¢'S) Ji(o—wo)[1+ (4/x) (T2*)*o(wo—a)] 
(1443'S) Va(w—wo)(1-+4¢ ’S) 


(11) 


the real and imaginary parts of the spin susceptibility, 
using the integrals of Portis’ paper [Eqs. (17) and (18) 
of reference 12]. 
In analogy to Portis’ Eq. (19), 
sion is found for absorption: 
1g (w—w’ dw’ 


= Ruh(o-w)| f oe 
0 1+(x5S, 'T2)g(w—w’) 


+constant term 


the following expres- 





(12) 


—m(wo—w) [positive definite term ] }. 
i 


The change in absorption upon application of the 
ENDOR signal (change in x” when m becomes zero) 
will be small. It will always be an increase, however. 

In calculating the dispersion, a double integration 
leads to products of natural line shapes about the same 
center, so that contributions of the forbidden transitions 
will be significantly larger in dispersion than in absorp- 
tion. In analogy to Portis’ Eq. (20), the dispersion may 
be approximated by 


= 2w" “hi (w ’—«wo)dos’ 
x’ (w)=3 5X0} if -* 
w evil 


m 28'S 2x | 
f=) (- =) wo}. (13) 
mo) (1—48'S) 
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Fic. 9. A schematic representation of the nuclear-polarization 
mechanism. The important interactions are apparently spin 
diffusion, which ties the local nuclei to the distant nuclei; and 
forbidden transitions involving distant nuclei, which produce both 
dynamic nuclear polarization and the ENDOR efiects. 


It was previously noted that m>0O for w<wo, and 
m<O for 'w>wo (except for the extreme wing and the 
vicinity of the peak). From (13), consequently, it may 
be seen that the term proportional to m will be of the 
same sign as the first term of x’ [except very near w= wo 
and for (w—wo)>1/T,* |. Thus the application of an 
ENDOR signal will decrease the magnitude of the dis- 
persion signal, since the term proportional to m will 
vanish upon the application of rf. 

This “‘nuclear-polarization” model of distant 
ENDOR, based on the removal of dynamic nuclear 
polarization by applied rf, then gives qualitative agree- 
ment as to the sign of the changes in x’ and x”, but 
predicts a small absorption-ENDOR effect in the case 
of narrow spin packets. 


V. DISCUSSION 
A. Nuclear-Polarization Model of ENDOR 


The similarities between the response of the EPR 
signal to the Al*? and the Cr NMR frequencies is 
striking. In both cases x’ decreases significantly, x” in- 
creases moderately. Both the local-ENDOR effect (Cr® 
nuclei) and the distant-ENDOR effect (Al®’ nuclei) re- 
cover with the spin-lattice relaxation time of the 
aluminum nuclei. The double-nuclear resonance obser- 
vations, which show that the distant Al?’ nuclei de- 
polarize upon the application of rf to induce Cr? NMR 
transitions, confirm the existence of an effective coupling 
(apparently spin diffusion) between these two nuclear 
populations. All indications are that the mechanisms of 
local and distant ENDOR in ruby are the same. 

The question to be answered is then: What is the 
ENDOR mechanism which comes into play when rf is 
applied to either of these two nuclear populations? 
Feher explained his results‘ by suggesting that un- 
saturated electron-spin packets were being shifted by 
the rf transitions of nuclei. In ruby, the distant alumi- 
nums do not contribute appreciably to the EPR line- 
width, and so saturating distant aluminum nuclei does 
not shift spin packets even an appreciable fraction of 
their width. This cannot be the explanation. Saturating 
Cr® nuclei does shift spin packets; in fact, shifts them 
from one resolved hyperfine level to another. However, 
the experiments with isotope-enriched ruby, in the 
virtual absence of magnetically active chromium nuclei, 
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produced identical distant-ENDOR behavior. So the 
presence of Cr* nuclei is not essential to the mechanism. 

The most probable mechanism intrinsically involves 
forbidden transitions and dynamic nuclear polarization 
by the Abragam scheme’ (Fig. 9). In brief, this model 
predicts the changes in electron-spin population-differ- 
ence illustrated in Fig. 8. With the rf power applied, 
there are equal numbers of nuclei in the two spin states. 
The saturation of the NMR thus assures equal nuclear 
populations taking part in the two types of forbidden 
transitions (S+J+ and S*J~- transitions). The resulting 
“line shape” is the dashed line of Fig. 8. [It should be 
stressed that this is not the shape of any line to be found 
in experimental data, but is the shape of the electron- 
spin population difference m(w’) for a given applied 
frequency w |. 

Without the rf power equalizing nuclear-spin popula- 
tions, a dynamic nuclear polarization is set up which 
satisfies the principle of detailed balance for the nuclear 
spins with respect to the StJ*+ and S*/~ processes. The 
result (for w<w») will be an increase in the number of 
nuclear spins which are candidates for the S+/* processes 
and a decrease in those which are candidates for the 
StI- processes. The former processes then go more 
strongly, the latter more weakly. The electron-spin 
population difference in the steady state becomes that 
depicted by the solid line of Fig. 8. 

In order to find the magnitude of the fractional 
changes in the real and imaginary parts of the spin 
susceptibility upon application of the ENDOR signal, 
a set of numerical values may be assumed which ap- 
proximately correspond to the ruby experiment. From 
the linewidth, 1/7,*=20 Mc/sec for wo=10* Mc/sec. 
From saturation measurements as a function of H,, the 
spin-packet width may be approximately determined. 
This somewhat rough determination gives 1/7.=0.2 
Mc/sec. The nuclear Zeeman splitting is about 3.0 
Mc/sec, T7;=0.1 sec, and Ty=10 sec. The only un- 
determined parameter is g’, and a fair fit seems to occur 
for g’~0.01. Using these numbers in Eqs. (11), (12), 
and (13), the enhancement of nuclear polarization and 
the fractional change in the real and imaginary parts of 
the spin susceptibility may be calculated and compared 
with experiment (Table I). 

The numerical results of the nuclear-polarization 


TaBLeE I. A comparison of experimental data with predictions 
of the nuclear-polarization model. Values of the dynamic nuclear 
polarization enhancement (m/mo) and fractional changes in the 
real and imaginary parts of the spin susceptibility are tabulated, 
under two different saturation conditions. 


S=20 
Theory Experiment 
m/mo 25 454 100 758 
Ax’/x' —0.06 ~0.15 0.50 
Ax” /x”’ 0.0003 0.10 


S= 200 
Theory Experiment 


0.55 


0.02 





® See reference 9. 
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model correspond qualitatively with experiment, and 
give semiquantitative agreement to measured nuclear 
polarizations and dispersion signal changes. The ob- 
served change in absorption signal is larger than the 
predicted value, however. If the spin-packet width 1/7, 
used in the calculations is correct, the change in absorp- 
tion signal may have another origin. One possibility 
would be enhanced spectral spin diffusion.” If the 
application of rf increases the rate of spin diffusion 
within the line, then effectively the value of 72 is de- 
creased, the packet width increases, and the saturation 
parameter S is reduced. This would lead to an increase 
in x” as observed. 

It is also possible that in 0.1% ruby, the spin packets 
are ill-defined. In the presence of a dense population of 
paramagnetic centers, 7; may be considerably shortened 
and 1/7, may be comparable to A. The approximations 
used in obtaining Eqs. (11), (12), and (13) would then 
be invalid. The absorption effects would be much larger 
than calculated. The treatment remains qualitatively 
correct even in the absence of well-defined spin packets : 
the absorption increases and the dispersion decreases 
upon removal of the dynamic nuclear polarization. It 
will be recalled that fast-response local-aluminum- 
ENDOR effects, which were observed in dilute ruby, 
could not be seen in 0.1% ruby. This may be taken as 
corroborating evidence that spin packets are not well 
defined in 0.1% ruby. 

If distant ENDOR is taken to be the dynamic result 
of changes in distant-nuclear polarization, the response 
and recovery times for ENDOR effects might easily 
be equal to the spin-lattice relaxation time of the nuclei. 
It is generally accepted that relatively short nuclear 
relaxation times such as those of ruby are due to relaxa- 
tion through paramagnetic impurities.“-!* The charac- 
teristic time for relaxation of nuclei through the para- 
magnetic spins should also be the characteristic time for 
the paramagnetic spin system to respond to changes in 
the distant-nuclear polarization, through the same 
interaction. 

There is another interesting point of qualitative agree- 
ment. The steady-state solution for m given by (11) is 
nonzero for w=w», so a small ENDOR effect is predicted 
at the center of the line. The value of w for which (11) 
predicts m=0 is somewhat greater than wo; consequently 
there should be a point of “zero ENDOR effect” at 
fields somewhat below Ho in the experimental configura- 
tion. This asymmetry is observed experimentally 
(Figs. 3 and 5). 

To sum up, distant and local ENDOR in ruby could 
both be responses to depolarization of distant nuclei. 
The analysis of Sec. IV would apply to both cases, 
perhaps with a generalization needed to broad spin 
packets. The only difference between local and distant 
ENDOR in ruby would be the technique of removing 


18 A. M. Portis, Phys. Rev. 104, 584 (1956). 
\4 N. Bloembergen, Physica 15, 386 (1949). 
16 W. E. Blumberg, Phys. Rev. 119, 79 (1960). 
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the dynamic nuclear polarization. In distant ENDOR, 
depolarization is produced directly by applying rf at 
the distant-nuclear Zeeman frequencies. In local 
ENDOR, depolarization results from the interaction of 
Cr® nuclei with the distant Al*’ nuclei, the depolariza- 
tion of the Cr® inducing a depolarization of the AF’. 


B. Packet-Shifting ENDOR Mechanisms 


In the preceding sections, we have emphasized the 
process of nuclear depolarization as a basis for ENDOR 
effects. We have shown that a local ENDOR effect can 
operate through a depolarizing action on distant nuclei. 

It is to be emphasized that the local ENDOR mecha- 
nism proposed here by no means excludes the packet- 
shifting mechanism proposed by Feher. Indeed, in dilute 
ruby (0.01% Cr) both mechanisms are operative. It was 
previously noted that the shifting of spin packets in- 
creased the absorptive part of the spin susceptibility by 
introducing new spin packets to be saturated. At the 
same time, this shifting tends to move the previously- 
burned “hole” (the saturated spin packets) prefer- 
entially towards the center of the inhomogeneous line. 
This reduces the dispersive spin susceptibility. Thus 
both the spin-packet model and the depolarization 
model predict an increase in x”, a decrease in x’. 

The major experimentally observed difference be- 
tween the two types of local ENDOR is in the recovery 
time of the ENDOR effect. Depolarization local 
ENDOR has a time characterized by the distant nuclear 
T,; packet-shifting local ENDOR has a time charac- 
terized by the electron 7}. 


VI. CONCLUSION 
A. Mechanism 


A possible mechanism of distant-ENDOR behavior 
has been discussed in this paper. It involves the removal 
of a dynamic nuclear polarization and predicts the 
correct qualitative behavior as well as the observed 
response time. A sure choice cannot be made on the 
basis of available experiments, but several features favor 
this nuclear-polarization mechanism. 

The model relies upon a close connection (presumably 
through spin diffusion) between the local and distant 
nuclei. Power applied to one nuclear resonance then 
influences all nuclear populations, local and distant. The 
long time constant for local ENDOR is explained by the 
“reservoir” action of the distant nuclei: The distant- 
nuclear population must readjust before the local- 
nuclear population can reach a new steady-state 
condition. 

The important interactions are sketched in Fig. 9. 
The forbidden transitions with distant nuclei set up a 
dynamic, nuclear polarization. Application of rf to either 
distant or local nuclei removes this polarization, thus 
causing a dynamical change in the electron-spin popula- 
tion difference. This affects the dispersion greatly, the 
absorption to a smaller extent. 
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It must be emphasized that local ENDOR effects can 
also occur via the spin-packet shifting mechanism pro- 
posed by Feher. The depolarization mechanism pro- 
posed here gives local ENDOR with recovery times 
comparable to nuclear 7;. The packet-shifting local 
ENDOR has recovery times comparable to electron 7}. 
Both of these mechanisms can occur in a given material, 
as was seen in dilute (0.01% Cr) ruby. 


B. Techniques 


Operationally, two interesting aspects of double reso- 
nance work appear in this paper. The first is simply the 
existence of a distant-ENDOR effect. The second is the 
applicability of double-nuclear resonance to dilute 
nuclear populations. 

Since it is believed that distant nuclear spins in many 
materials relax through interaction with paramagnetic 
impurities, it is to be expected that the appropriate 
coupling exists in many materials to allow the observa- 
tion of EPR responses to the depolarization of distant 
nuclei. The generality of the technique will be limited by 
the operational problem of the distant-nuclear spin- 
lattice relaxation time. If this is long, it will be experi- 


McIRVINE, 


AND TERHUNE 

mentally difficult to observe distant-EN DOR responses. 
The distant-ENDOR technique should be generally 
applicable in the presence of dense paramagnetic 
centers, however. 

A double-nuclear resonance experiment was per- 
formed wherein the application of rf to a dilute popula- 
tion of one nuclear species affected the existing Boltz- 
mann polarization of the much denser “detector” nuclei. 
This technique may be quite generally applicable. In 
the presence of dense paramagnetic centers, a ‘‘triple 
resonance” technique allows an enhancement of the 
sensitivity of nuclear-nuclear double resonance. Micro- 
wave power is applied to one side of an inhomogeneous 
EPR line belonging to the paramagnetic impurities, 
giving the detector-nuclei a dynamic nuclear polariza- 
tion larger than the usual Boltzmann polarization. They 
then become more sensitive in their response to changes 
in the second nuclear population. 


ACKNOWLEDGMENTS 


We wish to thank N. Bloembergen, G. Feher, C. 
Kikuchi, and A. Overhauser for many stimulating and 
helpful discussions. 





PHYSICAL REVIEW VOLUME 


22, NUMBER 4 MAY 15, 1961 


Low-Temperature Thermal Resistance of n-Type Germanium 


RoBert W. KEyEs 
International Business Machines Research Laboratory, Poughkeepsie, New York 
(Received November 21, 1960) 


It is proposed that the scattering of phonons by donors in germanium at low temperatures results from 
the large effect of strain on the energy of an electron in a hydrogen-like donor state. A calculation of the 
thermal conductivity with this scattering mechanism is presented. Reasonable agreement with the following 
features of the observed thermal conductivity is obtained: the very large scattering power of donors, the 
difference between the scattering powers of antimony and arsenic, a temperature dependence of thermal 
conductivity stronger than 7%, and a dependence of the scattering on number of occupied donors rather than 


on the total impurity concentration. 


I. INTRODUCTION 


ECENT measurements of the thermal conductivity 

of germanium at low temperatures have shown 
some striking features which are not explained by 
established theories of phonon scattering.’ In par- 
ticular, (1) the scattering of phonons by small concen- 
trations of donors or acceptors is far too strong to be 
accounted for by the usual mechanisms of scattering 
by impurity atoms; (2) at very low temperatures the 
thermal conductivity of certain specimens increases 
with the temperature more strongly than 7%, a result 
which also is inconsistent with the usual theories of 
scattering by impurities. 

Carruthers ef al. interpreted these observations as 
evidence for scattering of the phonons by excess carriers 
(electrons or holes) introduced by the electrically active 
impurity.'* The model which they used assumed that 
the excess carriers were in a band of the usual type at 
very low temperatures. While this model is quite con- 
sistent with other evidence for impurity concentrations 
greater than about 2X10'? cm~*, various theoretical 
and experimental studies of the electrical conductivity 
at low temperatures show that in the lower part of the 
concentration range spanned by the thermal conduc- 
tivity experiments the properties of the “impurity 
band” are more appropriately regarded as arising from 
relatively weak interaction between electronic states 
which are localized on impurity atoms.>—” For example, 
the electrical conductivity is an activated function of 
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temperature, is strongly frequency dependent,’? and 
shows a magnetoresistance many orders of magnitude 
greater than that expected on the basis of a band 
model." Thus, an explanation of the thermal con- 
ductivity based on the localized model would be more 
satisfying. In this communication we show that a calcu- 
lation of phonon scattering by donors based on the 
accepted model of a donor state reproduces, at least 
semiquantitatively, the unusual features of the thermal 
resistance of n-type germanium." 


Qualitative Discussion 


The first effect mentioned above, the great strength 
of the scattering of phonons by donors, results from the 
large effect of strain on the energy of an electron bound 
to a donor.” The ground state of a donor in germanium 
is fourfold degenerate in the effective-mass approxi- 
mation. Deviations from the effective-mass theory split 
this set of states into a singlet and a triplet separated 
by an energy 4A, the “chemical shift,” in the usual 
nomenclature.” The perturbation of the germanium 
band structure by a shear strain produces matrix ele- 
ments of order of magnitude =, between the singlet 
state and the states of the triplet, where =, is the shear 
deformation potential constant and ¢ is the magnitude of 
the strain in the vicinity of the donor. According to 
second order perturbation theory, these matrix elements 
give rise to a term of order (Z,¢)*/4A in the dependence 
of the energy of a state on the strain. However, a per- 
turbation of the energy of a lattice by a term propor- 
tional to the square of the strain at a point produces 
scattering of phonons of the point defect type, as con- 
sidered by Klemens": and Pomeranchuk."* This is the 
source of the scattering of phonons by donors. 

Carruthers'*® has suggested the possibility of phonon 
scattering due to the production of virtual electronic 
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transitions by a phonon. The scattering can be re- 
garded as arising from virtual transitions between the 
singlet and triplet donor levels. 

It is easy to see that the donor scattering is very 
strong compared to the sources of point-defect scatter- 
ing usually considered. For example, comparing the 
perturbation of the lattice energy by a donor with that 
due to the difference in mass between a substitutional 
atom and a host lattice atom," we see that the 
replacement 


has been made, where » is the elastic wave velocity. 
For an antimony atom in germanium AMv*~10 ev 
while =,2/4A~5X 105 ev. 

The second effect mentioned above, the increase of 
thermal conductivity with temperature at a rate 
greater than 7°, we attribute to the fact that the 
donor scattering as described above is only effective 
for phonons with wavelength long compared to the 
effective Bohr radius of the bound state; for shorter 
wavelengths the donor state cannot be considered as a 
point defect. The scattering by the donor becomes very 
small at short wavelengths because the value of the 
strain averaged over the electronic wave function de- 
creases very rapidly with decreasing wavelength for 
wavelengths less than the diameter of the bound state. 
Thus there is a range of phonon energies in which the 
phonon relaxation time is a rapidly increasing function 
of phonon energy. This phenomenon can produce a 
temperature range in which the average phonon mean 
free path is an increasing function of temperature and 
in which the thermal conductivity therefore increases 
more rapidly than T°. 

In the next sections we will present a more quantita- 
tive version of the arguments of this section. 


Il. PHONON SCATTERING BY AN ELECTRON 
IN THE SINGLET STATE 


The matrix of the Hamiltonian of the ground states 
of an electron bound to a donor atom in germanium is 


-A -A -—A 
ow -—& ~—& I, 

—A w® —A 

—A —A u® 


u) 
—A 
—A 

iA 


H= (2.1) 


in the formulation of the problem of the effect of strain 
on the ground states described by Price.'® Here the 
zero of energy has been chosen as the energy of a 
hydrogen-like state’ derived from a single valley in the 
“decoupled” approximation and the basis of the repre- 
sentation (2.1) is the set of decoupled wave functions. 
The quantity u“° is the displacement of the energy of 
the “decoupled” state arising from valley (i) by the 


17 C. Kittel and A. H. Mitchell, Phys. Rev. 96, 1488 (1954); M. 
Lampert, Phys. Rev. 97, 352 (1955); W. Kohn and J. M. Lutt- 
inger, Phys. Rev. 97, 1721 (1955); 98, 915 (1955). 
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strain, and has the value 


w= faoeQyour, 


Here 3“ is the deformation potential tensor,'® e(r) is 
the strain tensor, which is a function of position, and 
y is the envelope wave function" of the hydrogen-like 
state associated with valley (7). We treat (2.2) only in 
the isotropic approximation used by Hasegawa," ac- 
cording to which the effect of the averaging over the 
electronic wave function in (2.2) is to reduce the defor- 
mation potential tensor by a factor (1+ 4a"k?)~ for a 
phonon with wave vector of magnitude k. Here a* is 
an appropriately averaged Bohr radius of the hydrogen- 
like donor state. 

The A’s in Eq. (2.1) are matrix elements between the 
decoupled hydrogen-like wave functions. For further 
discussion and justification of Eq. (2.1) the reader is 
referred to the paper of Price’ and the references therein. 
The energy levels of the Hamiltonian of Eq. (2.1) in the 
unstrained state are E=—3A and E=A (triply de- 
generate). The experiments of Fritzsche®® and others”! 
show that A is positive so that the singlet state is 
lowest in energy for both arsenic and antimony donors. 
The best demonstration of the adequacy of Eq. (2.1) 
to describe the effects of strain on the donor states in 
germanium is furnished by the low-temperature piezo- 
resistance experiments of Fritzsche.2’ These experi- 
ments can be very accurately fitted by the model 
defined by Eq. (2.1) and provide a good determination 
of the parameters of the model. 

The strain of interest here is that due to the phonons 
and we will calculate the phonon scattering for elec- 
trons in the lowest, or singlet, state. From the Hamil- 
tonian of Eq. (2.1), the energy of an electron in the 
lowest state to terms of second order in the u“ is 
found to be 


(2.2) 


E=—3A+ (1/4) (u+u@+u+u™) 
— (1/64A)[4(u?+- u@?+ 4@?2+4- yO?) 
—(u+u™+u+u)?], (2.3) 
From this point on, the calculation of the thermal re- 
sistance can be continued by following closely the 
methods of Klemens.": The strain, e, in Eq. (2.2) is 
expanded in terms of phonons and the resultant u“ 
are substituted in Eq. (2.3). The phonon scattering 
comes from the last part of Eq. (2.3), the part which 
depends quadratically on the «“? and on e. The details 
in the present problem are somewhat more tedious than 
in the problems considered by Klemens because of the 


18 C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956). 

19H. Hasegawa, Phys. Rev. 118, 1523 (1960). 

%H. Fritzsche, Phys. Rev. 115, 336 (1959); 120, 1120 (1960). 

21 G. Weinreich, W. S. Boyle, H. G. White, and K. F. Rodgers, 
Phys. Rev. Letters 2, 96 (1959) ; 3, 244 (1959); D. K. Wilson and 
G. Feher, Bull. Am. Phys. Soc. 5, 60 (1960). 





LOW-TEMPERATURE THERMAL 


"1 
i) bi] 


PT) 


[oo] — 


—[oo7] 


Fic. 1. A polar plot of the anisotropy factor, (e,k), Eq. (2.5), 
which appears in the phonon scattering rate, Eq. (2.4). The plot 
refers to phonons with k [110]. The values for the longitudinal 
phonon (e||k) are labelled Z and those for the transverse phonons 

e||[110]) and T: (e1[110]). The resolution of the two 
transverse branches is arbitrary with the assumption of elastic 
isotropy used in the text. However, in a cubic crystal the two 
transverse phonons with k||[110] are resolved as shown here. 


anisotropy in the dependence of E, Eq. (2.3), on the 
wave vectors and polarization vectors of the phonons. 
The principal additional complication in the calculation 
is the necessity for including angular variables in the 
integration of the phonon transition probabilities over 
the possible final phonon states. Significant numerical 
factors which reduce the effective strength of the 
perturbation of the phonon energies by a factor of about 
30 with respect to the order of magnitude estimate 
given in the previous section are introduced in this 
process. We assume for simplicity that the crystal is 
elastically isotropic. 

We find for the relaxation time of a phonon of 
circular frequency w in a crystal containing NV; donors 
per unit volume 


1 Nrfeé\? wo £ 2 

eerie are 

f Tp" A 23345 30,7 vr? 
Here p is the density of the crystal, =, is the shear de- 
formation potential constant,'* and v, and v7 are, re- 
spectively, the velocities of longitudinal and transverse 
elastic waves. ¢(e,k) is a dimensionless anisotropy 
factor which has the value 


¢(e,k)=1+k-[ (k- e)?—2(e2k2+e,2k,2+e2k2) J. (2.5) 


(e,k)x(k). (2.4) 


Here e is the polarization vector of the phonon and the 
(x,y,z) axes are the fourfold axes of the crystal. The 
form of @ when k is in a (110) plane is shown in the 
polar plot of Fig. 1. The factor x(k) in Eq. (2.4) repre- 
sents the effect of the cutoff of the scattering at wave- 
lengths short compared to the extent of the electronic 
wave function. In accord with the discussion of this 
effect given in connection with Eq. (2.2), this factor is 


x(k) = (14+34%0"2)-*, (2.6) 


Note that, apart from the factors ¢(e,k) and x(k), the 
expression for r in Eq. (2.4) is a form of the formula 
for point-defect scattering, since 7 is proportional to w~ 
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Ill. DISCUSSION OF THE THERMAL 
CONDUCTIVITY 


In this section we attempt to evaluate the effect of 
the phonon scattering described by Eq. (2.4) on the 
thermal conductivity of germanium in the liquid helium 
temperature range and we compare the results with the 
experimental curves given by Goff and Pearlman.* 


A. Role of the Triplet Level 


Throughout part of the temperature range of interest 
an appreciable number of electrons are thermally ex- 
cited from the singlet to the triplet state of the donor; 
at 4.2°K about 3 of the electrons are in the triplet in 
the case of antimony donor. We have not worked out 
the theory of scattering by the triplet in the same detail 
as that by the singlet. It is to be expected that the 
scattering by an electron in the triplet will be about the 
same as that due to an electron in the singlet, however. 
This follows from the fact that the trace of the Hamil- 
tonian, Eq. (2.1), contains no term quadratic in the 
strain. Therefore, the net quadratic term in the energies 
of the triplet levels must be of exactly the same size as 
the quadratic term in the singlet energy. The scattering 
by electrons in the triplet states must therefore be 
roughly the same as that due to electrons in the singlet. 
We will neglect the difference here and assume that all 
of the electrons scatter phonons according to Eq. (2.4). 
This approximation can only have a serious effect on 
the results near 4.2°K, since in the low-temperature 
part of the range of interest practically all of the 
electrons are in the singlet level. 


B. Low-Energy Divergence 


A straightforward calculation of thermal conduc- 
tivity with scattering by point defects as the only 
source of scattering, i.e., with r~w', leads to a di- 
vergence of the heat current due to the contribution of 
the low-energy phonons to the current integral. This 
is also true of the r of Eq. (2.4) which is proportional 
to w‘ for low-energy phonons. This divergence must 
be removed by the introduction of some other scatter- 
ing mechanism which limits r at low phonon energies 
into the theory. Klemens" introduced phonon-phonon 
scattering to cut off 7 at low energies and included the 
effect in the theory by assuming that phonon-phonon 
“N-processes” transfer momentum from phonons of 
energy less than kT to higher energy phonons in such 
a way that the effective + for momentum loss by 
phonons of energy less than kT is equal to the + for 
phonons with energy equal to kT. Berman ef al.” have 
modified the method of Klemens” by using a varia- 
tional procedure to determine the point of division 
between the two regions. Slack,” in a study of point- 


2 R. Berman, P. T. Nettley, F. W. Sheard, A. N. Spencer, R. 
W. H. Stevenson, and J. M. Ziman, Proc. Roy. Soc. (London) 
A253, 403 (1959). 

%3 G. A. Slack, Phys. Rev. 105, 832 (1957). 
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defect scattering, included the effect of boundary 
scattering, which is sufficient to prevent the divergence 
of the thermal current, but also included phonon- 
phonon scattering in the same way as Klemens, namely, 
by dividing the heat current integral into parts tw>kT 
and fw<kT. In the present case, in which we are con- 
cerned with the temperature range below 4.2°K, it is 
satisfactory to entirely neglect phonon-phonon scatter- 
ing and calculate the thermal resistance due to the 
combination of donor-electron and boundary scatter- 
ing. For example, using Klemens estimate of the 
phonon-phonon mean free path [Eq. (6.33) of refer- 
ence 14}, 

aM: 

exp(ftw/kT), 


‘ae 
Lyn—ph= 

32y? (ak)® fh 
we find that if 7<4.2°K no phonon has an /,,~»n less 
than 1 cm. In any case, we have not developed a 
suitable method for quantitatively including the effects 
of phonon-phonon scattering in these calculations. 


C. Divergence in Special Directions 


Another divergence is encountered in the calculation 
of the thermal conductivity with the r of Eq. (2.4). It 
is seen from Fig. 1 that the scattering vanishes for a 
longitudinal phonon with k in a [100] direction and 
for one of the transverse phonons with k in a [110] 
direction. The integration over angular variables in the 
expression for the thermal current diverges loga- 
rithmically in the vicinity of these special directions. 
Thus it is necessary to invoke some additional scatter- 
ing mechanism to cut off the thermal conductivity 
integral in these directions. If boundary scattering is 
again resorted to as a cutoff for the angular integra- 
tions our calculation predicts that the measured ther- 
mal conductivity should depend on the crystallographic 
orientation of the specimen length, being greater for 


W. 
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the special directions in which there are phonons of 
vanishing point defect scattering propagating parallel 
to the length. We are not aware of any evidence for 
the existence of this effect, nor are we aware of any 
record of its having been explicitly sought for. It is 
worth noting, however, that Goff and Pearlman* used 
specimens of varying orientations without observing 
any anomalies worthy of comment. 

In any case, we have not found any adequate way of 
treating the anisotropy factor for our present purpose. 
To get a rough idea of the scattering strength for com- 
parison with the experiments we have simply replaced, 
¢(e,k) by its average over all orientations, obtaining, 
for transverse phonons, ¢r=2? and, for longitudinal 
phonons, ¢,=#. This method of handling the anisot- 
ropy factor is probably the least satisfactory aspect 
of the present treatment. 


D. High-Frequency Cutoff 

Even after using the simple averaging procedure just 
described for the angular integration, our problem 
differs from that encountered in point defect scattering 
through the presence of the factor x(k), given in Eq. 
(2.6). If the 7 of Eq. (2.4), combined with a boundary 
scattering relaxation time corresponding to a length L 
and with the ¢{e,k)’s replaced by the ¢’s, is substituted 
into the integral for the heat current, then it is found 
that the thermal conductivity is 


kT\? 
La(- yr {,B). 


3 4r 
k= 


=1 3 


(3.1) 


Here the summation is over,the branches of the vibra- 
tional spectrum and /(A,B) is the integral 


ce dx 
1(4,B)= f ——, 
0 (e7—1)? 1+Axt(1+Bx2)-8 


Fic. 2. Values of the integrals 
defined by Eq. (3.2) (after Keyes 
and Fein*). 
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Fic. 3. A comparison of the values of thermal conductivity of 
n-type germanium calculated by the method described in the 
text with those measured by Goff and Pearlman.’ The antimony- 
doped samples represented by the experimental curve contain an 
extrinsic electron concentration of about 2X10'* cm™ and the 
arsenic-doped sample an extrinsic concentration of 1.6 10'* cm™. 


{ and B are defined by 


NibsBa! (kT)*L +=) 


233'Sap?0, A’ hi! 30,7 


B=a"(kT)*/4h*0,2. (3.4) 
The integrals defined by Eq. (3.2) have been evaluated 
numerically by Fein and the author, and have the 
values shown in Fig. 2.74 


E. Comparison with the Results of 
Goff and Pearlman 


We have used the approximations and methods de- 
scribed above to calculate values of thermal conduc- 
tivity for the samples of n-type germanium used in the 
recent work of Goff and Pearlman.’ The comparison of 
the calculated values with those measured by Goff and 
Pearlman is given in Figs. 3 and 4. It is seen that the 


4 R. W. Keyes and A. E. Fein, Westinghouse Research Report 
6-40602-3-R2, April 25, 1960 (unpublished). 
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model accounts for several important features of the 
data: 

(1) The calculated magnitude of the scattering is 
about right for both arsenic and antimony donors. The 
difference between these two cases is a result of the 
fact that A for an arsenic donor is about seven times 
larger than A for an antimony donor. This means that 
the scattering strength given by Eq. (2.4) is only 
(1/50) as great for the case of arsenic. The factor by 
which the thermal conductivities differ is, of course, 
considerably less than this, since part of the scattering 
is by the boundaries. 

(2) The calculated temperature dependence of the 
thermal conductivity is nearly correct, but slightly 
stronger than that observed in the range 1.5°K to 
4.2°K. According to our model, the scattering strength 
is greatest for phonons with wavelength about equal to 
the effective Bohr radius of the hydrogen-like donor 
wave function. The scattering approaches zero for very 
high and for very low phonon energies. Consequently, 
the calculated thermal conductivity must approach the 
boundary limited value at very high and very low tem- 
peratures. On the low-temperature side, the calculated 
curves show that this phenomenon should become 
noticeable just at the lower limit of the experimental 
temperature range. It should be apparent in measure- 
ments extending to 1°K. At the high-temperature end 
of the range of comparison, the calculated scattering 
rapidly becomes too small as the temperature is in- 
creased above 4.2°K. The leveling off of the experi- 
mental thermal conductivity with increasing tempera- 
ture seen here is very probably a manifestation of 
phonon-phonon scattering. It is seen that, even though 
the temperature range in which our model predicts 
that « varies more rapidly with temperature than T* is 
quite limited, it coincides very well with the range in 
which the stronger temperature dependence has been 
observed. 
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Fic. 4. A comparison of the calculated and observed* thermal 
resistance of antimony-doped germanium at 2°K as a function of 
extrinsic carrier concentration. The solid line represents the 
calculated values. 
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(3) The experimental! curve given for antimony-doped 
germanium in Fig. 3 actually represents results for two 
samples, each with about the same intrinsic carrier 
concentration.’ In one of these samples the donor con- 
centration is essentially the total impurity concentra- 
tion; in the other the donor and acceptor concentra- 
tions are nearly equal and the total impurity concen- 
tration is about one hundred times larger than the 
extrinsic electron concentration. The thermal con- 
ductivities of these two specimens are about the same 
throughout the temperature range studied. This is in 
accord with our model, according to which the scatter- 
ing strength depends only on the concentration of oc- 
cupied donors. 

(4) The calculated concentration dependence of the 
thermal resistance at 2°K, shown in Fig. 4, is also close 
to that observed. The model presented here is expected 
to be valid up to a concentration such that the reso- 
nance integral between donors is about equal to A. We 
estimate this concentration to be 4X10'* cm™ for 
antimony donors. 


F. Conclusions 


In conclusion, our model accounts qualitatively for 
a number of important features of the results of Goff 
and Pearlman’: the very large phonon scattering 
strength of donor impurities, the large difference be- 
tween the scattering powers of antimony and arsenic, 
the unusually strong temperature dependence of the 
thermal conductivity between 1.3°K and 4°K, and the 
fact that the scattering depends on the number of 
occupied donors rather than the total number of im- 
purities. A quantitative calculation of the thermal con- 
ductivity on the basis of this model is hampered by 
our failure to find satisfactory ways of treating the 
effect of the anisotropy factor, Eq. (2.5), and the 
effects of phonon-phonon scattering. 


IV. OTHER ASPECTS 


There are several other aspects of the thermal con- 
ductivity problem which deserve mention. One of these 
is the possibility of other mechanisms of scattering by 
the electrons in donor states. Phonons are absorbed in 
electronic transitions involving the transfer of an elec- 
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tron from a state localized on one donor to a state 
localized on another donor.® These are the transitions 
involved in the phenomenon of impurity conduction.® 
Transition probabilities for these processes have been 
given by Miller and Abrahams.® Using their results we 
estimate that the phonon mean free path due to scatter- 
ing by this mechanism is never less than 1 cm in the 
samples of Goff and Pearlman. Thus this “impurity 
conduction scattering” is probably negligible in these 
samples and details of the estimate will not be repro- 
duced here. However, this scattering is proportional 
only to w for small w and thus can furnish a means of 
preventing the divergence of thermal conductivity inte- 
grals at low frequencies. 

Phonons can also be absorbed by excitation of an 
electron from the singlet to the triplet state of the 
donor. In the case of isolated donors only phonons of 
energy 4A are absorbed by this mechanism. Such a 
monoenergetic absorption mechanism has no effect on 
the thermal conductivity when phonon-phonon scat- 
tering is neglected, however, and for this reason we 
have not included it here. 

Phenomena similar to those reported by Goff and 
Pearlman have also been observed in p-type germanium. 
The mechanism discussed in this paper as an explana- 
tion of the large scattering power of donors is obviously 
inapplicable to acceptors because the structure of the 
valence band is entirely different from that of the con- 
duction band. However, the effective Bohr radius of 
an acceptor wave function is about the same as that of 
a donor wave function,’ so that scattering by isolated 
acceptors might be expected to have about the same 
dependence on phonon energy as scattering by donors. 
Further, the effect of strain on several properties of the 
valence band is quite large.*® Thus it is possible that a 
detailed theory of the effects of strain on acceptor 
states could account for phonon scattering effects of 
the order of magnitude of those reported here for 
donors. 


25 R. Lawrence, Phys. Rev. 89, 1295 (1953); C. S. Smith, Phys. 
Rev. 94, 42 (1954); E. N. Adams, Phys. Rev. 96, 803 (1954); 
J. C. Hensel and G. Feher, Phys. Rev. Letters 5, 307 (1960); G. 
Feher, J. C. Hensel, and E. A. Gere, Phys. Rev. Letters 5, 309 
(1960). 
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A ca‘culation of the ionization cross section and the excitation cross section to the 2S and 2P states of 
hydrogen atoms by collision with electrons is carried through by the use of an impulse approximation. The 
results are then compared to the experimental data and to various other theoretical calculations. The cross 
sections obtained compare favorably with experiment. The calculations carried out by these methods are no 
more complicated than the usual approximation methods and are easily adaptable for use with more com- 


plicated atoms. 





I. INTRODUCTION 


LTHOUGH the system consisting of a hydrogen 
atom and an electron is a relatively simple three- 
body system, and the forces between all particles are 
known, the theoretical analysis of the inelastic scatter- 
ing of electrons by hydrogen atoms has not progressed 
very far in recent years. The methods which have been 
used have been the first Born approximation, the second 
Born approximation, the distorted-wave approximation, 
and variational methods. Of these methods, only the 
first can be readily generalized to more complicated 
systems. The Born approximation, which has a wider 
range of applicability, generally suffers from the defect 
that it tends to overestimate the cross section at lower 
energies sometimes by a factor of 2. 

In recent years, experimental techniques for the 
measurement of the scattering cross section of electrons 
by atoms have improved considerably and the signal-to- 
noise ratio has increased sufficiently so that a separation 
of the various inelastic processes is now possible. With 
the accumulation of experimental information, it now 
becomes possible to check various approximation 
methods for the scattering of electrons by atoms. 

We are presenting the first of a series of articles which 
will apply the impulse approximation to the problem at 
hand. This method had previously been formulated by 
Chew,' and applied by him to the analogous nuclear 
problem of the scattering of neutrons by deuterons. The 
basic idea of the impulse approximation is that one 
assumes that during the collision the interaction be- 
tween the bound atomic particles is turned off; this 
implies that the incident particle spends a very short 
time in the field of the bound particles, and during this 
time the atomic configuration is frozen. This assumption 
is natural to make when the incident particle has a 
relatively high energy. A detailed analysis by Chew and 

* The research reported in this paper has been sponsored in part 
by the Geophysics Research Center, Air Research and Develop- 
ment Command, under contract, and in part by the Army Rocket 
and Guided Missile Agency under contract. 

1G. F. Chew, Phys. Rev. 80, 196 (1952). 


Wick,? and by Chew and Goldberger,’ shows that the 
impulse approximation is valid as long as r| e|<h, where 
r is the transit time of the incident electron and e is the 
binding energy of the ground state of the atom. For our 
problem, namely, the ionization cross section and the 
excitation cross section of the 2S and 2P states of hydro- 
gen by electron impact, this criterion implies that the 
energy of the incident electron should be approximately 
150 ev. We have carried out the calculations in this 
approximation to much lower energies in hope that 
there would be some fairly good agreement with experi- 
ment. A fair agreement would then offer some encourage- 
ment to apply this method to the scattering of electrons 
by heavier atoms. 

As it turns out, the approximation is fairly good at all 
energies and is no more complicated than the first Born 
approximation. We, therefore, think that we have still 
another approximation method which can be used for 
calculating the inelastic scattering of electrons by atoms. 

In Sec. II we derive the various formulas necessary 
for our work. These formulas are then used in Sec. III 
and IV to compute the ionization and the excitation 
cross sections to the 2S and 2P states of hydrogen, re- 
spectively. A short discussion of some of the difficulties 
encountered is given in Sec. V. 


Il. THEORY 


To study the problem of the scattering of an electron 
by a hydrogen atom, we must solve the following 
Schrédinger equation: 


A (41,2) = Ev (11,482), (1) 
where 
h2 h2 e e e 
H=——A,——A,-———-—+—- ; (2) 


2m 2m i ak es 


: h?k?? ree 
E=——|e|. (3) 
aaa 2m 
2G. F. Chew and G. C. Wick, Phys. Rev. 85, 636 (1952). 
3G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778 (1952). 
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In (2) and (3), A; and A, are the Laplacian operators in 
the space of electrons 1 and 2, respectively ; r; and r, are, 
respectively, the position vectors of the incident and 
bound electrons referred to the proton (we assume that 
the mass of the proton is infinite) ; k, is the propagation 
vector of the incident electron before collision and € is 
the binding energy of the ground state of hydrogen; # is 
Planck’s constant, e and m are the charge and mass of 
the electron, respectively, and ry2.=1r— fe. 

Use of standard techniques converts the Schrédinger 
equation into an integral equation with the scattered 
part of the wave function given by 


m exp[ikar; | 
p on(fe2) — — 


2rh? T1 


¥.(%1,%) ~ — 


rw 


x f dr’ario.%(r:) 


Xexp[ —ik,.- re’ |Vb(1y' 12’) (4) 
for direct scattering, and 


m _ expLikare] 
¥. (11,82) 7 er > n On(T1) sxcenenmmennsenens 


70 = (Orh? 12 
x far’ario.%(n) 


Xexpl—ik,- ro’ JUP(1',t’) (5) 


for exchange scattering. Here, ¢, is the wave function of 
an electron in the field of a proton in the state n, k,, is 
the propagation vector of the scattered electron, 
V = (€2/ry2)— (2/r1) and U= (€/ri2) — (€/r2). 

Chew! points out that it is simpler for our purposes to 
use the R matrix notation in expressing the various 
formulas that we need. We shall, in the following, follow 
the parallel derivation of Chew for the problem of the 
scattering of a neutron by a deuteron. We assume that 
¥(r1,%2) appearing under the integral sign in (4) and (5) 
can be expressed in the following approximate form: 


wv (r1,f2) =Wa(r1,F2) = fa go( Kay, ko ( 11,To), (6) 


where the subscript @ indicates that ¥4(r,r2) is an ap- 
proximation to the true wave function of the system, 
go(k.) is the Fourier transform of the wave function for 
the ground state of the hydrogen atom, and Wx, k2(r1,12) 
represents the wave function of an electron of momentum 
pi=7k, in the field of an electron of momentum p.=7k». 
Equation (6) is equivalent to considering the interaction 
of the incident electron with a free electron whose 
momentum distribution is given by the Fourier trans- 
form of the ground state wave function of hydrogen. 
Substitution of (6) into (4) and (5) leads to the R 
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matrices 


(k,,2| R™ | k;,0) 


= =i fk go(k) 
xf fara exp[ — ik,+ lon* (12) V 


XW, ko(ry,%2) (7) 
for direct scattering and 


(k,,,n| R© | ky,0) 


= ~i f ak, go(Ke) 
xf fare, exp[ —ik,- re |}on*(1)U 


XwWx«1, ko(1,8e) (8) 
for exchange scattering. If we define 


f n= (m/2rh?*) (k,,n| R | k,,0) (9a) 
and 
2rh?)(k,,n| R®|k,.0), 


Ln=(m (9b) 


then the cross section for excitation to the state » will be 


Tn= (Rn ki ){4| fatgn t+ 3 fu—2n ~ 3 (10) 


For ionization, we define 


f (ki, ky’, ke’) = (k,’,.k.’ R i k,,0) (11a) 
and 


g (Ki, ky’, ke”) = (k,’,k,” R® k,,0). (11b) 


The cross section for ionization will then be 


odk,’dko' = (2%/hv:) {4| f+¢ 


+41 f—g1?} 


X6(E;— Ey)dky'dke’. (12) 


Here, k,’ and k,’ are, respectively, the propagation 
vectors of the incident and bound after 
scattering and Ey and Ey, are the initial and final 
energies of the system before and after scattering. 

We now note that Wx, ko(r1,r2) can be factored into 
the product of two functions, one representing the mo- 
tion of center of mass of the two electrons, and the other 
the relative motion about the center of mass: 


electrons 


Wy, ko(¥1,%2.)= (27) lexp{4i(ki+k.)- ( rit r2)} 


XWi(ki-ke)(ry—Te). (1. 


Substitution of (13) into (7) and (8) and replacement 
of the hydrogen wave function ¢,(r) by its Fourier 
transform, we are led to the general expression 


(km R|ks0)— ff dets"g.*(ke” 


X (k,,,.ke’’| R ki, ks) g0(ke) (14) 
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where the R matrix under the integral sign is given by 
(kn, ke” | R©™ | ki, ke) 
_ --— [ fenee. exp[ —7(k,- ri t+k,”’- r2) | 
Xexp[$i(kitke)- (titre) |Vicer—ke)(t1— Fe) (15) 
for direct scattering and 


eel itl k») 


— f farts, exp[ —i(k,- rot +k, + ri) | 


pie . (ri +r) Ww Wi (ey —ke2) (1 — ro) (16) 


for exchange scattering. We will now proceed to compute 
(15) and (16). We will confine our remarks to the R 
matrix for direct scattering and give the results for ex- 
change since the same treatment is applicable. We 
substitute for the potential V the expression (e?/rj2) 


—(e*/r;) into (15) and carry out the transformation 


These steps lead to 


(k,,ko’’| R | kiko) = —[ie2/(2e)*}{1—T2} (17) 


where 


drdo 
- [f expl[—i(k, +k.” —ki—kz)- 0] 
. rT 


Xexp[—ik’- rlyx(r) (18a) 


and 
drdo 
 P ad § Ee . 7 (k,, +k.’ —k,— kz) - @ | 
<exp[—zk’- r]yx(r) 
k’=4(k,—k,”’). 


(18b) 
with 
k= 3 (k,—k,.) 


and (19) 


Now yx(r) represents the motion of a charged particle 
in a Coulomb field and is given by‘ 


V(r) =N (Re FL (—i/2aok); 1: ikr—ik-r], (20a) 
where F is the confluent hypergeometric function of its 
argument and 


) = (m/hk)T [1+ (i/2ak) Je~*/40*, 
Here, I'[1+(i/2aok)] is the gamma function of its 


argument. When yx(r) is substituted into (18a), we 
obtain 


T,= (22)'N 


(20b) 


1 (k)3(Kn+ke” — ki— ke) 
dr 
x f- expLi(k—k’)-r] 
r 
XF((—i/2ack); 1; ikr—ik-r). (21) 


(McGraw-Hill Book Com- 
Chap. V, p. 117. 


4L. I. Schiff, Quantum Mechanics 
pany, Inc., New York, 1949), Ist ed., 
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The r integral has been carried through by various 
authors,® and leads to 


dr 
f — exp[i(k—k’) 
r 


de (kk—K’)*— 2k (Ik) j ‘P20 
=—_——N(k) ative . (22) 
(k—k’)? )? 


-t |FL(—i/2aok) ; 1; ikr—ik-r] 


Now, let us consider J». This represents the contribu- 
tion, to the inelastic process, of the wave that has been 
scattered from the proton. Thus, /2 represents a multi- 
ple scattering effect that is of a higher order and should 
be negligible compared to 7. To show this, we carry out 
the integrals represented in J». We let r= rand 9’=o+$3r 
in (18b) which separates the r and 9 integrals and leads 
to 


- (k—k’)* 
Lk: (k—k’) |*(k—k’)? 
2k: (k— k’) ye i/2aok) 


Tv 
[= N 
6445 


When (21) and (22) are combined and k and k’ are 
replaced by their values as given in (19), we find that 
Io~1/ky° and 1;~1/k,?; thus, J2/J;~1/ky'. It follows 
then that we can neglect the 1/r; term in (15) and 1/r2 
term in (16). This is to be expected, since if we consider 
I,, the orthogonality of the initial and final states of 
hydrogen will give zero contribution in the Born ap- 
proximation. By combining (14), (15), and the expres- 
sion for 7;, we obtain 


(k,,,2| R©@ | k;,0) 


—iet fdags* (h+ 1s 


for direct scattering. The k,”’ integral has been carried 
through. Here, 


Rn)(k’ |r | k)go(Ke), (24) 


4 
(k’ | x d) | i tiniacnece 
(k—k’)? 


(k—k’)?— 


(k—k’)? 


-N (k) 

2k- (k— k’) ‘Vaal 
k=3(ki—k.);_ k’=3(2k,—ki—ky). 

The above treatment applied to exchange leads to 


(k,,,22| R |ky,0) 


(25) 


with 


(26) 


= ig f dkogn*(ki+k2—k,,)(k’ |r |k)go(Ke), (27) 


5 T. Pradhan, Phys. Rev. 105, 1250 (1957). A. Nordsieck, ibid. 
93, 785 (1954). 
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where 


dor 
(k’ |r |k)= 
(k 


= V(R) 

j (k-Hk’)?— 2k (HI) 2208 
x{— : » (28) 
| (k-+k’)? 


with k and k’ as given in (26). 


Ill. IONIZATION CROSS SECTION 


We are interested here in the case where the bound 
electron emerges in the continuum state after collision. 
We will assume it can be represented by a plane wave. 
If we let k,’ and k,’ be the propagation vectors of the 








ayle?v2 


(ky’ ko’ | R© | ky,0)=———'(4 | 2k, —ky/—ky’ |) 
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incident and bound electrons, respectively, after colli- 
sion, the R matrix for direct scattering becomes 


(ky’ ko’ | R©™ | k),0) 
= —iet fg ™(hr-He— ky) nr) k) go(ke). (29) 


Recalling that 
oo(r) = (mr ao") be "e 
we can compute go(k»); since we are assuming that the 


final state is a plane wave, gko’ will be a 6 function and 
thus: 


1 





7 (ki —ky’)°01 -tay?(hy’ +s’ — k,)” 
{ Kahr’) - (2, — key’ — ee’) — (Fn — ky’) } ao|2k1—ki’—ke’| 
x ———— ” — 





In a similar way, we obtain for exchange scattering: 


ayte2v 2 


(Kky' ko’ | R | ky,0)=——N (4 | 2k, — 


— a 
(k:— ky’)? | | 


1 


2 |) : . or ‘ a ee 
T (ki—ky’)*[1+-a0?(ki— k,’— ky’)? P 


( (ha — ke’) (2k) — hy’ — ky’) (Kk) | 





I 


(k,—k,’)® | 


The scattering cross section is obtained by combining (30) and (31) with (12) which leads to 


me* exp[ —2/do|2ki—k,’—k,’| | 
6 iondky'dky’ = 2 x nee 


1 


5(E,’+E,'—E) 


agk;®sinh{ x/ do 2k, —k,’—k,’|] (2k,— k,’—k,’)[1 +ay?(ki— .— k,’) 1! 


1 1 





oa — 
(ki—ky’)* (ki — kp")* (Ki. —ky’)?(k — ky’)? 


§ = ——______— 


cos’? idk, (32) 





1 { (2ki—k,’—k,’) : (k,—k,’)— (ki— k,’)*} { (2k, —k,’ —k,’) a (k,—k,’) = (k,:—k,’)?} 


~ 12k, —ky’—k,’| 


The total cross section is obtained by integrating (32) 
over the entire space of k,’ and k,’. The limits on ky’ are 
set by the 6 function. The limits on the magnitude of k, 
are 0 and (k’—1)! which correspond to the limiting 
cases where the emerging electron carries off all the 
excess energy and where the incident electron carries it 
off. However, as can be seen, the integrals cannot be 
carried through as they are, and certain transformations 
must be performed. We let K=2k,—k,’—k,’ and 
K’=k,’—k,’ which simplify the integrals. The angular 
integrations and the K’ integral can then be carried 
through leaving us with one integral over K which must 
be computed numerically. Further, the transformation 
leads to the fact that, on the right-hand side of (32), the 
third term cancels the second. All this leads to 


(ke, — ky’)?(ke, — kes’)? 


(33) 


s ll sts 8 + 7 | 


i 
o¢= -o1+ oo+—o3+ oytJo5— los : 
. -— -— 3 


ky? | 15 
where we have put e=#=m=1 and a; is expressed in 
units of wa,?. Here, 


(34) 


f aK eK [4k K—2k?—K?—2} 
oO n => — ~~ — —— _ _ - 
K?™1 sinh(x/K) | [1+(4:—K)*]=" 
[4k.K-+2k2+K?+2} | 

Cit(eat+Kyy" J’ 


(35a) 


with n=1, ---5; and 





IMPULSE 


o,, UNITS OF 7a,* 


FIRST BORN APPROXIMATION 
EXPERIMENTAL RESULTS (FITE AND BRACKMANN) 
IMPULSE APPROXIMATION 


( 


0 20 40 60 80 10 20 140 «#160 
3.65 


ELECTRON ENERGY, ev 


180 200 220 


1. Comparison of experimental and theoretical results: total 
ionization cross section for electron-hydrogen collisions. 


dK ¢-*IK | Me iit teins 


K" sinh(x/K) K(K?+2k?+2) 


[4k,.K —2k;— K?—2]} 
tanh — ||: (35b) 
K (K?+2k;?+2) 


where the limits of integration are 2k;-+(k;?—1)!. The 
numerical computation of (34) led to the curve given in 
Fig. 1. Two other curves are also given on this figure: 
the experimental result of Fite and Brackmann,® and the 
theoretical result obtained by them when they carried 
out the numerical integration of the Born approximation 
formula as given by Mott and Massey.’ The Born 
approximation gives a maximum at a lower energy than 
the experimental and overestimates the cross section 
below 150 ev. Our result leads to a value for the cross 
section which is the same as the experimental although 
it is shifted to the higher energy. An examination of (35) 
shows that the cross section at high energies behaves as 
1/k;'°. In fact, our approximation” goes into the Born 
approximation at about 150 ev. 

t,To examine the behavior at threshold, we go back to 
(32). Since we can write here k,y?=1+¢(e— 0), both 
(ky’)? and (k’)? are small and 


2 673 


o.=— 








Ary) 
——_|[ e— (k,’)* ]. 

ki J (ki—ky’)! 

6 W. L. Fite and R. T. Brackmann, Phys. Rev. 112, 1141 (1958). 


7™N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Oxford University Press, London, 1949), 2nd ed., Chap. XI, p. 
235. 
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When this integral is carried through, we obtain 
o.= const: €. 


This is in agreement with Massey,* who points out that 
on the basis of the available evidence, the threshold law 
for ionization is o,«e and in disagreement with 
Wannier,’ who obtains o,« e-™, 


IV. EXCITATION CROSS SECTIONS 


Before we proceed to compute the excitation cross 
sections, one more approximation must be discussed. It 
is quite clear that, because of the complicated depend- 
ence of the R matrix on kg, it is not possible to carry out 
the k, integral given in (24) and (27). We must attempt 
to take the ry matrix out from under the integral sign at 
some suitable value of ks. To this end, we tabulate first 
the various Fourier transforms which arise in our 
calculations; namely, 


v2 
r(1-+h?)" 
4 —1+4K? 
g200(K) =— een, 
mx (1+4K?)? 
64 k,-K 


ge10(K)=— ———_, 
im ky(1+4K2)? 


go(ke) = (36a) 


(36b) 


and 


(36c) 


where K=k,+k.—k,’. Now go(ke) has a maximum at 
k.=0 and falls off very rapidly as k, increases. We note 
that at high energies most of the scattering takes place 
in the forward direction and hence k,—k,’~0. Thus, 
Ze00 and goio will depend strongly on k. If we now ex- 
amine the products gioog200 and giooge10, we see that the 
main contribution to the k, integral will come from the 
region in which ke is small. An examination of the r 
matrix shows it to be a slowly varying function of ke 
over any given range of this variable. It has no singu- 
larities in the ky plane and furthermore is bounded. The 
last point to be discussed occurs in (36c). In the 
numerator the term k,- K occurs; (36c) can be rewritten 
in the form 


£210 64 K 
cosd im (1-+4K2)® 


fow0= 
Thus, the only effect of the cosine is to change the scale 
of goio(K). In view of the previous discussion, we shall 
assume that we can take the r matrix out from under the 
integral sign at k=O since it is around this region that 
the main contribution to the integral takes place. The 
above considerations apply to both direct and exchange 
scattering. 


Once the procedure described is carried through, we 


8H. S. W. Massey, Handbuch Der Physik, edited by E. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. XXXVI, p. 371. 
® G. Wannier, Phys. Rev. 90, 817 (1953). 
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are left with the integral for direct scattering and 


aie sc: k,100) 
Too= f dhage® (h— ki’ +he")go(k). 


217/22 ae? N (4k1) (ki— ky’)? exp —2/aoky’ | 


. . + . . ( d 2 —_ / 2 3 
By substituting the Fourier integrals for go and gn, we (ky’) *(9-+-4a0?(ki— ky’)? 
obtain jk’ (ki — ky’) | a 
" X{- 39b 
T,0= faeb.%( Hei “G0(1) (37) | (Ry )? 
for exchange scattering. The scattering cross section is 


—— ails 6 ses alculate the excitati . a > 
We are now in a position to calculate the excitation Gb tained by combining (39) and (10) which leads to 


cross sections. 
Dl are Qaiky 
_ iti 18328 =— - ear . aa 
A. 1S—2S Transition kyky'[sinh (x/ky’) [9-+4 (kk: —ky’) 
(k:—k,’)* se 
do(r) = (wag*)he—"! 0 x} i+— at exp[ — 2x/hky'] 
and : (ky')4 
200(8) = (25rag*)—3(2—1/an)e"?™. (ki— ky’)? expl[—2/h,’ ] 


Substitution of @» and @209 into (37) leads to (k,’)? 


213/2(k,—k,’)? 1 (ky’)? 
I 200.100= — a 35 xcos| — In— |} (40) 
[9-+-4(k,— k,’)?? ky’ (ki—k,’)? 


We recall that 


By combining (38), (25), and (24), we obtain Here we have put e=#=m=1 and oa is expressed in 
units of wa”. The total cross section will be obtained by 
integrating (40) over all scattering angles. Because of 
5 the interference term in (40), the integral involving this 
7 2a? IN (A ky) j ki 1 (ky— Kir ~ (Kea — key’) | “008 ; br 5 5” 
term was computed numerically. The total cross section 


~ [9-+4a,2(k,— ky’ N28 i; s| (k—k,’)? led to the curve given in Fig. 2. We have also plotted on 


(k,’,200| R‘@ | k;,100) 
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this figure the results of Marriott!® and the Born ap- 
proximation as given by Massey." It is quite clear that 
we do not agree with Marriott’s results and that the 
Born approximation is quite large. The experimental 
results of Lichten and Schultz” give a maximum of 
0.352a,? for the total cross section. This is higher than 
the maximum given by the Born approximation. Al- 
though our result is in disagreement with Lichten and 
Schultz, Fite and his co-workers" point out that their 
measurements indicate an agreement with our result!”*: 
The maximum in our case is again shifted to the higher 
energies but the shape of the curve and the magnitude 
of the cross section agree quite well. We have also in- 
cluded in Fig. 2 the total direct cross section. Exami- 
nation of this shows that exchange contributes about 
20% of the scattering at 50 ev and a higher ratio as the 
energy decreases. As the energy of the incident electron 
increases, the exchange contribution approaches zero. 
We feel, however, that exchange can be neglected for 
heavier atoms in our approximation. 


B. 1S—2P Transition 


In this case, the wave function for the final state of 
the atom is 


r 
210(8) = (25ray*)-—e—"/2 cos6’, 
ao 


which leads to a value of J10 100 


3i2'9/2(ky— ky’ cosé) 
130,102. (42) 
a [9-+-4a,2(ki— ky’)? 


1 R. Marriott, Proc. Phys. Soc. (London) 72, 121 (1958). 

1H. S. W. Massey, Handbuch Der Physik, edited by E. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. XXXVI, p. 354. 

2 W. Lichten and S. Schultz, Phys. Rev. 116, 1132 (1959). 

3 R. F. Stebbings, W. L. Fite, D. G. Hummer, and R. T. Brack- 
mann, Phys. Rev. 119, 1939 (1960). 

128 See Note added in proof. 
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The scattering cross section will then be: 


216 gpg 2! ki (ki— ky’ cos6)? 
Oiss2p=9 —— ae eee yo 


kiki’ sinh(z, ky!) (k:—k,’)*(9+4(k,— ky’)? ]* 


(ki—k,’)* (ki— ky’)? 
x | 14+-———- exp — 2/2,’]4+—_———— 
(hy’)4 (hi’)? 





1 (ki’)? 
Xexp[—2/ky' | col — In—— |} (43) 
ky’ (k,:—k,’)? 


where o is again expressed in units of wa’. The total 
cross section is obtained by integrating over all angles of 
scattering. The result is plotted in Fig. 3. Also given 
here are the first Born approximation," the second Born 
approximation," Fite’s experimental results,'® and the 
distorted wave approximation.'® As can be seen, our 
result is better than the other approximations although 
it is again shifted to the higher energies. 

In Tables I and II, we give some values for the 
differential cross section for excitation of the 2S and 2P 
states. We have included also the closest values com- 
puted by using the Born approximation (BA) for 100, 
200, and 400 ev incident electron energy. Most of our 
values at high energy follow the same pattern as BA. 
However, at 100 ev our values are all lower. We have 
also included the values at 27 and 54 ev and no compari- 
son exists for these values. 


Vv. DISCUSSION 


In addition to the basic assumptions of the impulse 
approximation two additional approximations have 


14 W. Rothenstein, Proc. Phys. Soc. (London) 67, 673 (1954). 

16 W. L. Fite and R. T. Brackmann, Phys. Rev. 112, 1151 
(1958). 

16S. Khashaba and H. S. W. Massey, Proc. Phys. Soc. (London) 
71, 574 (1958). 
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Taste I. Differential cross section, ¢ (6), for excitation of 2.S state of hydrogen by electron impact. /;, incident energy in ev 
angle; o(@) in units of ao; I.A., impulse approximation; B.A., Born approximation 


54 
LA 


0.73 
0.62 
0.49 
0.29 
0.06 


0.55 
0.51 
0.45 
0.30 
0.16 
0.058 


TABLE II. Differential cross section for excitation of 2P state of hydrogen by electron impact. / 


AKERIB 


100 
B.A. 


0.89 
0.77 
0.52 
0.133 
0.024 
0.0042 


AND 


108 
L.A. 


0.78 
0.75 
0.42 
0.194 
0.019 
0.0023 
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: #, scattering 


32 


200 216 400 4: 
I.A. 


B.A. LA B.A 


0.94 
0.70 
0.33 
0.031 
0.0024 
0.00024 


0.82 
0.75 
0.42 
0.028 
0.0026 
0.00024 


0.96 
0.55 
0.013 
0.0034 
0.0312 
0.0578 


0.84 


0.015 

0.0045 
0.0001 
0.0578 


. incident en 


angle; o(@) in units of ao?; I.A., impulse approximation; B.A., Born approximation 


54 
L.A 


46.0 


99.8 


100 
B.A. 


108 
1.A. 


50.0 


200 216 
B.A. L.A. 


100 
B.A 


36.0 

20.0 
6.0 
0.1 
0.01 


23.7 


18.0 
5.01 5 


3.5 


been made in the course of the calculation. One of these 
is a difficulty which will always arise when calculating 
the ionization cross section. The other occurs when one 
calculates an inelastic bound-bound transition. 

In calculating the ionization cross section we have 
used plane waves for the final-state wave functions of 
the electron. This is a crude approximation but it would 
be difficult to know what the correct wave functions are. 
Coulombic wave functions have a logarithmic phase 
factor at infinity and apply only to the scattering by 
unshielded charges. In our case we have to describe the 
electron in the presence not only of a positive charge 
-but other negative charges which provide some shield- 
ing. Consequently, a Coulombic wave function would 
not give the correct asymptotic behavior. 

In calculating bound-bound transitions, in order to 
. carry out the integrals, it is necessary to remove the r 
matrix from under the integral sign. In our application 
it was possible to do this because the product of the 
Fourier transforms of the bound-state wave functions 
peaked at some appropriate energy. The recipe that we 
have here does not necessarily apply for all bound-bound 


215.0 


266.0 


450.7 


13.3 10.0 


1.65 


5.43 


0.033 


transitions. Each individual must be examined 
separately to see what the appropriate value of the 
energy should be at which the r matrix is to be evaluated 
when removed from under the integral sign. 

We have not made a detailed analysis of the nature 
of the fundamental impulse approximation and these 
additional approximations. We feel, however, that the 
results indicate that with labor no more complicated 
than that involved in the first Born approximation we 
have a supplementary approximation described here 
which is applicable to the calculation of inelastic scat- 
tering of electrons by atoms. If we were to generalize the 
results obtained for hydrogen, we could say that the 
true cross section for various processes lies somewhere 
in between the first Born approximation and the impulse 
approximation. We do not obtain the violent peaking at 
very low energies but rather our maximum cross section 
is approximately correct but occurs at an energy some- 
what higher than the experimental results. 

Note added in proof. W. Fite (private communication) 
has informed us that the experimental results for the 
15 — 2S transition should be raised by 50%. 
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The crossed-level method of atomic spectroscopy is discussed and the angular distribution formula for 
both the incoherent and coherent resonance scattering is derived. The form of this distribution function, as 
given here, explicitly displays the geometric factors depending on radiation propagation vectors. With the 
application to hydrogen in mind, the distribution function is expressed explicitly for single electron transi- 
tions with external fields possessing axial symmetry. The properties of the distribution function are dis- 
cussed with emphasis on the case of unpolarized radiation. For the case of hydrogen there are two possible 
applications of major interest. The first concerns the possibility of a precision measurement of the 2p fine 
structure splitting and, hence, a determination of the fine structure constant. Explicit results for the shape 
and other properties of the resonance line with a uniform magnetic field obtained. The other application is 
concerned with the possibility of measuring the 2s-2p Lamb splitting. This requires an electric field parallel 
to the magnetic field. Unfortunately, the level crossings which are sensitive to the Lamb splitting cannot 
radiate sufficiently rapidly while those which do radiate appreciably occur at field strengths which are 


extremely insensitive to the Lamb splitting. 





I. INTRODUCTION 


N a recent paper Colegrove, Franken, Lewis, and 
Sands! have described a novel measurement of the 
fine structure (2 °P,—2 Pz.) splitting in atomic helium. 
The method involves the production of level-crossing of 
excited atomic states by an external magnetic field. It 
depends on the fact that the scattering of resonance 
radiation in the case of degenerate or nearly degenerate 
excited states is coherent in somewhat the same sense 
as in the diffraction of light by a pair of slits, the initial 
and final (sub-) states playing the role of source and 
detector with which the diffraction pattern is observed. 
A more direct description of the phenomenon in physical 
terms will be given in the discussion to follow. An 
alternative description has also been given by Franken.” 
It should be emphasized that the process under dis- 
cussion is not new in that it had been discussed in the 
literature almost three decades ago. In this connection 
the work of Weisskopf* and of Breit‘ is especially worthy 
of mention. What is important is the fact that the work 
of Franken ef al. constitutes the first application of this 
method to precision spectroscopy. The measurement of 
the spin-orbit splitting in helium gives results accurate 
to better than one part in 2X10‘ and is presumably 
capable of even greater accuracy. The application to 
hydrogen is immediately suggested, since the more ac- 
curately known wave functions for that case would 
presumably lead to a highly precise determination of 
the fine structure constant via a measurement of the 


* Oak Ridge Institute of Nuclear Studies Research Participant, 
1960. 

1F. D. Colegrove, P. A. Franken, R. R. Lewis, and 
Sands, Phys. Rev. Letters 3, 420 (1959). 

2 P. A. Franken, Phys. Rev. 121, 508 (1961). 

3 V. Weisskopf, Ann. Physik 9, 23 (1931). 

*G. Breit, Revs. Modern Phys. 5, 91 (1933). 
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24—2p, splitting in a uniform magnetic field. The 
accuracy of the measurement would then be determined 
largely by the accuracy with which the magnetic field 
at the center of the resonance could be determined. In 
principle the method could be extended to other light 
atoms, but the application to hydrogen would appear 
most urgent. Another possible measurement would 
appear to yield an alternative determination of the 
Lamb splitting. In this case, as is almost immediately 
apparent, it is necessary to apply an electric field as 
well. The question of measuring the Lamb shift in 
hydrogen by this “‘crossed-level” method will be taken 
up in this paper. 

Other applications are possible in principle at least. 
For instance, the investigation of very small splittings 
in nuclear levels produced by magnetic dipole and elec- 
tric quadrupole splittings would be amenable to this 
method. The experiment would now depend on coherent 
resonance effects in a cascade of two gamma rays, say. 
Unfortunately, however, in most cases the nuclear spin 
Hamiltonian contains too many unknown parameters 
to make the envisaged experiment attractive. For in- 
stance, in the simple case that a nucleus (spin 21) is 
embedded in a crystal which provides an inhomogeneous 
electric field with an axis of symmetry and if there is no 
hyperfine coupling, the ratio of quadrupole to dipole 
coupling could be determined by placing the sample in 
an external magnetic field. We shall not pursue these 
applications in this paper. 

Although the process under discussion has been de- 
scribed to some extent in the references cited, we wish 
to present a few remarks which will clarify the sub- 
sequent discussion. The situation considered is one 
in which an atom (say) undergoes stimulated absorption 
from an initial state @ to a group of excited states 
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b, b’, ---. Subsequently, by spontaneous emission the 
system undergoes a transition to a state ¢ which need 
not be the same as the initial state. If the states a and ¢ 
are degenerate or even if this degeneracy is removed, 
by a magnetic field for example, the labelling of the 
states includes a description of the sublevels and then 
a and ¢ will, in general, be different. In our application, 
however, the initial and final states will be sublevels of 
the same gross state. The states }, 6’, will, in the 
absence of external fields, be not completely degenerate 
and we consider a pair of states, 6 and 6’, which in the 
field-free case are split by an amount Ap. Moreover, 
Ay will be assumed to be considerably larger than the 
average width, 7=4(y+7’), of this pair of states. Under 
such circumstances the scattered intensity is an inco- 
herent superposition of contributions from 6 and 0’. If 
the b—d’ splitting can be “tuned” by application of 
external fields so that it can be made zero (crossed 
levels) or of order y, then an interference contribution 
to the scattered intensity arises. This will be true for 
some fixed direction of the outgoing radiation and will 
be angle dependent. For the total intensity there is, of 
course, no coherent effect ; see Sec. II below. As an inci- 
dental point, it is clear that the precise description of 
the coherent contribution depends also on the polariza- 
tion states of incident and outgoing radiation. 

This discussion shows that as a function of the ex- 
ternal field a sharp resonance will appear.’ The width 
at half maximum is about 27.° The fact that the width 
is of the order cited will be evident from the following 
consideration. If the excited state exists for a time / the 
nearly degenerate states 6 and 6b’ undergo random 
phase changes given by exp(—i£/) and exp(—iEF’?). 
The net random phase introduced is exp(—iA£/), where 
AE=E-—E’. Since t~1/7 it follows that coherence is 
preserved perfectly for AE/7=0 (level-crossing) and is 
completely destroyed when AE/7>>1. 

In this discussion there are two assumptions: (1) 
First, the incident radiation is assumed to have a suffi- 
ciently broad spectrum so that } and 0’ can both be 
excited. Second, the states involved must fulfill the 
standard selection rules which in the atomic case implies 
that a and ¢ can be connected to both d and b’ by electric 
dipole radiation. This requirement of the selection rules 
renders some level crossings in helium ineffective, and 
in hydrogen it requires that s states be admixed with 
some / constituent. 

Finally, we make the rather obvious remark that the 
utility of the method, if the objective is to measure Ao, 
depends on an accurate connection between Ap and the 
values of the field parameters at which the level-crossing 
occurs. This is most readily established in the hydrogen 
case. 


5 This is to be distinguished from the resonance as a function of 
frequency, which has nothing to do with the coherent phenomenon 
considered here. 

6 This statement is modified when the hyperfine splitting is of 
the same order as the width y; see Sec. I 
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Il. THE ANGULAR DISTRIBUTION FUNCTION 


The transition probability for resonance scattering of 
almost degenerate states has been derived by other 
authors* but in this section we give a simplified version 
of the derivation for the purpose of putting in evidence 
some physical consideration. In our formalism we follow 
the procedure used by Abragam and Pound? in their 
discussion of angular correlation. This procedure is not 
meant to be more rigorous than the perturbation 
methods adopted in the previous discussions but it has 
certain pedagogic advantages. 

In the spirit of the perturbation theory the states 
involved in our description are eigenfunctions of a static 
Hamiltonian, H, which includes the external fields, and 
are also damped by the coupling to the radiation field. 
The transition from the initial state a@ (which actually 
constitutes a group of substates which we label by m) 
to the intermediate state b occurs at time /=0. We con- 
sider the subsequent emission process from 6 to a final 
state c, substates labelled by me, occurring at time ¢. 

The transition probability for this ‘‘time-delayed” 
scattering is proportional to® 


W()= ¥ |SX(m.| HO 


mim2 b 


b,)<bo| A, m,)\*. (1) 


Here H,“ is the operator that creates the outgoing 
photon with specified frequency, direction, and polariza- 
tion, while H,™ is the operator for annihilating the 
incident photon with specified frequency, direction, and 
polarization. Clearly the time dependence of the state 
amplitude 8; is given by 
|b.) = | bo) exp(—iEL»—4Pp)é. (2) 
In (2) we have used the diagonality of the damping 
matrix.’* We return to this point in the discussion at the 
end of this section. Also /, represents the eigenvalue of 
H for one of the states b, the label b representing a 
composite of quantum numbers referring to the (in 
general) nondegenerate states 6. We have allowed for 
the possibility that the radiative widths [, depend on 
the state 6. Also in our units A=1. 
Using (2), the transition probability will be given by 


8) 


w= W (t)dt 


> X(m! HH, |b, 


mim? bb/ 


(ms| H, | bo’)* 


X (bo| H, m,)(bo'| H, m,)* 


seviiiieeath Pyro Ey, 


7A. Abragam and R. V. Pound, Phys. Rev. 89, 1306 (1953). 

8 Here and in the following the formalism follows that of angular 
correlation theory, which is the precise counterpart of the process 
we discuss. The replacement in the initial transition of an emission 
process by an absorption does not change this equivalence. See, 
for example, L. C. Biedenharn and M. E. Rose, Revs. Modern 
Phys. 25, 729 (1953). 
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where we have used the notation 
s(C,+Tw), 
Ey — Ey. 


Ty = 


Ey y= 


(3a) 
(3b) 


Equation (3) agrees exactly with the results given by 
Weisskopf and Breit. All the states entering in the 
matrix elements are now true stationary states. 

Since the “delay time” ¢ is random, it is clear that the 
finite lifetime of the intermediate states introduces a 
random phase in the state amplitudes: Ey is the rela- 
tive phase difference due to the precession caused by H. 
The interpretation of the resonance as given in the 
introduction is now clear. If with #0’, Ey»/Ty.>1 
the only important contributions are those for which 
b=b' and Ey-,=0. These are the incoherent terms in (3). 
When the external field parameters are so adjusted that 
Ews~T yw» for some pair 6, b’ there will be a coherent 
contribution arising from this pair of states. This will 
certainly occur at and near a level-crossing. In general, 
for given external fields only one crossing will occur. 

To make the rather formal result (3) more useful we 
recognize that the H,“? operators will usually corre- 
spond to emission and absorption of pure multipole 
fields and, in our case, of electric dipole fields. Hence, 
it is useful to introduce the field-free atomic eigenstates 
for a single electron. These are pure angular momentum 
states. These are conveniently described by the quantum 
numbers «x and yu (aside from the energy quantum num- 
ber). Here yu is the eigenvalue of 7,, the angular momen- 
tum along the quantization axis, and «x gives the total 
angular momentum j and parity (—)! according to® 

j=|x|-3, 

l= j+4x/|«|. 
The eigenfunctions | xu) diagonalize H when the external 
fields are absent. Then, dropping the subscript 0, 


|b)=>> U#(bx) | xu) (4) 


Ku 
and the U;,“ are elements of a unitary matrix. When the 


external fields have axial symmetry so that 7, and H 
commute, we write (4) in the form 


(4’) 


|b)=d0 U*(Kx) | xu), 


where we recognize that } contains wu parametrically as 
one constituent label and K serves to distinguish the 
different states with the same yp. Our considerations will 
be almost entirely confined to the case of axial symmetry 
and we use (4’) in the following.” The quantum numbers 


*M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957), Chap. IX. 

10 As will be made more evident in Sec. III it is only in the case 
of axial symmetry that level crossings (accidental degeneracies) 
occur. 
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m, and m: can now be interpreted as the eigenvalues of 
j: for the states a and c. The unitary transformation (4) 
is obviously unnecessary for @ and c. 

We introduce the transformation (4’) and the notation 


MO =F Ku! A, | eymy)e’y’ | H,— | xymy)*, (Sa) 


m) 


MH =F (komme HH, | ku)<kome HH, |’ ry. 


m2 


(5b) 


Here we use x; and x2 to complete the description of the 
states a and c. Then the transition probability becomes 


W= U*(Kx)U**(Ki)U*'*(K's’)U* (K'®’) 


MOMS 
Xx ‘ . . 
Ty1—ikys 


and the sum in (6) is over K, K’, wu, wp’, x, «’, &, &’. Of 
course, 6 is an abbreviation for the index pair K, pu. 
The « and & take on the same set of values and «’ and x’ 
also take on the same values. The two pairs (x,t) and 
(x’,x’) do not necessarily have the same range. It is to 
be recognized that 91‘*) depend on the polarization and 
direction of the quanta and on uy and y’. Also I~ de- 
pends on x and #’, IV on « and x’. But K and K’ do not 
enter in IN), They do occur in the unitary matrix 
elements. These matrix elements also depend on the 
external field parameters as do Ty, and Ey». Because W 
depends on the direction of the photons it will be hence- 
forth referred to as the angular distribution function. 
For the case in which the external fields exhibit axial 
symmetry, the angles which enter are those describing 
the spherical triangle defined by the symmetry axis and 
the two propagation vectors ky and he. 

To exhibit the properties of the angular distribution 
function it is necessary to examine the detailed structure 
of the IN For dipole radiation the absorption opera- 
tor, omitting irrelevant multiplicative constants, is 


H,=>>u Du p'(R)j- Ai”, (7) 


where Dyp' is an element of the rotation matrix of order 
three; and the two of the three Euler angles appear- 
ing as arguments are the polar and azimuth angles of k 
and the third is zero. j is the current density operator 
and A,” is the vector potential for a dipole (angular 
momentum 1 and z component M). In (7), P= +1 and, 
in modern usage, P= +1 refers to right, P= —1 to left 
circular polarization." 
'! For linear polarization, (7) is to be replaced by 
H, = Zp e-iPaD) yy pi (R)j- Ai”, 


where a@ defines the direction of the electric vector with respect to 
a plane containing the quantization axis. 
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The result for IW is then 
mw = (- )™<el| 1 \|K1 ¢K’ || 1 \|K1 a 
<[(27’+1)(27 +1) }! ¥, C(11v; P, —P) 

XC(jj’v; —wu’)W 1917’; jw)Dy-w o° (2), (8) 

where n=j’—j+u’+ji. In (8) the first two factors 

after the phase are reduced matrix elements for dipole 

emission, the C factors are Clebsch-Gordan coefficients, 

and W is a Racah coefficient. We also note that 


Dyo”(R) -( ) V,"*(k) 


give the angular dependence. 
If we sum over polarizations, we employ 


dor 


2v+1 


4 > pC(iiv; P, —P)=43[1+(—)’JC(11p; 1, —1), 


so that » is restricted to even values and, explicitly, 
v=0 and 2. The yv=1 terms contribute to the polariza- 
tion-dependent terms. The major part of our special 
considerations will be restricted to the resonance fluo- 
rescence of the Lyman alpha radiation, and for ex- 
perimental reasons it is sufficient to consider only 
unpolarized radiation. Recognizing that the extension 
to polarized radiation can easily be made, we shall 
henceforth discuss only the case in which the unpolarized 
radiations are observed. 

For 9 we change &, x’ to x, x’, also 7; to je, and 
finally take the complex conjugate of (8). Obviously, 
k=k, in M@ and k=h, in mM. 

With these results we can return to the question of 
the diagonality of the damping matrix which was tacitly 
assumed in writing (2). For this purpose it is necessary 
to show that 


Dow . 


> ..(b| A, | a)(b’| H, | a)*=0 (9) 
if the states 6 and bd’ are different, where the sum is over 
all photon frequencies, polarizations, and directions. 


We need only to integrate (8) over all directions of k to 
see that Dy» is proportional to d,y5,0. Since 


Div =X XU (KRU(K'R)MO, 


@ 


it is seen that »=0 requires k=k’. For those values of 
k and x for which the product of reduced matrix ele- 
ments is not zero, this product is independent of x (or x’). 
Thus the sum over & involves only the U matrix ele- 
ments and gives xx’. Ds» is proportional to 6x x6,,° and 
is completely diagonal.” 


12 An alternative proof is given in reference 4. 
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A second consequence of the result (8) is that the 
intermediate states must 
states, at least one of which has an angular momentum 
j2>%. Otherwise there is no coherent contribution to the 
scattering. To see this, we first recognize that in the 
coherent term u—p’~0. This follows from a well-known 
theorem of Wigner and von Neumann" which prohibits 
crossings of levels with the same symmetry. Hence in 
the product IVI there is no conerent contribution 
from the isotropic terms v=0. Incidentally, this con- 
firms the more or less self-evident fact that the coherence 
does not affect the total intensity of scattering. Since 
we consider only unpolarized scattered light, y= 2 must 
occur in both mm and mm. Hence j, 7’, and v as well 
as j, j’, and vy with y=2 must form a triangle, which is 
impossible if all angular momenta are equal to 4. This 
means that for the m=2 states in H the role of the p, 
level is vital, so far as producing coherence with un- 
polarized light is concerned. 

The structure of the coherent 
seen to be of the form 


be linear combinations of 


contribution is now 


W. h = .¥ 


bxth’ 


where A contains the four unitary matrix elements and 
the remaining factors in IW’ 


« 5 : 
vin(b)=(-)»( ) 
bir 


where P.” is the associated Legendre function, we can 
write 


. Since 


(2—m)! 


(2+ m)! 


» sing 
, (10) 


h os6— fk 


W eoh™ A P+ #'(3,)P# 


Ry 2 
where 


B= (u—w’)(gi— go) +argA. 


Of course, 3; and #2 are the polar angles of k, and kp 
measured from the axis of symmetry and ¢i— ¢o is the 
dihedral angle between the planes formed by this axis 
with ky and with ks. This verifies the statement that 
for unpolarized radiation only the rotationally invariant 
spherical triangle is involved. If the energy difference 
Ew» is varied by changing the field parameters, sym- 
bolized for the moment by «x, the width of the resonance 
in x space is 
Ox 
Ax=2 
OF yy) 


(11) 


while in energy (£»») space it is 2P'y». The resonance 


18 J. von Neumann and E. P. Wigner, Physik. Z. 30, 467 (1929). 
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line is seen to consist of a Lorentz-shape contribution 
proportional to 


Ty» cosB/ (Ty 2?+ Ewe?) 


and an asymmetrically shaped contribution propor- 
tional to 


— Ey sinB/ (Te 2+ Eo). 


In the foregoing discussion we have tacitly assumed 
that over the width of the resonance, A is an extremely 
slowly varying function of the field parameters. In all 
our applications this is extremely well fulfilled; see 
Sec. ITT. 

For the case of external fields for which there is an 
axis of symmetry, A will be real. A necessary condition 
for this is the reality of the relevant products of reduced 
matrix elements. That these products are indeed real 
can be seen @ priori by an adaptation of a well-known 
argument of Lloyd." In this case 


B= (u—pn’)(¢gi— ¢2) = (u—p’)®, 


and the pure Lorentz shape can be obtained by a suit- 
able choice of the dihedral angle. 

An additional selection rule which must be fulfilled 
for the existence of a coherent term is 


O0<|u—p'| <2, 


as can be seen from (8). For the n= 2 levels of hydrogen 
this is fulfilled for all levels which cross, as will be 
seen in the following section. For one of the radiations 
circularly polarized, the restriction is more severe: 
lu—m'| =1. 

Finally, we observe that if either the incident or 
outgoing radiation is parallel (or antiparallel) to the 
axis of symmetry, there is no coherent effect. This type 
of geometry forces the condition y=’ which precludes 
the crossing of two levels. 

The incoherent part of the radiation is clearly aniso- 
tropic if and only if at least one of the intermediate 
states has an admixture of 724. In any event the inco- 
herent part is independent of the dihedral angle. 

As far as optimization of the interference signal is 
concerned, it is clear that one should make #:=02=0, 
and for |u—p’| =2 the value )=2/2 is optimum while 
for |u—p’|=1 the value 3=2/4 is optimum. For 
|u4—’| =2 the pure Lorentz shape results for | g1— ¢2 
=nr/2 with n=0, 1, 2, 3; and for |u—p’| =1 the con- 
dition is | ¢i:— ¢g2| =O or x. In the applications given 
below, these geometrical conditions will be assumed. 


Ill. APPLICATION TO HYDROGEN 


We shall consider the following two applications of 
the resonance scattering at crossed levels in hydrogen: 


4S. P. Lloyd, Phys. Rev. 81, 161 (1951). 
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(1) the scattering in a magnetic field only whereby the 
2p4— 2, splitting is ascertainable, and (2) the scattering 
in combined electric and magnetic fields whereby 
(a priori) one might hope to determine the Lamb shift. 
Our discussion is intended to be illustrative of the 
principles of the method and of some of the difficulties 


one may expect to encounter. 


A. Spin-Orbit Splitting 


From an experimental point of view resonance scat- 
tering is simplest between the ground and the n=2 
states. However, for reasons having to do with the 
absorption of Lyman radiation, it is not practical to 
consider polarized radiation. The results of Sec. II will 
then apply. 

The stationary part of the Hamiltonian of the 
problem is 

H=H.+H’, (12) 
where Hy contains not only the kinetic and Coulomb 
energy but also, in a phenomenological way, all neces- 
sary radiative corrections. The magnetic coupling is H’ 
which will be expressed in nonrelativistic form, 


H'=o3C(j.+5.), (13) 


where uo is the Bohr magneton and 3, the magnetic 
field, is in the direction of the quantization axis. The 
eigenvalues of Hy for the n=2 states are €1, €9, and €2 for 
2p;, 2s;, and 2, respectively. We introduce 

6=€:— 1, (13’) 
the spin-orbit splitting plus radiative corrections. We 
shall also use 

A=€)— 41, 


the Lamb splitting. In the present case the 2s; level 
plays no role since it radiates with a half-life (1/7 sec) 
which is far too large. The coupled states are p; and p,; 
with the same eigenvalue yu of 7,. The energies in the 
field are E(Ky): 


(14a) 
(14b) 
(14c) 
(14d) 


5) 
5) 
E(1 —3) 
E(2 —3) 


:4(G—S,), 
3(G+S,), 
—3(G+S_), 
3(—G+S_), 


where 
G=p3C/5, (15) 
and 


Si=(@43G+1)}. (16) 


For zero field the K=1, 2 states become p,, pj, states, 
respectively. In addition, for j= $, u= +4 the energy is 


E,(+3)=+2G+43, 


and these states remain pure. 
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{ 
€ —2(€, + €5) 
€a-% 


Fic. 1. Energy levels for the n= 2 state in hydrogen asa function 
of G=yo3C/5. The symbols are defined in Eqs. (13) and (13’). 
The s levels are shown with the Lamb shift taken to be 1057 
Mc/sec. The letters in parentheses serve to distinguish the various 
crossings. 


For future reference we note that 


(= 
o+1 


), 


—1=9.350. 


9 
where 
€é2—€, 46 


Cc=- 
€g—— €1 


A 
The expansion coefficients U*(Kx) are: 
U+4(11)=[3(1+ps/S4) }, 
U+4(2 1)=[5(1—ps/Sa)}, 

U+4(1 —2)=—[4(1—ps/Sx)}}, 
U+4(2 —2)=[4(1+ps/Ss)}}, 


(18a) 
(18b) 
(18c) 
2 (18d) 
and 

p4=1+G/3. 


Of course, x=1, —2 refer to p; and ;, respectively. 


= 
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The energy levels are shown in Fig. 1 where the 
Lamb-shifted s sublevels are also shown. There are only 
two crossing between p states and these are marked 
(e) and (A) in Fig. 1. In the present approximation 
these occur at 
G=4/9 
G=2/3 


(e crossing), 


(A crossing). 


Clearly in a precise analysis many small corrections 
would be considered as well. For instance, relativistic 
corrections (of order a*) would increase G by one part 
in 10°. Other corrections, arising from finite nuclear 
mass, hyperfine coupling, and so on, are readily applied 
as discussed by Lamb.'® To a good approximation the 
effect of hyperfine coupling is to broaden the coherent 
resonance. Thus, each level in Fig. 1 becomes a doublet 
with my, the nuclear magnetic quantum number, equal 
to +4 so that a given crossing is replaced by four cross- 
ings. However, as a consequence of the selection rule 
Am;=0 only two of these crossings will contribute to 
the scattering. Hence, a single Lorentz peak is replaced 
by two peaks which are shifted by an amount equal to 
hyperfine splitting. Since this splitting is 1.776 Mc/sec 
for the n=2 state and the width [ (the same for all p 
states) is 99 Mc/sec 
separated peaks. 
Crossing (e) corresponds to | u 
mum geometry the incoherent s« 


, the resonance will appear as two 


uw’ | =2 and for opti- 
attering is 


W ine= (9/8) +2 uf 1+4LU*(K —2) 


—V2yU*(K1)U*(K—2)}2. (19) 


With the same normalization the coherent scattering is 


— 540 1 
= 1— :) ’ 
8g 847 41+[(24/11)x« 


where g is a measure of the magnetic field measured from 
the center of the resonance; that is, 


W con (20) 


g=G—4/9, (20a) 


x= g6/T. (20b) 
The linear factor in g appearing in (20) arises from the 
distortion of the wave functions by the magnetic field 
and, as a consequence, the shape of the resonance is not 
exactly of the Lorentz type. Since x=1 corresponds to 
g=0.009, this deviation from the Lorentz shape is small 
but may be significant enough to take into account in 
applications where precision is a consideration. At half 
maximum, the deviation from the pure Lorentz shape 
due to this distortion is Ax—6.7 10~ 


18 W. E. Lamb, Jr., Phys. Rev. 85, 259 (1952) 
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Fic. 2. Coherent scattering for zero electric field as a function 
of magnetic field. The ordinate scale is arbitrary. The geometry 
is 0: =32=27/2, b=0. The resonance arises from crossing (e) in 
Fig. 1. The lower portion of the figure shows an enlarged version 
of the resonance curve. Splitting due to hyperfine coupling has 
not been included here. The small deviation from the Lorentz 
shape is not noticeable. 


The ratio of W.., to Wine at the resonance is 
W con/ W ine= 0.0895, 


which should correspond to a coherent signal of ample 
strength. 

The crossing (h) corresponds to |u—y’|=1 and the 
conditions of optimum geometry (#:=0.=7/4) are not 
as convenient as in the |u—yp’| =2 case. Nevertheless, 
we give the results for the incoherent and coherent 
scattering for this crossing : 


81 
W inc=—+>D} 1—$[U*(K—2) ? 
32 Ku 


9 


1 
}.-- 04K —2)| (21) 
V2 


(22a) 


) 1 
3° 1+ (4x/3)? 


(22b) 

The ratio W on/W ine at x=0 is only 0.0068 and, hence, 
this crossing is not quite as interesting as crossing (e). 
Figure 2 shows the coherent peak for crossing (e) 
superimposed on the incoherent background. In this 
figure the coherent resonance is also shown on an en- 
larged scale. The effect of hyperfine coupling, not shown 
here, is readily taken into account by superimposing two 
resonance curves of the type shown. The total width at 
half maximum, which is 2T in energy units, is, in x space, 
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equal to Ax=11/12 which corresponds to a magnetic 
field width of 65.2 gauss. The position of the resonance 
is, in the approximation considered, 3Cy.s= 3480 gauss. 
Since the relation between 3C,.. and 6 is linear, the fine 
structure (or better, 26;—2 ,) splitting can be deter- 
mined to the same accuracy as the measurement of the 
magnetic field at resonance. 


B. Lamb Shift 


It is immediately clear that the position of the cross- 
ings (e) and (hk) of Fig. 1 do not depend on A, the 
2s;— 2p, splitting. On the other hand, the position of the 
other crossings shown do depend somewhat sensitively 
on A but these crossings cannot be utilized in resonance 
scattering from the 1s; ground state. Hence, it is neces- 
sary to introduce an electric field &. For reasons to be 
made apparent at a later stage of the discussion it is 
advantageous to make the two fields H and & parallel 
(or antiparallel). In this case the system considered 
still exhibits axial symmetry and u is a good quantum 
number. 

For &XH=0 the eigenvalues are determined from 
the roots of the secular equation 


det (H;;'— E6,;;)=9, 
where 


H’ = Bode ( Jats.) +e8s. 


The secular determinant splits into two cubics (u= +4) 
and two one-by-one determinants (u=+$). With the 
notation 


x(5C)= pod, x(&)= —V3ear6, 
where dp is the Bohr radiusin hydrogen, we have for y=} 


| 2(5C)+ €9 —x(&) v2x(&) 


detH,'=| —x(8) 4x(30)+e 4v2x(30) |. (23) 


v2x(&) AV2x(5C) 3x(H) +e 
In (23) the rows and columns refer to 5s, p;, and py 
states, respectively. For u= —} the sign of x(5C) on the 
diagonal and the sign of x(&) in the s;—; matrix 
elements must be changed. The characteristic equation 
for 1= —} differs from that pertaining to w=} by a 
change of sign of «(5C). For w= +$ the energies are 
E(+$)=+2x(H)+ e. (24) 

Of course, the sum of the eigenvalues for both y= +4 is 
unchanged by the presence of the fields and the center of 
gravity of the levels remains at $(€9+€:+€:). 

At any nonzero value of the electric field there are 





1192 M. E. ROSE 


AND R. 


CAROVILLANO 


TABLE I. Information relative to eight level crossings of the n=2 states of hydrogen in parallel electric and magnetic fields 


Intersecting states 


Energy at intersection 


2G+ (2—L)/: 

2G+ (2—L)/: 
—1/12(A+1) 
—2G+ (2—L)/: 
— 26+ (2—L)/: 

1/12(A—1) 
—2G+ (2—L)/ 
—2G+ (2—L)/: 


(a) py(3): py(—4) 
(b) py (3): p9(4) 

(c) sy(—4): py (4) 
(d) py(—§$):54(9) 
(e) py(— 9): py (4) 
(f) 55(4):py(—4) 
(g) py(—9):54(—4) 
(h) py(—$):p4(—4) 


V2=3G(G+4/9)(1+3G—L)/[(13/3)G+1], 
V2=G(G+4)(14+G—L)/C(5/3)G+1), 

G= (1/a)(8—wd) 
V2=9G(4/9—G)[(1—L)/3—GY/[(13/3)G—1], 
V2=3G(G—4/9)(3G4+L—1)/[ (13/3)G—1], 

G = (1/a)(8+wd) 
V?=G(3—G)(1—L—G)/[(5/3)G—1], 8<G<3 
V2=G(G—3)(G+L—1)/[(5/3)G—1], re i~i 


Field strengths at intersection 


3/13<G< (1—-L)/3 


“> 4/9 








eight distinct level crossings, not counting the de- 
generacies at 3-=0. In general, these occur at different 
values of &, 5C so that the degree of accidental de- 
generacy does not exceed two. Also, as a general rule, 
these crossings are sufficiently well separated so that 
where one crossing occurs, the level separation of other 
pairs appreciably exceeds [. In Table I information 
relative to the various crossings is given. The table de- 
scribes the crossings in terms of the spectroscopic desig- 
nation of the zero-field states from which the states in 
question arise (first column). The second column gives 
the energy at which the accidental degeneracy occurs 
with respect to the center of gravity 4(€+«:+ 2). The 
third column gives the equation which determines the 
relation which must be fulfilled between the field 
strengths for each crossing. The entries in the table are 
listed according to increasing 3C for given &. The nota- 
tion employed is 

V=x(&)/6, L=A/é, (25) 
and G defined in Eq. (15). In addition the following 
abbreviations are used. 


a= 16(12V?+1), 


B=320V'+ (8/3) V?(9L?—24L+ 26) 
+ (2/9) (45L?—36L+16), 


W=a+9L?, 


w= (8/9)+2L(4V2—1). 


In Fig. 3 the energy levels for the eight n=2 states are 
shown as a function of magnetic field with V= L. Using 
the value 1057 Mc/sec for the Lamb shift, this corre- 
sponds to an electric field of 477.6 volts/cm. For other 
values of the electric field similar energy level patterns 
are obtained. 

It will be noted that even for #=0 the separation of 
the s; and ; states is slightly more than twice the 
Lamb shift. Intersection (c) between s; with y= —}3 
and ; with u’=} is clearly the most sensitive to the 
value of L, or the Lamb shift. 

Before discussing the intersection (c), it is of interest 


to note that the intersection labelled (7) in Fig. 1 re- 
ferring to zero electric field has disappeared. This inter- 
section between s; and f;, both with u.=—}, is not a 
contradiction to the Wigner von Neumann theorem™ 
since it corresponds to a “touching” of the levels. In 
a 2-by-2 secular determinant, 


Hy,—E His 
A 


=(), 
H»—E 
with roots 

Ey 2=3{AutAetl[ (Aiu—H2)?+4! A.!|?}}, (26) 
this intersection corresponds to Hj.=0 and Hy,=H2. 
Identifying the levels with these two roots, £2 E. 
always. Introducing the electric field makes H,.#0 and 
hence £,= £2 is impossible. This “repulsion” of the 
levels is responsible for the fact that when & and H are 
not aligned all the level crossings of Fig. 3 disappear. 
Off-axis components of & introduce nondiagonal matrix 
elements between all s and p states with |u—y’! =1, 
as is clear from the fact that 

&-r—6.2=3[(6.+i6,)(x—iy)+ (&.—i8,) (x+y) ]. 
It is for this reason that we assume aligned fields 
although it is to be recognized that in an actual experi- 
mental arrangement the fields can be aligned accurately 
over only a limited volume of the scatterer. When the 
angle @ between fields is small, two levels which cross for 
6=0 will approach each other within a minimum separa- 
tion which is, in general, of order 0, [see Eq. (26) ]. The 
coherent scattering still exhibits a resonance but the 
maximum coherent scattering intensity is slightly 
diminished ; that is, in the ratio 


= _ 


T?, (f+ (AE) min? l, 


as compared to the coherent intensity at a crossing. The 
geometry for the Lorentz shape is assumed. Hence, 
small misalignment of the fields is, in itself, not a 
catastrophe. It is only necessary that (AZ) min STP. 
When the mixed states have different radiative widths 
in the zero-field limit, the states with fields present will 
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obviously have different widths. It is easy to see that 
if a state is represented by 


Vo= Li Coi; 


then the width of this state is, to lowest order,'® 
Pe= Dsl co5| "vi, (27) 


where vy; are the zero-field widths of the states y;. With 
this result the angular correlation function is easily 
obtained for the present case from the results of Sec. II. 
In the present application there are three terms in the 
sum (27) and we can take y2,=0 with y2p)= y27}. 

If we now consider intersection (c) for electric fields 
which admix appreciable p state in the originally pure s 
state, it is seen that the position of this crossing rapidly 
becomes insensitive to the Lamb shift. Physically, this 
is an expression of the fact that the Stark effect simply 
dominates the radiative effects leading to the Lamb 
splitting at all fields for which V2L. Since this un- 
fortunate circumstance also influences the crossings 
which are useful for the determination of the fine struc- 
ture splitting, it is always advantageous to have no 
electric field present. 

In quantitative terms the lack of sensitivity of all the 
crossings to the Lamb shift can be seen by considering 

dA dG dV 


—_- = To + Ty—, 


A G 


(28) 


where 


tTg=90InL/dlnG, ry=0lnL/d InV. (28’) 
For a sensitive determination the relative error dA/A 
should be small or at least not large compared to dG/G 
and dV/V. Hence rg and ry should be of order or less 
than unity. These quantities tg and ry can be deter- 
mined from the third column of Table I. For example, 
for crossings (a), (d), and (e), 


1 G V? 
TG=—- —186+7-31| (29a) 
3L G—4/9LG* 
2 
tyv=—(L+3G—1). 


(29b) 


16 The simplest proof of the result quoted is to recognize that 
to the order considered the width is proportional to the square 
modulus of the matrix element of /7,“? summed over all quanta. 
The matrix element is 2; coj(ws| 1,“ |¥;); and after squaring and 
summing, the cross-terms vanish by the same argument used to 
deduce the diagonality of the damping matrix. An alternative 
proof from the equations of motion of the probability amplitudes 
can be devised; see W. E. Lamb, Jr. and R. C. Retherford, 
Phys. Rev. 79, 571 (1950). This method involves the solution of 
the determinantal equation, 


det (Hj; — Ei; + 47,6;;) =0. 


Solving to first order in y; gives the same result. 
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Fic. 3. Energy levels for the m= 2 state in hydrogen as a function 
of G (see caption to Fig. 1) for an electric field of 477.6 v/cm 
[V=L, see Eq. (25) ]. The electric field introduces new crossings 
(a) and (b) and removes the ‘‘crossing”’ (i). 


For crossings (6), (g), and (h), 


: 5 
~—2G—L+ | (30a) 


(30b) 


For crossings (f) (upper sign) and (c) (lower sign), 


2G 
1¢G=— o 16V2(3L—4)+4(5L—2) 


4 


@ —] 
+[acsv-—2)+-91-|| , (31a) 
r 


{ ~24G6?+80V24+3L2—8L 
26 
+—+ (IAF120 »» (31b) 
A 


In Figs. 4 and 5 the quantities rg and ry are given as 
functions of V. It is to be remembered that G is a func- 
tion of V (for given L) as indicated in the third column 
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Fic. 4. The parameter rg, see Eq. (28’), as a function of electric 
field. For definition of V see Eq. (25). The letters attached to the 
curves refer to the various crossings in Fig. 2. 


of Table I. For rg only the (c) crossing can give sensi- 
tivity, but at the expense of small » admixture and very 
low scattering intensity from the initially pure s state. 
For ry the same remark applies to several crossings, 
including (c). It must be recognized that both rg and 7; 
must be small for a crossing sensitive to the Lamb shift 
and this never occurs in a practical case. For small 
V/L the expansion coefficients [c,; or U*(Kx) | are such 
that the p admixture in the initially pure s state is very 
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Fic. 5. Same as Fig. 4 except that the ordinate 

represents ry; see Eq. (28) 
small (of order V?/L? as is obvious from perturbation 
theory). The only exception is the case 4~= —4 where in 
the absence of an electric field a “touching contact” of 
two levels was obtained. The rapid repulsion of these 
two levels in an electric field precludes the possibility 
of observing any coherent scattering in this case as well. 
Moreover, the fact that these states are essentially pure 
j=} mixtures at small fields would eliminate any possi- 
bility of coherence in that case. 
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Alpha-Particle Ionization in Polyatomic Gases and the Energy Dependence of W*t 


WILLIAM P. JEssE 
St. Procopius College, Lisle, Illinois 
(Received January 4, 1961) 


An extended series of measurements by three different methods has been carried out to determine the 
variation of W, the average energy to make an ion pair in the gases Nz and C2H, as a function of the energy 
of the ionizing alpha particle. In one method, the ionization ratios were determined in the two gases for single 
alpha particles from two collimated polonium sources, the particles from one source being reduced in energy 
by passage through a succession of interchangable mica windows. The corresponding energy ratios were 
determined by auxiliary measurements in pure argon, the W values in argon being assumed constant. W 
values for alphas of initial energy up to 9 Mev were also obtained by a comparison in C2H, and Ne: of the 
relative ionization from Po and ThC’ single alpha particles. Data from all these experiments indicate a 
continuous decrease in W values in C,H, and Ne: with increasing alpha energy over a range from 1-9 Mev. 
The differential w (defined as the ratio of energy increment AZ to ionization increment AJ at any point on 
the alpha path) also decreases similarly and seems to approach but never quite reach, within the limits of 
alpha energy so far investigated, the corresponding W value for beta particles. No explanation of this 
continuous decrease with energy of the W values can at present be advanced. 





INTRODUCTION 


MONG the more interesting problems connected 

with the ionization by alpha particles in gases is 
a determination of the variation of W, the average 
energy to produce an ion pair in a gas as a function of 
the energy of the ionizing alpha particle. As a result of 
a comparison of the relative ionization by single alpha 
particles of various energies in very pure argon, it has 
been found! that no variation in the value of W greater 
than the experimental error of 0.4% could be detected 
for alpha particles ranging in energy from 1 to9 Mev. In 
all these experiments a method of total ionization was 
employed, involving a collection of both positive and 
negative ions within the chamber. 

From relative comparison measurements in different 
gases by Gurney,” it has been shown by Gray’ that this 
apparent invariance in W with alpha energy probably 
exists in all the noble gases and in hydrogen, within the 
limit of accuracy of Gurney’s results—about 1%. Such 
a result has also been confirmed by additional relative 
measurements of our own.! 

For gases other than the noble gases and hydrogen, 
a large number of experiments over the last fifty years 
might be cited. These experiments indicate that, in this 
general class of gases, the value of W is not constant but 
increases with decreasing alpha-particle energy. This is 
also in accord with the findings of Gray and Gurney. 

Unfortunately, a large number of these experiments 
were carried out in air at atmospheric pressure, where 
the process of columnar recombination plays a disturb- 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+ A summary of the preliminary work in this paper was pre 
sented at an informal conference at Gatlinburg in September, 
1958, sponsored by the National Research Council. For published 
report, see reference 11. 

‘W. P. Jesse, H. Forstat, and J. 
782 (1950) 

2K. W. Gurney, Proc. Roy. Soc. (London) A107, 332 (1925). 

3 L. H. Gray, Proc. Cambridge Phil. Soc. 40, 95 (1944). 

*W. P. Jesse and J. Sadauskis, Phys. Rev. 97, 1668 (1955). 


Sadauskis, Phys. Rev. 77, 


ing role. Since such recombination varies as the square 
of the ionic density, the collection of ions with fields of 
magnitude commonly used is less complete in the very 
dense tracks for particles of low energy than in the more 
attenuated tracks at higher energies. Such an effect 
would in itself tend to produce an increase in the 
measured W values with decreasing energy. 

In addition to this problem of the collection of ions, 
there are many other difficulties which make the deter- 
mination of the variation of W with alpha energy a 
problem requiring the greatest care and the highest pre- 
cision of measurement. Such research has been at- 
tempted by the present author by various methods at 
intervals during the past six years, and the present 
paper is a compilation of the results collected during 
this time. 


METHODS AND APPARATUS 


During the period mentioned this problem has been 
attacked by three variants of the fundamental method. 
(a) In the last and most extensive series of measure- 
ments use has been made of the long ionization chamber 
[Fig. 1(a)], described in some detail in a previous 
paper.® Here two collimated polonium alpha sources 
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ic. 1. Schematic diagram for ionization chamber employed 
in each of three experimental methods used. 


5 W. P. Jesse, Radiation Research 13, 1 (1960). 
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Taste I. Direct measurements for determination of reduced alpha ionization in Ar, C2Hy, and Ne 


Combined 
Number of window 
window density 
arrangement (mg/cm?) 


Ratio Calculated Ratio 
red. a/Poaw energy red. a red. a/Poa 
argon (Mev) CoH, 


No. ion pairs 


Ratio 
W for CoH, red. a/Poa 
(ev/ion pair) No 


No. ion pairs 
for red. a for red. a 


CoH, 


W for Ne 


(ev/ion pair) 





0 0 5.291 


4.602 
4.597 


0.8610 
0.8634 


0.8697 


(1) 0.8687 


0.7093 
0.7077 


0.7201 
0.7204 


3.810 
3.812 


0.5451 
0.5457 


2.884 
2.888 


0.5312 
0.5313 


0.2952 
0.2942 


0.2839 
0.2837 


0.1944 
0.1949 


0.1840 
0.1838 


188 760 28.03 145 400 36.39 


0.8642 1 
0.8633 1 


28.32 
28.20 
28.26 


162 520 
162 980 


25 650 36.63 
25 520 36.62 


36.63 


28.46 
28.53 
28.50 


0.7114 
0.7120 


133 880 
133 590 


103 440 
103 520 


36.84 
36.82 


36.83 


100 270 
100 270 


28.77 0.5334 5: 37.19 
28.80 0.5340 . 37.19 
28.79 37.19 


29.15 
29.07 
29.11 


0.2843 37.80 
0.2834 : 37.78 


29.62 
29.72 


29.67 


0.1851 
0.1849 


26 910 
26 890 





were attached to the two end plates of the chamber. 
The lower collimator was open; the face of the upper 
could be covered by a succession of mica windows of 
varying thickness. The upper collimator was mounted 
on a removable plug, so that the window arrangement 
could be changed without disturbing the internal 
geometry of the chamber. 

By means of the system® employed heretofore of the 
vibrating reed electrometer feeding into a Brown strip- 
chart recorder, the ratio of the mean ionization jump 
for the reduced alpha to that for the polonium alpha 
was obtained. Such ratios were determined with each 
window arrangement for each of the gases Ar, CoH, 
and N». To obtain a convenient measure of the re- 
producibility of such ratios, two series of runs were 
made for each window for each gas, where each series 
consisted of two and sometimes three runs. Each run 
involved the comparison of several hundred alpha 
jumps. The ratios determined for these two series have 
been recorded for the three gases in columns 3, 5, and 8 
of Table I and constitute the raw data from which all 
further computations have been made. Although there 
is no notation to that effect in the table, the first figure 
for each window is the ratio for series I, the second the 
ratio for series II. The agreement between the two 
series is seen to be very good, the deviation from the 
mean being of the order 0.1%—0.2%. Throughout all 
the calculations, each series has been treated as an inde- 
pendent experiment in itself. Thus, from a comparison 
of the two series one has a rough measure of the re- 
producibility of the results, even in those cases where 
the process of calculation enormously increases the 
percent errors involved. 


It should be pointed out that the employment of such 
experimental ratios enables one to use the present 
apparatus at its highest precision, since such a method 
minimizes the effect of minute drifts in the sensitivity 
of the system, possible small changes of capacitance, 
and possible small alterations in the composition of the 
chamber gas due to evolution of gases within the system. 
For the measurements in argon, which is particularly 
sensitive to minute traces of those hydrocarbon gases 
which may discharge metastable states, all measure- 
ments were carried out with the gas continuously circu- 
lating through the chamber from a purification system 
of a cocoanut charcoal tube immersed in a mixture of 
solid COz and acetone. 

The difficulties due to incomplete collection of ions 
because of columnar recombination, which are 
troublesome in ionization experiments in air, were 
avoided to a large extent by the use of the three gases 
Ar, No, and C2H,. Since these gases do not form molecu- 
lar negative ions, the effects of recombination are much 
less marked than in air. Even in air, however, it has 
recently been shown’ that for the pressures of the order 
of 5 cm of mercury used in the long chamber, the effect 


so 


of columnar recombination upon the measurements is 
negligible. 

(b) In addition to the measurements just described, 
earlier measurements by a similar but cruder method 
have been included in this paper. In this second method, 
alpha particles from an Am” source,‘ deposited on a 
platinum disk, were collimated and allowed to pass from 
an evacuated region through a mica window into an 
ionization chamber [Fig. 1(b)]. Additional sheets of 
mica could be inserted above the window to vary by 
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steps the energy of the reduced alpha particle. For each 
window arrangement, the relative ionization current 
was measured by a drift method in CH, and Nz» at 
pressures of the order of 45-50 cm of mercury and com- 
pared with the current under similar conditions in pure 
argon, continuously circulating through the chamber 
from the purification system. On the assumption that 
the W for pure argon is invariant with energy at a value 
of 26.4 ev/ion pair, the W values in Nz and CH, could 
be determined from the corresponding current ratios 
for each reduced alpha energy. 

The W values obtained thus have been plotted as 
points A in Fig. 2 for comparison with the more precise 
results of method (a). The corresponding energies, 
plotted as abscissas, have been estimated from alpha 
range measurements made within the chamber. Since 
such energy values are used only for the purposes of 
the plot, no extraordinary precision is necessary here. 

(c) Older results from a third experimental method 
have also been included as points denoted by + on the 
curves in Fig. 2, The measurements carried out consisted 
of two comparisons of the relative ionization in N» and 
C,H, by uncollimated alpha particles from U** and 
Po*”’ and also from ThC’ and Po”, Such comparisons 
were made in a cylindrical chamber 20 cm in diam 
[Fig. 1(c)] and 12.5 cm high at gas pressures of ap- 
proximately one atmosphere. The alpha particles all had 
their origin in very weak radioactive sources laid down 
upon a stainless-steel button, inserted at the center of 
the circular disk electrode. The uranium deposit was 
formed from a nitrate solution of depleted U**, 

The ratios of the mean ionization jumps for the Poa 
and the ThC’ alpha were determined by the procedure 
of method® (a). From a knowledge of the W values for 
the Poa in N2 and C2H, the corresponding values for 
ThC’ and U** could be readily calculated (Table III). 
Since the energies for all these alpha particles are known 
with high precision, there is no need here for estimations 
of energy through auxiliary measurements in argon. 
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Fic. 2. W values obtained in N2 and C2H, plotted against the 
initial energy of the ionizing alpha particles employed. 


RESULTS 


Detailed calculations from the results of method (a) 
are given in Tables I and II. In columns 3, 5, and 8 of 
Table I are recorded the ionization ratios of the reduced 
alpha to the polonium alpha for each of the window 
arrangements. As was noted before, in Table I the top 
value for each window denotes the ratio for series I, the 
lower result for series II. In column 4 the energies are 
computed for the reduced alphas from the ratios in 
argon in column 3. This is on the tacit assumption of 
the invariance of W in argon with alpha energy. The 
energy for the comparison polonium alpha issuing from 
the open collimator was assumed to be 5.291 Mev, a 
result obtained by correcting the value® 5.3007 Mev by 


TABLE IT. Calculated values for intervals from difference combinations of data in Table I. 








Window 
combination 
difference 


Final 
a energy 
(Mev) 


Initial 
a energy 
(Mev) 


Energy 
interval 
(Mev) 





5.3007 
4.599 
5.3007 
3.811 
5.3007 
4.599 
2.886 
3.811 
4.599 
1.559 
2.886 
3.811 


4.599 
3.811 
3.811 
2.886 
2.886 
2.886 
1.559 
1.559 
1.559 
1.030 
1.030 
1.030 


0.702 
0.788 
1.490 
0.925 
2.415 
1.713 
1.327 
2.252 
3.040 
0.530 
1.856 
2.781 


Al 
No. of ion pairs 
for interval in 
CoH, 


Al 
No. of ion pairs 
or interval in 


w for CoH, 


(ev/ion pair) 


w for Ne 
(ev/ion pair) 
20 080 
22 110 
42 180 
25 890 
68 070 
47 990 
36 320 
62 210 
84 320 
14 370 
50 700 
76 580 





26.63 
27.1¢ 
26.9; 
27.64 
27.15 
27.42 
28.42 
28.1 
27.84 
28.1: 
28.31 
28.05 


26 360 
29 010 
55 370 
33 470 
88 840 
62 480 
46 700 
80 170 
109 180 
18 850 
65 550 


99 020 


34.96 
35.64 
35.32 
35.73 
35.43 
35.65 
36.54 
36.2 
36.0; 
36.83 
36.61 
36.3; 





6G. H. Briggs, Revs. Modern Phys. 26, 1 (1954). 





WILLIAM P. JESSE 


210 


Taste IIT. fonization comparison of Po* with U%8 and ThC’, [method (c) ] 


Ion pairs 
for U8 


Ion pairs 
for Po 


Ion ratio 
U%38/Po 


W for 


- 


114 200 
147 620 


0.7840 
0.7806 


145 660 
189 110 


5.3007-4.195 


” tor 
interval 
8.7801—5.3007 
Mev 


w for 
interval 
Ion pairs 
for ThC 


Ion ratio 
Mev ThC’/Po 
244 130 35 : 
317 890 


1.676 
1.681 


35.1, 
26.65 


5.3. 
7.0 





the estimated energy loss within the collimator holes. 
This loss was evaluated by the same procedure used in 
former experiments in air.® Again, the true loss was 
assumed to be 0.4 the calculated loss within the col- 
limator holes. 

Similarly from the ratios in columns 5 and 8, the total 
number of ions produced by the various reduced alphas 
in Ne and C,H, was computed by a multiplication of 
these ratios by the number of ions produced by the 
collimated Poa (see top line of Table I). These values 
for the number of ions produced were taken from abso- 
lute precision measurements in CoH, and Np» described 
in the paper already mentioned,® and such values have 
been similarly adjusted to account for the loss of ions 
within the collimator holes, The former precision meas- 
urements give 36.39 and 28.03 ev/ion pair for W in 
Nz and C2Hy, respectively, for Poa. 

The need for collimator corrections for the reduced 
alphas was avoided by adjustment of the pressures in 
the measurements in the three gases, all of the order of 
5 cm of mercury, in the inverse ratio of their stopping 
powers relative to air. Thus, in each gas the reduced 
alpha was retarded by the mica window plus an equiva- 
lent gas path within the collimator holes. The stopping 
powers relative to air were taken as 0.929, 0.99, and 
1.31 in Ar, No, and C2H,, respectively. 

The W values for C.H, and No, obtained by dividing 
the energy values of column 4 by the number of ions 
derived in columns 6 and 9, are shown in columns 7 and 
10 of Table I. The agreement between the values for 
the two series is excellent. Similar agreement may be 
obtained by the statistical variant of pairing the energy 
values from series I with the ion pair values of series II 
and vice versa. 

It should be noted that the W values here obtained 
refer to the average energy to make an ion pair for a 
reduced alpha of initial energy given in column 4, which 
expends all its energy within the gas. This mean W is 
seen to increase continuously as the initial energy of the 
alpha particle decreases. 

These W values have been plotted as ordinates in 
Fig. 2 with the corresponding initial alpha energies as 
abscissas. For comparison, W, values of 35.0 ev/ion pair 
in No,’ and 26.2 ev/ion pair in C.H,, derived for beta 
particles, have been indicated as horizontal lines in 
the figures. 


7W. P. Jesse and J. Sadauskis, Phys. Rev. 109, 2002 (1958). 


Additional experimental points denoted by A have 
been added in Fig. 2. These come from the cruder 
current comparisons designated above as method (b). 
In the plot for N» the directly measured values from 
method (b) have been used. In the latter method, how- 
ever, nO measurements were made in C2H,, but similar 
measurements were carried out in CH. Hence, in order 
to compare the shape of the two curves, that for CH, 
was arbitrarily made to coincide with the curve for CoH, 
at the energy corresponding to the polonium alpha. 
That is, all the ordinates of the CH, curve were reduced 
in the ratio 28.0/29.2, the ratio of the respective W’s in 
C,H, and CH, for the polonium alpha particle. It will 
be seen that the points thus calculated, as well as the 
directly determined values for No, fall very well on the 
curves in Fig, 2. 

Computations of W for U** and ThC’ from the meas- 
urements of method (c) are shown in Table III. Ioniza- 
tion ratios relative to polonium are indicated in columns 
2 and 7. The number of ion pairs generated by the 
polonium alpha in the two gases from the absolute pre- 
cision measurements® already mentioned are given in 
column 3, The number of ion pairs for U2** and ThC’ are 
thus easily calculated and appear in columns 4 and 8. 
The W values in columns 5 and 9 are then computed on 
the basis of the accurately known energies of 4.1955 and 
8.7801° Mev for U*** and ThC’, respectively. These are 
plotted as + in Fig. 2. 

Finally, additional points have been added to Fig. 2, 
based upon the measurements of Ishiwari e? al.,° made 
in air at atmospheric pressure where saturation was 
obtained by the use of fields as high as 11 400 v/cm. 
The results of this experiment as to the number of ions 
collected in air as a function of alpha energy have 
already been shown to be in satisfactory agreement with 
similar recent results of our own in air (see Fig. 5 in 
reference 5). 

In the work of Ishiwari, an empirical formula is given, 
W =0,948+0.119/4/E, relating experimental W values 
in air to the initial alpha energy E. For comparison with 
results in Fig. 2 for No, this W value is arbitrarily taken 
to be 36.39 ev/ion pair for the Po alpha energy. From 
ratios derived from the formula, the variation of W on 
this basis can be determined. The calculated values 

8B. G. Harvey, H. G. Jackson, T. A. 
Hanna, Can. J. Phys. 35, 258 (1957) 

®R. Ishiwari, S. Yamashita, K. Yuasa, and K. Miyake, J. 
Phys. Soc. Japan 11, 337 (1956). 


Eastwood, and G. C. 
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shown as X in Fig. 2 fall very well along the curve 
derived from the present experiments in No. 


Differential W Values 


In the above sections the variation of W has been 
considered, where W represents a mean value taken over 
all alpha energies between the initial energy and zero. 
Of even more interest perhaps is a consideration of the 
variation of w, defined by A#/A/, where AE is a small 
increment of energy loss at some point along the alpha 
particle track, and AJ is the corresponding increment 
of ionization accompanying this loss. 

In the determination of this differential w from the 
present results, the value AE may be taken as the differ- 
ence in energy between any two window combinations 
designated in column one of Table II. Column 2 gives 
the transmitted alpha energy for the first window, 
column 3 that for the second, both taken from column 
4 of Table I. The energy difference AE is listed in 
column 4 of Table IT. 

Similarly, differences in ionization AJ values may be 
computed from the ionizations listed in columns 6 and 9 
of Table I for the various window combinations taken 
in pairs. Such AJ differences are shown for C2H, in 
column 5, Table IT, and for N» in column 7. The values 
of w, defined from the ratio AZ/ AJ, appear in columns 
6 and 8 of Table II for C.H, and No, respectively. 

Largely as a matter of convention, in taking energy 
differences in Table II the energy of the polonium alpha 
for no window has been assigned its full value of 5.3007 
Mev. In computations in Table I the effective polonium 
alpha energy was taken as 5.291 Mev because of the 
loss of energy within the collimator holes of the standard 
source. To accord with the higher energy value now 
used, in the computations of Table II the corresponding 
ionization values in CoH, and N» for no window were 
taken directly from the mean absolute values in Table II 
of reference 5. Since these have already been corrected 
for collimator losses, they correspond to ionization from 
an alpha particle of full energy 5.3007 Mev. 

As before, the two series of measurements were com- 
puted as independent experiments. However, in order to 
prevent the table from becoming inordinately long, only 
the mean values for the two series have been recorded 
there. The individual values for each series may, of 
course, be readily computed from the detailed data in 
Table I. 

The final agreement of w values for the two inde- 
pendently computed series is still good. The values for 
either series seldom differ from the means shown in 
Table II by more than one-half percent. However, such 
derived values lack the very high precision of the origi- 
nal measurements in Table I. This must obviously be 
the case, since in any small difference derived from two 
large quantities the percent errors must be greatly 
enhanced. This enhancement of errors in the differences 
constitutes one of the principal difficulties in the de- 
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Fic. 3. The differential W value in Nz and C2H, plotted against 
the corresponding alpha-energy for the interval AE. 


termination of w values by this method. (See page 15 
of reference 5). 

The results for w shown in Table II have been plotted 
as ordinates in Fig. 3 against the corresponding mean 
energy for the interval AZ. The latter was considered 
the mean of the initial and final alpha energies shown in 
columns 2 and 3 of Table II. Values corresponding to 
all window combination differences in column 1 were 
included in the plot. 

For the sake of completeness all the W values from 
Table I have been replotted in Fig. 3. Here W and w are 
the same, AF is equal to the initial alpha energy, and 
since the final energy is zero, the mean energy for the 
plot is taken as one-half the initial energy. Such w values, 
derived from Table I, are probably more precise than 
many of those in Table II. However, one may advance 
the objection that, where AE is very large, the process 
of averaging may tend to smooth out the derived curve 
and hence to obscure possible finer details in it. 

In Fig. 3 as in previous figures, the corresponding Ws 
value is indicated by a horizontal line. The w results for 
N, from current comparisons by method (b) have again 
been determined and plotted directly. The values for 
CH, have here been modified for comparison with the 
results from method (a) in C:H, by multiplying all CH, 
ordinates by the factor 26.2/27.25, now representing the 
ratio of Wz, in CoH, to that in CH,.’ This alteration of 
the ordinate scale has the effect of bringing the Ws line 
for CH, into coincidence with that for Wg in CoH,. With 
such an altered scale the experimental wa values for 
CH, by method (b) show a satisfactory agreement with 
the results in C;H, by method (a). Such agreement is 
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not unexpected, since it has already been shown" that 
within a given group of gases, such as the hydrocarbons, 
the ratio (W for Poa/Ws) is almost constant. 

Finally, to the plot in Fig. 3 have been added, as +, 
the results of method (c) given in Table III. The w 
values for the energy intervals indicated are shown in 
columns 6 and 10. Such w values are obtained as in 
Table II by dividing the above energy differences by 
ion pair differences as derived from column 3 with 
columns 4 and 8. 


DISCUSSION 


With the possible exception of one unexplained high 
point in N» by method (b) at about 2.75 Mev (Fig. 3), 
the results for the three methods of measurements 
shown in the figures agree as well as could be expected, 
if one considers the difficulties which underlie such 
measurements. 

In each curve in Fig. 3 one sees a continuous decrease 
of the ordinate values with increasing alpha energy. 
The differential w, values are seen to approach the Wg 
values as the alpha energy increases. One gains the im- 
pression, however, that these w. values do not quite 
sink to the level of the Ws values within the range of 
alpha energies so far investigated but remain slightly 
above this value. With the scarcity of experimental 
points at the higher energies, however, such a conclusion 
cannot be stated at present with entire certainty. 

No satisfactory explanation can at present be made 
for this apparently continuous decrease in W in poly- 
atomic gases with increasing alpha energy. One can, 
however, rule out here certain explanations which have 
often in the past been advanced to account for changes 
in W values. 

One such process often invoked is that of capture and 
loss of electrons by the alpha particle along its path. 
Since, however, capture and loss of electrons is negligible 
except for energies within 1 Mev of the end of its path, 
such an explanation would seem inadequate to explain 
changes in W which occur here at much higher energies. 

A second explanation, often advanced to explain 
alterations in W, is the effect due to loss of energy 
through nuclear collision processes, where energy is 
transferred to an atom as a whole to be expended in 
nonionizing effects. These collision processes are particu- 
larly important for massive particles such as recoil 
particles and fission fragments. 

Here again, such collisions are most frequent at the 
end of the alpha path, and it is doubtful whether their 
effect could explain the continuous decrease in W values 
found here at relatively high alpha energies. In addition, 
the fraction of energy lost by such processes should 
depend, according to simple theory, principally upon 
the atomic numbers of the particle and the gas. It is 
thus difficult to see why a gas such as Nz should show a 
much more marked effect in such collision interactions 


1 W. P. Jesse and J. Sadauskis, Phys. Rev. 107, 766 (1957). 
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with an alpha particle than does argon. It should be 
noted that, since the W measurements for Figs. 2 and 3 
were in the main made relative to argon as a standard 
gas, any changes of W with energy noted here are over 
and above any possible similar changes which may 
occur within argon itself. 

From the above considerations, there would seem as 
yet no plausible theoretical explanation for the con- 
tinuous change in W values with alpha energy observed 
here. Some very interesting ideas have been advanced 
in this general connection by Platzman,' but as yet 
these must be regarded as in some degree speculations. 


The Ratio W./ Ws 


A very interesting ratio is that given by W./Ws, the 
existing ratio in any particular gas between the value of 
W for alpha and beta particles. The ratio is of particular 
interest in that it strikingly typifies the marked differ- 
ence in the behavior of the W values for the class of 
gases including the noble gases and hydrogen on the 
one hand, and, on the other hand, the class including all 
other gases which have so far been carefully investi- 
gated. From the relative ordinate values in Fig. 2 for 
an alpha particle of initial energy of 1 Mev, W, is found 
to be about 9% greater than Wg, in Nz and 13% greater 
in C.H,. For the alpha particle of 5.3 Mev, the corre- 
sponding W, values are about 4% and 7% greater than 
Ws. It should be noted that no change in the absolute 
value of Wg greater than the experimental error has 
been so far detected in recent experiments for beta 
rays, ranging in mean energy from 3 to 50 kev." 

The behavior of the ratio W,/Wg in the noble gases 
and hydrogen has been found to be strikingly different. 
Throughout the somewhat limited range of particle 
energies which have so far been carefully investigated, 
there is good evidence to show that the above ratio has 
always the value of unity. Such evidence has been pre- 
sented before, but, since the experimental results are 
widely scattered over a number of papers, a compilation 
of these results would seem of value here. 

Such a compilation is shown in Table IV, which shows 
as a particular case a comparison of W, in pure argon 
for alpha particles of energy about 5.3 Mev with Ws 
values in pure argon for beta particles of mean energies 
ranging from 40 kev to 1 Mev. In column 1 are listed 
from the literature four of the most reliable values for 
the absolute value of W, in pure argon for alpha energies 
of the order of 5 Mev. The first and last values apply to 
measurements with polonium alpha particles (5.3 Mev) 
and the other two to measurements with alphas from 
Pu® (5.15 Mev). The mean of these four determinations 
has a probable error of not more than 4%. Similarly, for 
Ws the first four determinations in column 4 give abso- 


1 Robert L. Platzman, Nuclear Science Series, Rept. 29, 
National Academy of Sciences and National Research Council, 
Publication 752. 

2]. M. Valentine, Proc. Roy. Soc. (London) A211, 75 (1952). 
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TABLE IV. A comparison of W, and Wg in pure argon. 


Absolute values 
of W, in pure 
argon for alpha 
energy of 5 Mev, 
ev/ion pair 


Mean beta 
energy 


1 Mev 
49 kev 
49 kev 
49 kev 


Gas 


26.4" air 

26.3” air 

26.6 ‘. air 

26.254 ‘ air 
Mean 26.39 


No 49 kev 
CoH.e 49 kev 
C.H2 49 kev 
CH, 49 kev 
CoH, 49 kev 
Mean 


® W. P. Jesse and J. Sadauskis, Phys. Rev. 90, 1120 (1953). 
> J. Sharpe, Proc. Phy. Soc. (London) A65, 859 (1952). 
¢ T. E. Bortner and G. S. Hurst, Phys. Rev. 93, 1236 (1954). 


Absolute Wg, 


(ev/ion pair) 


W, Determinations 


Measured ratio 
of ionization in 
gas to ioniza- 
tion in argon 


W 4 in argon 
derived from 
columns 4 and 5 
(ev/ion pair) 


value 


Ratio W./Ws 


33.9¢ 
33.7! 
33.68 
33.95 


33.78 0.777! 
35.05 
24.65 ° 
25.7% 
27.3% 
26.2" 


0.754 
1.065! 
1.019: 
0.967! 
1.008: 


1W. Haeberli, P. Huber, and E. Baldinger, Helv. Phys. Acta 26, 145 (1953). 


¢ J. Weiss and W. Bernstein, Phys. Rev. 98, 1828 (1955); 103, 1253 (1956). 


f Z. Bay, W. B. Mann, H. H. Seliger, and H. O. Wycoff, Radiation Research 7, 558 (1957). 


* W. Gross, C. Wingate, and G. Failla, Radiation Research 7, 570 (1957). 


5 See reference 7. 
' See reference 10. 


lute values in air. The first is for mean beta energies 
estimated at about 1 Mev. The last three are for de- 
terminations with the beta particles from S* of mean 
energy 49 kev. These determinations were made by a 
great variety of methods and the mean Ws value is 
probably accurate to within 1%. 

In column 5 are listed experimental values obtained 
for the ratio of the ionization in the gas in column 2 to 
that in pure argon under identical conditions, This ratio 
is a mean value from relative determinations with the 
beta particles from tritium, Ni®, and C'. From these 
ionization ratios the corresponding Wg, value in argon 
shown in column 6 may be derived from a multiplication 
of columns 4 and 5. Finally, the ratio W./Wg, in column 
7 may be determined by a division of the results of 
column 6 into those of column one. 

In the top half of Table IV the mean of the four 
absolute Wg measurements in air has been used to 
derive by the method of calculation indicated a value 
of Wg in argon of 26.25 ev/ion pair. In the lower part of 
the table similar calculations from absolute Wg, values 
for the five gases listed have been made to derive a 
mean Ws in argon of 26.3 ev/ion pair. The ratios W,/Ws 
in the last column for the two determinations differ from 
unity by 0.5 and 0.3%. Such a deviation is well within 
the value to be expected from the magnitude of the 
errors in the original absolute W, and Ws measurements. 

Thus, well within experimental error, the value of Wg 
for the beta energies so far investigated is seen in 
Table IV to be identical in pure argon with that for W, 
for polonium alpha particles. This is to be compared 
with a difference of 4% in Nz and 7% in CoH,. The fact 
that Wg is identical with a value for W, for one alpha 
energy does not, of course, show rigorously that such an 
identity exists for every alpha energy. However, since 


there is nothing unique in the energy 5.3 Mev for the 
polonium alpha particle, such a generalization does not 
seem too improbable. Thus, the results in Table IV are 
in good -accord with our original findings' as to the 
constancy of W in pure argon with alpha particle energy. 

It should perhaps be noted at this point that the 
above measurements are at variance with a large mass 
of experimental data obtained with gridded pulse 
chambers. In such experiments only the electronic com- 
ponent of the ionization produced is collected, and the 
resulting transient pulse is amplified and its relative 
height me&sured. In order to facilitate such collection 
of electrons, to the argon in the chamber there is usually 
added some five to six percent of CO, or CHy. 

Experiments of this sort are perhaps best typified by 
the high precision measurements carried out during the 
past ten years by the group at Chalk River. A resumé 
of such experiments has recently appeared.” For the 
gaseous mixtures used, the value of W is not found to 
be constant but varies according to the suggested 
empirical relation 


W =W,.(1+0,069E-4). 


Here E denotes the initial energy of the alpha particle 
in Mev, and W,, is a limiting value of W obtained for 
alpha particles of very high energy. 

The variation in W value as a function of alpha energy 
predicted by this formula is much greater than any 
observed in very pure argon under our own experimental 
conditions, where the total collection includes both 
positive and negative ions. In fact, the predicted varia- 
tion in argon is more closely in agreement with the varia- 
tion actually observed for No in Fig. 2. 

3G. C. Hanna, in Experimental Nuclear Physics, edited by 
E. Segré (John Wiley & Sons, Inc., New York, 1953), Vol. IIL. 
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The discrepancy between the two methods is ex- 
emplified by the following considerations : 

The close agreement in the shape of the curve for 
N2 in Fig. 2 with the Ishiwari values in air, designated 
by X in the figure, has already been pointed out. The 
Ishiwari relative values do not in any way depend upon 
a comparison with argon. Since our W values in No are 
relative to ionization measurements in argon with W 
assumed constant, they must be corrected according to 
the Chalk River formula, should the W variation in our 
argon predicted by the formula exist without our 
knowledge. If one starts then with a point of reference 
at 5.3 Mev, such a correction procedure raises the W 
values in Ne at lower alpha energies. Thus, at 1.0 Mev 
this rise amounts to almost 4% and thus destroys any 
semblance of between our own and the 
Ishiwari curve. 

Again, the formula predicts in the gas mixture used a 
value of W,, at high alpha energies 3% lower than that 
for the polonium alpha energy at 5.3 Mev. Since in this 
field experiments consistantly show that the beta parti- 


agreement 


cle ionizes in gases at least as efficiently and generally 
more efficiently than the alpha particle, it is hard to 
see how the W,, even at high energies would be smaller 
than Ws. This would seem to set an upper limit for Ws. 
Thus by inference, Ws according to the formula should 
be at least 3% less than the W for the polonium alpha 
in conflict with the results in Table IV. It is, of course, 
possible that such a discrepancy merely exemplifies the 
limitations in the formula in extrapolation to such large 
energies. 

Examples such as the above merely serve to emphasize 
the consistent incompatibility of the present results 
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with those obtained by the method of the gridded pulse 
chamber with gaseous mixtures. At the moment no very 
valid reason can be advanced to explain this discrepancy. 


CONCLUSIONS 


The general conclusions of the present paper can 
hardly be summarized better than by a repetition of 
two postulates, advanced some five years ago,‘ which 


predict the interrelation of W, and Wg. These postulates 
may be quoted as follows: 


“1. If in the relation W,/V 


and the noble gases, we assume this constant to be 


constant for hydrogen 


unity, then W in these gases is the 
and alpha particles throughout all 
either so far measured by us. 

“2. In all other gases so far measured, W/W is not 
found to be constant. The variation in the ratio seems 
to come from a variation of W, with alpha-particle 
energy rather than a variation of Ws with beta-particle 
energy. As the alpha-particle energy increases, this 
ratio probably approaches a which 
again is probably unity.” 


same both for beta 


ranges of energy for 


constant value, 
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Nuclear Spin-Spin Interaction Energy in the Hydrogen Molecule* 
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An accurate theoretical estimate of the interaction energy of the two proton magnetic moments in the 
v=0, J=1 vibrational-rotational level of the electronic ground state of Hz is obtained. Agreement with 
the experimental value for the nuclear spin-spin interaction energy is found to be within 1 part in 10°. 
This is of the order of magnitude of the experimental error. 





6 Bows nuclear spin-spin interaction energy in the 
v=0, J=1 vibrational-rotational level of the 
electronic ground state of H, has been measured by 
Ramsey ef al.' to be 


d=72.10+0.05 kc/sec. (1) 


If one assumes? that this energy arises entirely from 
the dipole-dipole interaction of the two proton magnetic 
moments, then the first-order perturbation theory esti- 
mate of it is® 
(2) 


")0,1y 


d=h pr 


where uw, is the proton magnetic moment, and r is the 
internuclear distance. Taking u,= 1.52102 10~- Bohr 
magnetons,‘ and the physical constants given by Townes 
and Schawlow,® one obtains from (1) and (2) 


(r)o 1 =0.3558+0.0002, a.u., (3) 


for the mean inverse cube of the internuclear distance. 

The present authors have obtained theoretical values 
for (r~*)o,, which may be compared with this result. The 
radial Schrédinger equation for the nuclear motion in 
the Born-Oppenheimer approximation was solved nu- 
merically with the internuclear potential (in atomic 
units) 


V(r) = E(r)+-1/rt+1/pr’, (4) 
where E(r) is the electronic energy, 1/r is the mutual 


* The work presented in this paper was supported by the AEC 
Computing and Applied Mathematics Center, Institute of Mathe- 
matical Sciences, New York University, under contract with the 
U. S. Atomic Energy Commission. 
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. Ramsey, and H. B. Silsbee, 


TABLE I. Values of (r~*)o,; (in atomic units). 


Potential 


[* 0.3587 

II» 0.3551 

III¢ 0.3561 
Experimental@ 0.3558+0.0002, 


‘Obtained from a Morse function fitted to the experimental data as 
described in the text. This Morse function differs slightly from the one 
used by Ramsey (see reference 2) which does not give the correct value of 
the force constant. 

b Obtained from a configuration interaction calculation [A. D. McLean, 
A. Weiss, and M. Yoshimine, Revs. Modern Phys. 32, 211 (1960) ]. 

¢ Best available theoretical potential (see reference 6). 

1 Value quoted in the text [see Eq. (3) 


electrostatic potential between the two protons, and 
1/ur? is the potential arising from the J=1 rotational 
motion of the molecule with reduced nuclear mass 
w= 918.06 a.u. 

For the potentials considered here, the procedure used 
yielded the vibrational-rotational energy with an ac- 
curacy of at least 1 part in 10°. 

When the best available® theoretical E(r) was used in 
Eq. (4), the agreement between the predicted and 
experimental values of (r~*)o,.; was within 1 part in 10%. 
This is of the order of magnitude of the experimental 
error. Less accurate potentials, however, led to values 
which deviate from the experimental result by several 
parts in 10%, In particular, when approximating 
E(r)+1/r by a Morse function’ fitted to give the correct 
binding energy,® equilibrium internuclear distance,® and 
force constant,’ the disagreement was 8 parts in 10%. The 
results are summarized in Table I. 


®W. Kolos and C. C. J. 
219 (1960). 

7™P. M. Morse, Phys. Rev. 34, 57 (1929). 

8 G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., Princeton, New Jersey, 1950). 

9G. Herzberg and L. L. Howe, Can. J. Phys. 37, 636 (1959). 


Roothaan, Revs. Modern Phys. 32, 
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Frequency Shifts in Hyperfine Splitting of Alkalis: a Correction* 


R. HERMAN AND H. MARGENAU 
Yale University, New Haven, Connecticut 
(Received December 27, 1960) 


The effect of the deformation of the wave functions by Van der Waals interactions, previously ignored, 
upon the hyperfine shifts of alkalis caused by rare gas atoms is computed. It is found to be large and clearly 
in need of consideration. When applied to the experimentally observed shifts, the model proposed earlier, 
with the new values of the interaction constants, leads to “interaction radii’ somewhat greater than before 


and more nearly equal to gas kinetic radii. 


FTER the appearance of an article’ by the title 
above, Adrian published a calculation? which led 
to a formula for the differential Van der Waals forces 
between a hydrogen atom in its separate hyperfine 
states and a perturbing atom, quite different from the 
one computed in reference 1 for alkalis. Adrian’s result 


1S 


AE(hyperfine) 

= &[1/(E+1].)+2/E]AE(dispersion). (1) 
Here AE(hyperfine) is the hyperfine energy shift, & is 
the unperturbed hyperfine energy, E is an “average” 
energy of the H atom (taken to be the average of the 
resonance P-state energy and the ionization energy 
relative to the ground state), /2 is the ionization energy 
of the perturber (in the cases of interest a noble gas 
atom), and AE(dispersion) is the Van der Waals dis- 
persion energy (a negative quantity). In I the second 
term in the brackets in Eq. (1) is missing. 

If Adrian’s result is applied to the alkalis, his pre- 
dicted AE(hyperfine) is as much as 5 to 10 times that 
of I; for hydrogen the predictions differ by a factor 
~3. This has caused us to reconsider the problem and 
to look for the source of the discrepancy. We shall show 
that the added term in (1) is indeed present, even 
though it is overestimated when computed by that 
formula. 

Physically, the added term arises from the defor- 
mation of the wave function by the hyperfine inter- 
action’ itself, which was neglected in I. It disappeared 
from the mathematics of that paper in its later stages 
through an approximation which equated the f values 
for the higher and lower hyperfine states of the alkali 
atom. When this approximation is avoided, terms like 
those in question, but with a somewhat different mean- 
ing of E, come into evidence. 

The correct result may be obtained from Eqs. (5) 
and (19) of I. We take as the starting point of our 


* Research supported by the Office of Naval Research. 

'H. Margenau, P. Fontana, and L. Klein, Phys. Rev. 115, 87 
(1959); referred to as I. 

2 F. Adrian, J. Chem. Phys. 32, 972 (1960). 

§ This is in complete accord with a comment made by Dr. P. 
Bender at the Ann Arbor Conference on Optical Pumping, 
University of Michigan, June, 1959, (unpublished), of which 
the present authors were not aware. 


discussion Eq. (19) of I. 


4e* 1 


('|V|p)*=—- & 
QOR® M=—1 


(C3(2j1+1)(2’+1)(2I+1) } 
| 


(1—M)!(1+M)! 


XC (fil jr’; mM)W (J iJ jr’; TAYW(OF17"; S1) 


SE’ rT) L)?( io! Ts 


In the case of cesium, for which the derivation was 
carried out explicitly, the hyperfine quantum number 
ji=4 in connection with the matrix elements (p’| V | p) 
appearing in Eq. (5) of I; for (q’|V\q), ji=3. The 
dependence on j; in all factors of (2) is indicated, 
except in the radial matrix elements (L’|r:|L) and 
(j2'|r2| 72). The latter matrix element, which refers to 
the noble gas atom, needs no further attention, but 
(L’|r,|L) must be more closely examined. With a fuller 
display of quantum numbers, this radial matrix element 
reads 

(n’L’ jy’ \r1|nLj1), 


which is meaningful for the one-electron system to which 
the present theory applies. The present theory is 
limited to the ground state of alkali atoms; hence 
L=0, L’=1, and the hyperfine quantum number 
ji’ = ji (which is either 3 or 4) ; » labels the ground state 
and n’ the various excited states. 

First, we evaluate the difference 


(n’14| r,|n04)— (213! 1r,|n03)=A(nn’). (3) 


To do this, we expand the function Ynoj; by perturbation 
theory using the hyperfine operator 3C as the per- 
turbation. Note is taken of the fact that in making 
the expansion, matrix elements diagonal in LZ and J 
are large compared with nondiagonal elements. We 
may therefore use the hyperfine operator for S states*: 


5=const X4(r;,0)1-S. 


To obtain terms of the same form as Adrian’s, we 
neglect the perturbation in Wn’ij;, which yields almost 
no net contribution to AE(hyperfine). One therefore 


4A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 
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finds 


(n04 | 5C | 04) — (n03 | 5C | n’03) 


A(n,n’)=>-’ 
ni? En— Eq 
xX (n"0\r\n'1). (4) 


According to Eq. (5) of I, the hyperfine energy differ- 
ence is given by 


(p'|V |p)? 
'” E,—Ey 


AE wyp) - _ 


sy V 2 (n'13/| rn n03)?, 


p’ E,— 


ar (n'14\r; n4)? 


where now every (p’| V | p) refers to states 7:=4. Hence, 
by the arguments of I (E here is the resonance energy 
of the alkali atom), 


“(disp.) 
i 


} (p'|V |p)? 


p’ E,— Ey 


(n'13 | n | 203)? | 
1— ee 
(n’ 14 r) | 204)? |’ 


and the bracket, by virtue of the near equality of the 
two r; elements, becomes 

2A(n,n’)/(n'14 | r,\ 04). 
Hence the second term of Eq. (5) reads 
(p’|V\p)? Alm yn’) 
=2) chide 
p’ B.nEy (n! 14 r) nO4) 
Now as is seen from Eq. (1) of this paper, (p’| V | p)* 
contains the factor (n’14|1r,|n04)?; hence S receives 
its largest contributions from terms in which n’=n. 
The differences E,—E,y which correspond to the 
elements (p’|V|p) are dominated by the excited state 
energies of the rare gas atom. We may therefore write 


=, "4 ry n04)? (E, —K = -| 
X (n'14|1r;|n04)A(n,n’), (6) 


where now the contents of the bracket depend on all 


quantum numbers indicated by p’ except n’. We notice 


also that in the expression for AE (dispersion), 
, (| V |p)? 
>’ (Ey—Ey) 


only those terms for which n’=n are large. As before, 
we may split the summation on #’ into its m’-dependent 
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and n’-independent parts, 


(p’| V\ p)? 1 
Ab (dispersion) Z| SS —| 
(n’14\7r,\n04)? (E—E,) neon 


 (m'14\1r,|n04)?, (7) 


where the contents of the bracket are independent of 
n’. Performing the summation over n’, we obtain 


p)’ 1 
E(dispe reion)=2.’ Fat ws —~—| 
(n’14}r, n04)2 (Ep— Ep’) nan 
X (n04\r;2|n04). (8) 
Substituting this result into (6) yields 
2AE (dispe rsion) 
S= > (n’14!r;|n04)A(n,n’). (9) 
(n04\r/? nO4) n’ 


Here we insert Eq. 
over »’, obtaining 


(4) and perform the summation 


2AE (dispe rsion) 


(n0|r?? n0) 


(n04/3C| n’’04) — (n03|35C| 2’'03) 


En’) 


(E,- 
< (n'’0\r2\n0). (10) 


To evaluate this summation for the alkalis we use 
hydrogenlike functions with an effective nuclear charge 
Z. Furthermore we take the unperturbed hyperfine 
splitting energy to be proportional to the charge density 
at the nucleus: 


&= (n04|5C| n04)— (n03|5C| n03) « p,2(0), 


and 


(n04 | 3C | n’’04) — (n03 | 5C | n’’03) 
-_ EWn (0) y,(0)= 


&(n/n’’)3. 
The elements (n’’0|r;2|n0), in which we now neglect 


the dependence on j;, are evaluated by using formulas 
derived for another purpose by Fontana’: 


avs 1 \3 nn” \> 
(n"’0\r,2| n0)=4 -(—) (n—1)!(n"’—1)! ( ) 
Z? \nn" n+n" 


(—1)®*(4+é+n)! 
+ Pave a 
eno (n!’—E—1)!(m—n—1) !(n +1) !(E+1) Im !E! 


2n \*&f 2n” 1 
n+n’ n+n" 


Yale University, 1960 (to be 








5P. Fontana, Ph.D. thesis, 


published). 
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and, if n=n"’, this equation reduces to 


9 (4+£)! 


a >. =, 
2Z?7,  e=o (n— E—1) ?(44+E—n) PE! 


(nO | 7,7 | n0)= 
All terms containing the factorial of a negative integer 
in the denominator vanish. Energies are represented by 


E,=—RyZ/n’, 


the values of Z for the groundstates of the different 
alkalis being 1.84, 2.26, 2.77, and 3.21 for Na, K, Rb, 
and Cs. 

In the actual calculation, matrix elements were 
computed explicitly for low values of m”; for higher 
elements a sum rule was employed. It is necessary, of 
course, to include in the summation the inner levels of 
the alkali atom even though they are occupied. 

The one-electron picture with the same Z for all 
states was consistently maintained throughout the 
calculation, as is required for the sake of perturbation 
theory. To test the sensitivity of the result, we have also 
computed S$ with an assignment of different Z, to 
different states, thus destroying the orthogonality of 
the states; the Z, were taken from spectroscopy (with 
extrapolation for occupied states). This procedure 
yielded the same results for Na within a few percent. 

If the results are written in the form 

S= (2c/I,) SAE(dispersion), (11) 
where /; is again the ionization potential of the alkali, 
then the values of ¢ are 1.1 for hydrogen, 1.0 for sodium, 
and 1.1 for cesium. This seems to suggest that, with 


TABLE I. Values of the constant a, appearing in the formula 
AE (hyperfine) = —a/R®. 


a(Cs'3) a(Rb§?) 
24.55 10-5 
46.60 1075 
213.3 «10-5 
198.6 «10-5 
303.3 «10-5 
498.0 «10-5 


15.40 10-5 
29.30 107° 
134.1 «10-5 
125.1 10-5 


AND 


H. MARGENAU 


TABLE II. Comparison of d and e for Cs-noble gas interactions. 


Interaction 
‘s—He 
*s—Ne 

Ne 
—Ar 
Kr 
Xe 


sufficient accuracy, c can be taken to be 1 for the cases 
in which we are interested. 

The complete formula for the shift induced by a 
rare gas atom in the hyperfine energy of an alkali thus 
reads, approximately, 

AE (hyperfine) = AF (dispersion (= ] (12) 


where again J, and /, are the ionization energies of the 
alkali atom and the rare gas atom, D 
nance energy of the alkali. 

The constant a= — R®°AE(hyperfine) is considerably 
altered from the values given in I, as is seen in Table I. 
The relative magnitudes of the coefficients remain 
about the same, and for this reason the effect of the 
change upon the line shifts we wish ultimately to 
compute is not very great. 

We employ the same reasoning as in I [see formulas 
(29) and (30) | and the same notation: d is the distance 
at which the “attractive” interaction changes to a 
“repulsive” one in analogy with ordinary intermolecular 
forces ; € is a measure of the steepness of the “‘repulsive” 
interaction. The results are given in Table II. The 
parameter ¢ has the same trend as before, and d is now, 
curiously, in even better accord with kinetic theory 
radii. 

More refined calculations of the shifts, with special 
attention to their temperature dependence, were per- 
formed by Robinson® on the basis of the numerical 
values given in I. Simple arguments lead us to believe 
that his results remain substantially unchanged when 
the new interaction constants are employed, except for 
slight changes in parameters as in Table IT. 


and E is the reso- 


°L. B. Robinson, Phys. Rev. 117, 1275 (1960 
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Dissociation of Molecular Ions by Electric and Magnetic Fields*t} 


Joun R. Hiskest 
Lawrence Radiation Laboratory, University of California, Berkeley, California 


(Received December 5, 1960) 


A general discussion of the dissociation of diatomic molecules and molecular ions by electric fields is 
presented. These calculations pertain primarily to the ground electronic states of the molecular systems. 
The H,* ion is treated in considerable detail; the required fields for the dissociation range from 10° v/cm for 
the uppermost vibrational state to 2108 v/cm for the ground state. The many-electron homonuclear ions 
are treated in successive charge states. The HD*, HT*, HD, LiH*, and LiH** heteronuclear ions are con- 
sidered. The dissociation of homonuclear ions and heteronuclear ions exhibit distinctly different features. 
The HD* and HT* ions are more susceptible to discussion than is H.*. The extent to which the dissociation 
by an electrostatic field and by the Lorentz force, ey B, are equivalent is considered. The rates of induced 
dipole transitions to lower vibrational states can be made negligibly small compared with the dissociation 
rates. The application of this work to particle accelerators and to the injection problem for fusion devices is 


discussed. 


I. INTRODUCTION 


F an atomic or molecular system is placed in a steady 

electric field, the Coulomb binding forces are supple- 
mented by an additional force which tends to separate 
the charges. One would expect that a sufficiently intense 
external electric field would lead to a dissociation of the 
system. Oppenheimer calculated this effect for a 
hydrogen atom in its ground state and found that the 
instability of the atom was inappreciable for field 
intensities much less than 10° volts per centimeter 
(v/cm).! These calculations have been extended to 
various excited states of the hydrogen atom by Lanczos.’ 

In this paper we consider the electric dissociation of 
the general diatomic molecule or molecular ion in its 
ground electronic state. The dissociation of a molecular 
system exhibits distinctive features compared with the 
atomic case. The nature of this difference for the two 
cases is a consequence of the fact that the only mode of 
dissociation available to the atom leads to a transition 
of the electron into a free state. For the molecule, 
however, there is an infinite number of possible final 
states leading to dissociation, corresponding to the 
successive bonding and antibonding electronic states of 
the system. 

One might expect that a loosely bound ion in which 
one of the uppermost vibrational states of a particular 
electronic state is.occupied would provide an example 
of a system that would dissociate in an appreciably 
smaller field than is required for atomic dissociation. 
Such an excited vibrational level is found here to be 
susceptible to a mode of dissociation in which the 
molecular system divides into two atomic systems, a 
form of predissociation induced by the electric field. 

* Submitted as the second part of a thesis in the partial fulfill 
ment of the requirements for the degree of Doctor of Philosophy 
at the University of California, Berkeley, California. 

t This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Present address: Lawrence Radiation Laboratory, Livermore, 
California. 

1 J. Robert Oppenheimer, Phys. Rev. 31, 66 (1928). 

2C. Lanczos, Z. Physik. 62, 518 (1930); 65, 431 (1930) ; 68, 204 
(1931). 


Detection of the electric dissociation of the successive 
vibrational states would provide a means for studying 
directly the vibrational levels of molecular ions.™* 

Aside from its general physical interest, such a 
mechanism may have application in the particle- 
accelerator field and to the injection problem for fusion 
experiments. A process for changing the charge state of 
an atomic or molecular system which utilized the 
action of the Lorentz force has application as an injec- 
tion method for fusion devices that have large magnetic 
Such change-of-charge-state mechanisms for 
trapping energetic particles inside a magnetic field 
region have previously been proposed utilizing con- 
ventional ionization processes.’ It is common practice 
in many cyclotron establishments to accelerate H,* ions 
as a source of protons. As cyclotron energies are 
increased, it is of interest to inquire into the stability of 
successive vibrational states. The work presented here 
should be useful as a basis for estimating these successive 
stabilities. 

These considerations had prompted a study of the 
dissociation of the simplest molecular structure, the 
hydrogen molecular ion.* In a first approximation to the 
dissociation by a magnetic field, the problem was 
replaced by the simpler one of the dissociation by a 
purely electrostatic field, in the belief that the solution 
of this latter problem would exhibit the basic features of 
the dissociation by the Lorentz force.* Here we extend 
this earlier paper to calculate the electric fields necessary 
to dissociate the successive vibrational levels of Hot. 
The extension of this problem to the many-electron 


fields. 


28 Note added in proof. Predissociation of H2* ions induced by 
an electrostatic field has been observed by A. C. Riviere and D. 
R. Sweetman, Phys. Rev. Letters 5, 560 (1960). 

8E. J. Lauer, University of California Radiation Laboratory 
Report UCRL-4554, 1955 (unpublished). 

4J. Luce, Conference on Controlled Thermonuclear Reaction, 
Princeton University, October 17-20, 1955; Atomic Energy 
Commission Report TID-7503, 1956 (unpublished), 335. 

5J. R. Hiskes and J. L. Uretsky, University of California 
Radiation Laboratory Report UCRL-8255, 1958 (unpublished). 

6 Dr. W. I. Linlor (Hughes Research Laboratory) has informed 
the author of his own independent interest in the electric dissocia- 
tion of He*. 
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system and to heteronuclear molecules has been facili- 
tated by the recent work of Dalgarno and McCarroll,’ 
and that of Cohen, Judd, and Riddell.* 


Il. THE GENERAL EQUATIONS 
A. Separation of the Motions 


In this section we discuss the Hamiltonian for a 
general many-electron diatomic molecule moving inan 
electrostatic field. The development given here follows 
closely that of Dalgarno and McCarroll, and of Cohen, 
Judd, and Riddell. Insofar as is convenient, we adopt 
the notation of the latter. 

Consider an n-electron diatomic molecule with nuclei 
of masses M, and M, and charges ea and eb in the 
presence of an electrostatic field. Let ra, rm, and re; 
represent the coordinates of the two nuclei and the ith 
electron, respectively, all measured with respect to the 
laboratory system. Take the direction of the z axis along 
the electric field. The Schrédinger equation for this 
system is written 

he 1 1 1 


Vi+—Vi+ 
M, 


= vee] 
mM i=1 


2\M, 


ha :; 
y= BY, 
1 dl 


+{VitViAW=hy; - (II.1a) 


where V; is the sum of all the Coulomb terms and 


Vo=—e&Lazat+be,— >. zi]. (II.1b) 


i=1 


The center-of-mass motion can be separated from 
the equation for the internal motions by introducing 
n+2 new variables—a center-of-mass coordinate r,, a 
relative nuclear coordinate r,, and m additional coordi- 
nates r;, measuring the distance of the 7th electron from 
the center of mass of the two nuclei. The resulting 
equation for the center of mass describes the motion of 
a particle of mass (M,+M,+ mm) and charge e(a+6—n) 
moving in an electrostatic field.° 

The equation for the internal motions becomes 


1 n 1 n 
LL vi Vit = vely 
M.+M),, i ii m, i 


; E b— —| 
—e& Zn 
M,.+M, 
(a+b—n)m n 
> 2; ly- Wy, (11.2) 


+51 + 
M.+M,+nm 


7A. Dalgarno and R. McCarroll, Proc. Roy. Soc. (London) 
A237, 383 (1956). 

8S. Cohen, D. L. Judd, and R. J. Riddell, Phys. Rev. 119, 384 
(1960). 

9J. R. Hiskes, University of California Radiation Laboratory 
Report UCRL-9182, 1960 (unpublished). 
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with 
M,=M,.M,/(M.+M,), 
and 


m.=m(M.+M),)/(M.+M.+m), 


and where V represents the mutual Coulomb inter- 
actions between the nuclei and electrons and expressed 
in terms of the relative coordinates. 

In the interest of separating the relative nuclear 
motion from the electronic motions, we proceed by 
assuming a solution of the form 


¥(ati)= 2K VK (En FX K (En). 


Inserting this expansion into Eq. (II.2), multiplying by 
yx*, and integrating over all electronic coordinates 
we have 


s aM ,—bM, 
. , ( )s +E\(r, —w patna 
Tn M,+M, 


h? ; 
+E fre - > V2+V 
K 2m, i=! 


(at+b—n)m 


+8] 1+ | Es A6 
M.+M,+nm =| 


XwWxd'*r,---dr,, (11.3) 


where @,x is an infinite series of terms coupling the 
electronic and nuclear motions,”* and V, is the Coulomb 
potential describing the interactions of the electrons 
moving in the field of the nuclei. 

The electronic functions ~x are defined by setting the 
bracketed quantity in the integrand of Eq. (II.3) to 
zero. The remaining terms serve to define the nuclear 
motion. In a first approximation to the nuclear motion, 
it is customary to set the @,x« series to zero. The various 
vibrational states belonging to a particular electronic 
state, £,, are then determined by the equation 


h? 
abe Viexn 
2M, 


(11.4) 


abe? aM,—bM, 
—e& Zn t+ Ey(rn)—W ix,=0. 


rn M.+M, 


For homonuclear molecules, the @,« series is a simple 
correction to the nuclear potential, the leading term in 
this series contributing a quantity of order m/M,,.° For 
the heteronuclear one-electron problem in lowest order, 
there is a degeneracy at large r,, for the two distinguish- 
able cases in which the electron is associated with either 
mass @ or mass 6. It has been shown that in this latter 
case, in addition to providing a correction to the poten- 
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tial, the leading terms in x also provide a means for 
removing the degeneracy that exists at large r,. The 
motion is now determined by a set of coupled equations, 
and the notion of a potential is no Jonger appropriate.* 
In this discussion we shall usually neglect the effects of 
these higher-order corrections, since the primary effect 
of the electric field is already pronounced in lowest 
order; the use of a potential in describing the effects of 
the electric field for both the homonuclear and hetero- 
nuclear cases is then valid. 


B. Vibrational Transitions 
1. Spontaneous Emission 


Here we are concerned with vibrational transitions 
between the various vibrational states belonging to the 
ground electronic state of the molecule. The lifetimes 
of these states can play an essential part in the inter- 
pretation of various experiments involving molecular 
processes. There have been conflicting statements in the 
literature regarding these vibrational transitions, par- 
ticularly with respect to quadrupole transitions in 
homonuclear molecules. 

Ff In reference 9, the spontaneous-transition rate for 
dipole transitions is shown to be 


1 42 —|e 


—_— | I (xu! tn! xs). 
M.+M, 


Ta 30 Ah 
In the case of homonuclear molecules, the dipole transi- 
tion rate is identically zero. As an example of these 
transition rates for heteronuclear molecules, consider 
the HD+ ion for which we have #Vi;9~0.22 ev and 
r,~2ao. The lifetime of this first excited state is ap- 
proximately 200 microseconds (usec). For the upper- 
most states, the lifetimes will be about two orders of 
magnitude longer than for this lowest transition. Since 
the time of flight of an ion in an electrostatic accelerator 
is some tens of microseconds, we conclude that for the 
purposes of many experiments these states are suff- 
ciently long-lived to be considered stable. 
For homonuclear molecules, the quadrupole transi- 
tion rate is given by 


1 42 Vi; /a\? . 
2 (*) 1Gxu|tn(e- rn) | xs) 2. 
Te 3 3 h 2 

These quadrupole lifetimes are approximately a factor 

of (2\/ar,)? longer than are the dipole lifetimes. 


2. Induced Transitions 


The presence of the electric field has the effect of 
inducing vibrational transitions. One is generally con- 
cerned with the rate of these induced transitions com- 
pared with the dissociation rate. In reference 9 it is 
shown that the induced transition rate is given approxi- 
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Fic. 1. The electronic potential for a diatomic molecule in the 
presence of an electric field and for some particular internuclear 
separation. This potential is exact for a one-electron system and is 
schematically correct for the many-electron case. 


mately by 


1 4e¢Vi;& | 
Ss en | (Woxe Ti? n cos6, | Pix;) |. 
Ty 3 ro h' 


The transition rate given in reference 5 is in error. The 
selection rules for these transitions have been discussed 
previously by Condon." 

This transition rate exhibits a simple power depend- 
ence on the electric field value. The dissociation rate, on 
the other hand, is exponentially dependent on the field 
value. For any particular level, therefore, it is possible 
to choose a field value for which the over-all transition 
rate will exceed the dissociation rate, and vice versa. 


Ill. APPLICATIONS 
A. Homonuclear Molecules 


Having derived the general equations in the preceding 
section, we shall now apply these results to. several 
particular molecular ions. In any discussion of the 
theory of diatomic molecules, the symmetry features of 
homonuclear molecules lead to a clear distinction be- 
tween the properties of homonuclear and heteronuclear 
molecules. This distinction becomes even more evident 
in a treatment of the dissociation by electric fields. 
Accordingly, we shall divide the problem at this point 
and consider first the dissociation of homonuclear 
molecules. 

For homonuclear molecules, we have a=6 and 
M,=M;; the coefficient of z, in Eq. (II.3) vanishes and 
there is no explicit dependence on & appearing in the 
equation for the nuclear motion. We shall see, however, 
that an implicit dependence on & is contained in the 
electronic eigenvalue, Ey (r,). 


1. Dissociation of Hy* 


The simplest molecule and the one for which an 
exact treatment of dissociation can be given is the 


E. U. Condon, Phys. Rev. 41, 759 (1932). 
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hydrogen molecular ion. We begin the discussion by 
considering the electronic equation for this one-electron 
system : 


—€&2 [vA 


Ex(rn)Wx, (II1.1) 
where e=[1+m/(2M+m) le. 

The potential function seen by the electron is 
illustrated in Fig. 1 for the case in which the two nuclei 
are oriented along the field direction and for some 
particular internuclear separation. It is clear from the 
figure that the electron may leak out toward the left, 
away from the region of the two protons. This would 
correspond to a complete dissociation of the system, i.e., 
dissociation into a free electron and two free protons. 
Although this represents a possible mode of dissociation, 
it is not the primary mode. Rather, the primary effect 
of the term €&z, is to perturb the electronic eigenvalues. 
This perturbation in turn leads to a disruption of the 
nuclear motion. 

Equation (III.1) for & 
elliptic coordinates §&, n, . 
defined by 


0 is separable in confocal 
These coordinates are 


E= (fat %o)/Tn, N=(To—-Te)/Tay 


where r, and r, measure the distances of the electron 
from proton a and proton 3, respectively. 

On introduction of these coordinates into Eq. (III.1), 
there result three separated equations—one elementary, 
the other two requiring numerical integration for their 
general solution."~" These integrations have also been 
carried out by Bates, Ledsham, and Stewart for several 
electronic states; the results are tabulated over a range 
O<1r,/ao< 10.4 

Another set of functions has been given by Cohen, 
Judd, and Riddell,* using a variational calculation in 
confocal elliptic coordinates. Their variational functions 
are of the form 


¥i= A. cosh[$qi(r,)nr, | expl—4pilrn)érn |, 
and 


¥2= A2(é) sinh[$q2(r,)nr,_] expl—4po(r,)ér,]. (III1.2) 


Here the variational parameters p(r,) and g(r.) are 
tabulated for the interval 0<r,/ao< 20. 

Consider now the effect of the term €&2; on the un- 
perturbed electronic states. For large internuclear 
separations, the bonding and antibonding states y,; and 
Y2 are degenerate; a perturbation treatment of the term 
€&2;, though adequate for small internuclear separations, 


11O, Burrau, Kgl. Danske Videnskab. Selskab, Mat 
7, 1 (1927). 

2. Teller, Z. Physik 61, 458 (1930) 

8 EF. A. Hyllerass, Z. Physik 71, 739 (1931) 

4D. R. Bates, K. Ledsham, and A. L. Stewart, Phil. Trans 
Roy. Soc. London, Ser. A, 246, 215 (1934-4). 
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loses its validity for large internuclear separations, This 
degeneracy of ¥; and y» for large internuclear separation 
suggests that in a first approximation we consider 
diagonalizing the Hamiltonian (III.1) but retaining 
only the submatrix formed from these two electronic 
states. 

For the evaluation of 11. we must first transform the 
term €&z; into the x’, y’ 
respect to the internuclear axis. Introducing Eulerian 
angles A and p, we have 


‘, and 2” system oriented with 


, > ee , ” ae 
€62;=€8[ x) sind T Vi Simp ¢ oOsAt COSu ¢ OSA |. 


The functions (III.2) are independent of ¢, and the 
terms in x” and y”’ 
Noting that cosu cosd where 8@,, is the angle be- 
tween the internuclear axis and the electric-field direc- 
tion, the relevant perturbation is then 


vanish under the @ integration. 


cosé,,. 


, 
cosé,. 


In the evaluation of Hy». 
Eq. (11.2), the relevant 
confocal elliptic coordinates is written 


using the functions given in 


perturbation expressed in 


Le Er amk) cosé,. 


Cn 
€O2) 
The matrix elements are given by 


Hy=Ei, HA 
and 


HA y= Ho ame S(cosd, )A,A rl dD, . E,D;\}. 


The additional terms that appear in the Hi; and He» 
matrix elements, 

gre S(cosd, )A,"r, iT 
and 

gre S (cos, )Ao*r, 


respectively, are each identically zero, In the limit as 


E=0; all molecules 


€ & 0; Ap, AB, Ap etc. 








Fic. 2. The nuclear potential for a diatomic molecular system in 
the absence of an electric field. The vibrational states are indicated 
schematically by the light horizontal lines. In the presence of an 
electric field this potential remains unperturbed in lowest order for 
heteronuclear molecules and homonuclear systems in even charge 
states. 
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Fic. 3. The nuclear potential for a homonuclear ion in an odd 
charge state in the presence of an electric field. The asymptotic 
potential for the lower electronic state falls off as —}€&!2,|. 


rr ©, we have Hyw— $eS&r,, cosd,. The integrals B, 
C, D, E, and F are defined in the appendix. 

With these matrix elements, diagonalization yields 
two new electronic states, ¥, and y,, whose eigenvalues 
are, respectively, 


Eou= 3 (£\+ E2) 
E,— E\)[1+4H?/(Ex— Es)*}. 


For large values of r,, these reduce to 


#3 


(III.3a) 


E,= E,—}€&r,| cos6,|, 
and 


E,.= Ext+he&r,| cosbn|. (III.3b) 


In Fig. 2 is shown the unperturbed nuclear potential 
for the two lowest electronic states. Figure 3 indicates 
the distortion of the nuclear potentials in the presence 
of the electric field; the potentials are drawn along the 
electric-field direction. The symmetry of the potential 
about the origin follows as a necessary consequence of 
the variance of the Hamiltonian (II.3) for a homo- 
nuclear molecule under inversion of the nuclear coordi- 
nates. From this figure it is clear that as the electric 
field increases, the nuclear potential deforms until the 
uppermost vibrational state becomes unstable. The ion 
will then dissociate into a free proton and a hydrogen 
atom according to H.t + H+ . This mode of dissocia- 
tion is a special form of predissociation. 

At first glance, the symmetric potential of Fig. 3 
might conflict with one’s intuitive feeling that the 
potential of either electronic state should fall off 
approximately monotonically from left to right. This 
point can be clarified by examining the new electronic 
wave functions appropriate to the diagonalized Hamil- 
tonian. For the perturbed electronic states, one finds 


vo =(( 2, — Ex)? + Ai? P(E, — Exit Ain}, (I114a) 
and 
Wu=([(E,— Ex)? + Mie? bf — Ait (E,— E2)¥2}. 


Consider the limit as r, becomes large and the 
nuclear axis is aligned along the electric field, corre- 
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sponding to proton a lying in the direction of the electric 
field with respect to proton b. We have 


i } . 
Yeorite”, Porte, 


(III.4b) 


Equations (III.4b) are to be interpreted as meaning 
that in this limit of large internuclear separation, the 
ground electronic state is one in which the electron is 
associated with proton 6 and proton a is free, and the 
excited electronic state is one in which the electron is 
associated with proton a and proton 6 is free. For the 
lower electronic state, this corresponds to meving the 
positively charged proton a in the positive field direc- 
tion, hence lowering the potential. For the excited 
electronic state, the positively charged proton 6 is 
moved against the field direction, thus raising the 
potential. Upon rotating the internuclear axis 180° with 
respect to the electric field, a similar argument shows 
that the electron becomes associated with proton a and 
proton 6 is free. The variation of the potential illustrated 
in Fig. 3 is then understood. 

The higher-order effects which were neglected in 
diagonalization can be estimated by using perturbation 
theory and taking as the basis functions the two solu- 
tions of Eq. (III.4a) together with all the unperturbed 
higher-state functions. In the limit as 7, goes to zero, 
the molecular ion degenerates into a Het ion in its 1S 
state. The Stark shift for this state is 


AE= — (9/64)ao° &?. 


In the limit of large internuclear separation, the elec- 
tronic state is that of a hydrogen atom in a 1S state. The 
Stark shift for this state is 


AE=-— (9 4)ay°&*. 


For the range of electric-field values of interest for 
dissociating the upper vibrational states, these higher- 
order corrections are negligible. For dissociating the 
lowest vibrational states, these corrections, though not 
negligible, are not too significant. Their effect on the 
transition rate is comparable to ignoring them com- 
pletely and increasing the electric field value some 
5 to 10%. 

The potential function for the nuclear motions has 
been determined, and we consider the nuclear dissocia- 
tion. The equation for the nuclear motion is given by 


{— (h?/2M,.)V,2+ (ern) 


+ E4(11,8n,8)—We}X1e=0.  (TILSa) 


The subscript v is introduced to distinguish the various 
vibrational states belonging to the lowest electronic 
state. In the limit of large internuclear separation, the 
asymptotic form of this equation is 


{— (h?/2M,,.)V.2+Ei(rn) 


—e&r,,| COSAn| —Wiy} X1v=0. 


(III.5b) 


In the asymptotic region, the £,(r,) is constant and 
can be absorbed in the W,. 
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Classical x 10°" sec - 


Fic. 4. Binding energy measured 
from the unperturbed dissociation 
limit vs electric field for the various 
vibrational states of the H.* ion 
and for J/=0. The intersection of 
the horizontal line with the curve 
marked ‘‘classical’’ determines the 
electric field necessary to dissociate 
the ion in 10~™ sec. The diagonal 
lines marked 107-8 sec and 1 sec 
determine the fields necessary for 
dissociation in these times, respec- 
tively. The two horizontal lines 
for »=18 and v=17 indicate the 
range of uncertainty in these 
calculations. The results of the 
WKB calculations are also in 
dicated. 








Ely /em) 


It is clear from Fig. 3 that if the maxima of the poten- 
tial lie above an eigenvalue, the proton may leak away 
from the region of the hydrogen atom. This effect of 
barrier penetration is not negligible. To treat the nuclear 
dissociation taking into account these effects of barrier 
penetration, we have used Oppenheimer’s formula for 
the transition rate.'! Using the exact bound-state wave 
functions,'®:'® the electric fields necessary for dissociat- 
ing the ion in 1 sec and in 10~* sec have been calculated 
for the nonrotating molecule, that is, 


J=m=0. 


The results of these calculations are summarized in 
Fig. 4, which is a plot of binding energies, expressed in 
Rydberg units, of the bound vibrational states against 
the electric field value. The intersection of the horizontal 
lines with the sloping lines marked 1 sec and 10- sec 
determines the electric-field values necessary to dissoci- 
ate the ion in these times. Included on these graphs is a 
curve marked ‘“‘ciussical,”” which would give the field 
necessary for dissociation in the absence of barrier 
penetration. For this case, the ion would dissociate in 
a time comparable to its classical vibration period, 
i.e., 10— sec. 

The electric field gives rise to a first-order perturba- 
tion that has the effect of lowering the unperturbed 
vibrational states prior to dissociation. If we use the 
curve labeled “classical” to determine the electric-field 
value, the first-order perturbation of the various vibra- 
tional states has been calculated and plotted in Fig. 5. 

16S. Cohen, J. R. Hiskes, and R. J. Riddell, University of 
California Laboratory Report UCRL-8871, 1959 (unpublished). 


16 S. Cohen, J. R. Hiskes, and R. J. Riddell, Phys. Rev. 119, 1025 
(1950). 


These perturbed eigenvalues have been used in the 
calculations summarized in Fig. 4. 

The calculations of the vibrational eigenvalues of the 
unperturbed molecular ion are uncertain by perhaps as 
much as 0.005 ev. The range of this uncertainty for the 
two upper states is indicated in Fig. 4 by plotting two 
horizontal lines for each of these upper states. 

The transition rate given above is based on the final- 
state eigenfunctions, which ignore the bonding molec- 
ular potential. This rate is such as to lead to an over- 
estimate of the field required to dissociate the ion in a 
particular time. An underestimate of the required field 
can be made by assuming the perturbed potential to 
be spherically symmetric and using a one-dimensional 
WKB barrier-penetration formula. The calculations for 
dissociation in 10~* sec using this formula are indicated 
in Fig. 4 by the dashed curve. The discrepancy between 
these two calculations together with the uncertainty in 
the unperturbed eigenvalues provides a basis for 
estimating the over-all errors in these calculations. 

The calculations summarized in Fig. 4 refer to the 
transition rates of nonrotating (J=0) molecular ions. 
In the more general case the effects of rotation must be 
considered. As an illustration of the significance of these 
rotational effects, let us compare the fields required for 
dissociation in 10~* sec for an ion in the »= 15 vibrational 
state and for the rotational states /=4, m=0,4, with 
the fields required for dissociating an ion in the same 
vibrational state but in a J=0 rotational state. For 
m=, the electric field necessary for dissociation is 
approximately 30% less for J/=4 than for /=0. For 
J=4, m=4, the required dissociation field is approxi- 
mately 40% larger than J=0. We conclude that the 
presence of rotation has the effect of lowering the thresh- 
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old fields necessary for dissociating a particular vibra- 
tional level. 


2. Dissociation of Many-Electron Systems 


Turning our attention to the many-electron problem, 
we find relatively little quantitative information in the 
literature on potential functions for many-electron 
molecular ions. Only for the He:* ion and the Li,* ion 
has there been any attempt to calculate the ground- 
state-potential functions, and here the emphasis has 
been primarily on determining equilibrium internuclear 
separations and potential minima.'7—” Accordingly, our 
treatment of these many-electron ions cannot be as 
precise as for the one-electron systems, and quantitative 
estimates of the fields necessary for dissociation will 
have to be made largely on the basis of extrapolating 
the properties of the corresponding neutral molecules. 

The many-electron problem is treated by using the 
molecular-orbital approximation. In this approxima- 
tion, the many-electron molecular system is constructed 
by filling the successive two-centered orbitals of the 
hydrogen molecular ion. In its most primitive form, the 
interaction between the electrons is ignored, and the 
molecule is constructed by using the unperturbed 
ground-state and excited-state orbitals. For this work 
we shall require only that the orbitals possess the 
proper symmetry features and have the correct asymp- 
totic form. The wave function for the entire system is to 
be expressed in determinantal form. 

For the evaluation of the matrix elements, we have 
recourse to standard theorems on matrix elements be- 
tween determinantal wave functions.” The general form 
of the perturbation with which we shall be concerned 
occurs in the electronic Eq. (II.5) and has the form 


(a+b—n)m 
R=es| 1+ . 


Let y; represent a determinantal function describing 
the ith electronic state, and a, a particular spin orbital 
in y;. We have then 


——— | 2i=4eEr, COSA, >. niki. 
M,.+M,4+nm] i i=] 


(y,;|R ¥i)=0, 


if y; and y; differ by more than one set of quantum 
numbers, and 


(W)|Riv=+ f ax*(1)R(1)a(1)d%x,  (I1I.6a) 


where the values of a; and a; differ by no more than their 
spin functions or their orbital quantum numbers. For 


17S. Weinbaum, J. Chem. Phys. 3, 547 (1935). 

18H. M. James, J. Chem. Phys. 3, 9 (1935). 

19 —. A. Mason and J. T. Vanderslice, J. Chem. Phys. 29, 361 
(1958). 

”E. U. Condon and G. H. Shortely, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1935), pp. 
169-171. 
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Fic. 5. First-order perturbation vs electric field for the various 
vibrational states of the H»* ion. The perturbation for each 
vibrational level has been calculated using for the electric field the 
value given by the curve labeled “‘classical’’ in Fig. 4. 





diagonal elements we have 


W;|Riv,)=> [a*(1)R(1)a\(1)d*r.  (IEL6b) 


i=l 


We shall also use the first of Hund’s rules to determine 
the lowest state of several possible spin states. According 
to this rule, we choose the maximum value of spin 
consistent with the Pauli principle. These theorems and 
rules are adequate for a general discussion of the many- 
electron problem. 

(a) The H» molecule. For the ground state, the lowest 
orbital is occupied by two electrons with spins opposed 
to give a '}°,* state. The wave function for this ground 
state is given by 


¥o= G@v¥i(1)a(1)~1(2)B(2). 


Here @ is an antisymmetrizing operator, the a’s and 
8’s are the conventional spin functions, and the y func- 
tion is of the form given in Eq. (III.2). Asymptotically 
this electronic state goes into H,— H+H. 

For the first excited state, which asymptotically is 
degenerate with the ground state, the ground-state 
orbital y; and the first excited orbital y2 are each 
occupied. Hund’s rule calls for a spin-one state. The 
wave function for the *}>~,* antibonding state is given by 


Vo= Gy (1)a(1)y2(2)a(2). 


Following the procedure for H2*, we again diagonalize 
the appropriate 2-by-2 submatrix. The matrix elements 
are now 


Hy= (Wq| Fern coSOn (me: +n2k2) |.) +L£:=0+4£i= Ai, 
Ho= (Wu! FeSrn COSOn (mE +2k2) | Wu) + E2=0+ E2= Ep, 
and 

Hy2= Ha= (ul de6rn CoSOn{ me tn2k2] |.) =0. 


For homonuclear molecules, the diagonal terms will 
always be unperturbed, since the perturbation is an 
odd function. The MH. term vanishes because of both the 





1214 a Fe 


orthogonality of the spin functions and the cancellation 
of the orbital integrals. This result could have been 
obtained immediately by noting that y2 and y, differ by 
two sets of quantum numbers and invoking the first of 
Eq. (III.6a). The ground state and first excited state of 
H, are therefore unperturbed in this approximation. 
The asymptotic potential in the presence of the field is 
illustrated in Fig. 2; predissociation of the Hz molecule 
will therefore not occur. For the He molecule, the mode 
of dissociation is one in which an electron is stripped off, 
as is suggested in Fig. 1. 

The above argument for H, is readily generalized to 
any neutral homonuclear molecule that has a '30,* 
ground state, corresponding to a molecule with closed 
shell orbitals. The first excited state will be occupied by 
one electron which, according to Hund’s rule, will couple 
its spin with the last electron in the unfilled orbital to 
give a spin-one state. Using the first part of Eq. (III.6a), 
we have our result. For those molecules that do not have 
a '>°,* ground state, similar arguments together with 
successive Hund’s rules lead to the same conclusion. 

(b) Dissociation of singly ionized molecules. In the 
limit of large internuclear separation, the ground 
electronic state of a general singly ionized molecule A ,* 
goes over into a state consisting of a neutral atom and a 
singly ionized atom, according to A,+—> A+A*. The 
molecular ion will have an odd number of electrons, with 
the last electron unpaired in its respective orbital. The 
first excited state will consist of a state in which the 


unpaired electron occupies the next-higher orbital. How- 
ever, since it remains unpaired, Hund’s rule is inappli- 
cable, and our result is given by the second part of 
Eq. (III.6a). This matrix element is always nonzero, 
will have different spatial sym- 
metries. The result ,is analogous to the H.* case illus- 
trated in Fig. 3, with the asymptotic potential varying 


since a,“ and a,“ 


as —4e€6&r,,|cos6,, 

(c) Dissociation of doubly ionized molecules. The 
ground electronic state of the doubly ionized molecule 
dissociates according to A.*+—>» At+A?t. For these 
molecular ions, the argument is similar to that for the 
neutral molecules. The first excited state contains an 
electron in the next-higher orbital which couples its 
spin with the remaining unpaired electron such that the 
first theorem of Eq. (II1.6a) applies. The asymptotic 
potential is unperturbed as in Fig. 2. 

We conclude this section with the general observation 
that, for a homonuclear molecule with an even charge 
state, predissociation will not occur, and the ground 
electronic state is as illustrated in Fig. 2. In the case of 
an odd charge state, predissociation will occur, and the 
electronic states are as illustrated in Fig. 3, with the 
potential falling off asymptotically as —}e&r,,| cos@,, 


B. Heteronuclear Molecules 


For heteronuclear molecular ions, the invariance of 
the Hamiltonian (II.3) under inversion of the nuclear 
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coordinates is no longer a restraint on the problem. As a 
consequence, the dissociation of heteronuclear molecules 
exhibits essentially distinct features compared with the 
homonuclear case. The nuclear potential is now affected 
both by the implicit dependence on & contained in the 
electronic eigenvalue and the explicit term 


—e&[(aM,—bM,)/(Mo+M,) 1s, 


contained in the nuclear Eq. (II.4). 


1. Dissociation of HD* 


We begin the discussion by considering the one- 
electron HD* system. In the general discussion of the 
heteronuclear problem, we shall take M, to be the mass 
of the lighter nucleus and M, to be the mass of the 
heavier nucleus. Before considering the analytic form 
of the electronic wave functions, we note that the origin 
of the electronic coordinate system has been taken at 
the center of mass of the two nuclei, whereas the origin 
of the confocal elliptic coordinate system is taken at the 
center of the two nuclei. For the heteronuclear case, the 
Eulerian transformation \, u must be followed by a 
translation along the internuclear axis. 

The Eulerian transformation \, » of the perturbation 
e&z, into the x’, y’, 2’ system oriented along the inter- 
nuclear axis is given by 


€&2)=> eS[_xy' sinA+ yi sinu ( osA+ Z 4 cosy cosh |. 


If zo is the position of the center of mass with respect to 


the origin of the x’, y’”’, 2’’ system, we have 


20> (7, 2)[(M.—M, ) (M.t+M,;) |. 


The perturbation in the x”, y’’, 2’ frame is then 


21> eS[.x1” sind+ yi" sinu CosA+ (2’’— 29) cosA cosp |. 


The terms in x” and y” will vanish under the ¢ integra- 
tion as before. Our relevant perturbation term expressed 
in the n, £, ¢ coordinates is now written as 


€&2,=4e€6r, cos6,,{ m£i:— (M,.—M,) (M.+M,;) |. 


In the limit of large internuclear separation, the 
ground electronic state of the unperturbed HD+ ion 
goes over into a state in which the electron is associated 
with the deuteron, and the first excited state goes over 
into a state in which the electron is associated with the 
proton. The appropriate wave functions are given, 
respectively, by® 


¥s=A>Lcosh(Qm 2)e~Pit/2 
—sinh(Qen/2)e—P2/? ], 

a= Aal_cosh(Qin/2)e~ P18? 
+sinh(Qen/2)e 


(III.7a) 


9/27) 
P2t/27), 
4 


In the limit as r, goes to ©, we have A, = A,=7~}, and 


bo-rb gf hota 


Y,— re > Wa *€ 


(III.7b) 
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Although these two states are not degenerate, in the 
limit of large internuclear separation, these eigenvalues 
FE, and E, are sufficiently close to suggest that in a first 
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approximation we proceed as with H,* and diagonalize 
the appropriate 2X2 submatrix. The matrix elements 
are now: 


Hy ‘ {Yo 2€EF cos6,{ méi— (M.—M,) /(M.+M,) | Yijt+E£, 
= }ebrn COSOn{ $A pre} D3E112—D Eq: ]—(Ma—M,)/(Mo+My)} +E; 


a| der, cos, m£:—(Ma—M2)/(MatMs)]|\ a} + Es 


(IIL.8b) 


= s€Ern COSO nf 4A 2r,*[ DiE312— D3E 12 |— (M,- M ») (M.+M o) }+ £2; 


Hy= Hx: 


In the limit of large r,, Hi: and H»22 reduce to 


Hy, >—4(4e6r,,) cosé,+ 1, 
and 


Ho» = >+ 3 (4eErn) cosé,+ Eo. 
If we combine Eq. (III.8b) with the term 
—e&L(aM,—bM,)/(MatM») |zn 


which occurs explicitly in the nuclear Eq. (II.4), the 
asymptotic potentials for the nuclear motion are 
given by 

k,y=- Fe Sry cosé, + £4, 
and 

Ea=+4eErn COSOn + Es. 
These potentials are illustrated in Fig. 6. It is clear that, 
in the ‘‘classical”’ limit, the HD* ion is more susceptible 
to dissociation than is H,*. One can readily show that, 
for the HT* ion, the coefficients in the asymptotic 


nuclear potential are —? and +4, respectively. 


2. Dissociation of HD 


The electronic wave function for the ground state of 
this two-electron system is taken to be 


Vo= QWa(1)a(1)¥,(2)8(2). 
The pertinent matrix element is written 
H1= (Wy | d€Srn, COSO,, 
[Emit Eom. — 2(Ma—M>)/(Ma+M»)]|¥,) +E: 


According to Eq. (III.9b), this reduces to 


Hy; ( ba FEET n cosé,E11 a) 
Ya\2 § 
+ (Wo! feSr,, CosOnmés| Wo) + 4eErn COSOn+ Ei. 


If we use the results obtained for HD*, the first two 
terms cancel. Combining Hy, with the explicit term 
—4e&Z,, appearing in the nuclear equation we have 


Ay,= FE. 
The nuclear potential is as illustrated in Fig. 2. 
3. Dissociation of LiH* 


The ground state of the LiH molecule has a large 
equilibrium separation and a relatively shallow potential 


(Wa bE Sry, cos6»[ me1— (M.—M,)/(M.+M,) | Yi)= 0. 


minimum. No data exist on the properties of LiH* ions, 
but we can suspect that these ions also will be loosely 
bound structures and hence relatively susceptible to 
dissociation. 

The correlation diagram given by Herzberg indicates 
that the ground state of LiH* consists of two occupied 
y» orbitals and one yz orbital.” In the limit of large rp, 
LiH* — Li++H. Our ground-state wave function is 


¥o= Abo(1)a(1)Yo(2)8(2)Pa(3)a(3). 
The matrix element becomes 
Hy,= Sr, COSO, 


X{2(vo Em Vo)+ (Wa E.n1 va) +9 43+; 
Ay =) Se Sr, cos6,, + F. 


Combined with the term —4e&Z, in the nuclear equa- 
tion, the asymptotic nuclear potential becomes 


E,=eSr, CoS0, +E. 


4. Dissociation of LiH** 


It is not known whether this ion possesses a stable 
ground state; however, a comparison of the asymptotic 
potential of this case with that of LiH* illustrates the 
sensitive dependence of the problem on the charge states 
of the ion and its dissociation products. The LiH** 


Viz_) 











'ic. 6. The nuclear potential for HD* in the presence of an 
electric field. The asymptotic potential for the lower electronic 
state varies as — 3 &p. 


21 G. Herzberg, Spectra of Diatomic Molecules (D. Van Nostrand 
Company, Inc., New York, 1950). 
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dissociates according to LiH++ — Lit+Ht. The 
function is now 

Vo= Ayn(1)a(1)y(2)8(2), 
and the matrix element is 


Hy,=4e6&r,, c0s6,,{2 (Wo Ey Yo) +3)+A. 


wave 


In the limit of large r,, we have 
5 
Hy=—}eSr,, cosO,+ Fi. 


Combining Hy, with —3e&Z, term in the nuclear 
equation, we have for the asymptotic potential 


E,= 


—3e&r,, cOS0,+ Ei. 


C. Classical Treatment of Dissociation 


We conclude Sec. III with an elementary discussion 
of the classical dissociation of two bodies. Let eA and 
eB be the charges of two dissociation fragments of 
masses M, and Mz, respectively. Let f(ra—rz) be a 
function describing the equivalent of the molecular 
binding forces and van der Waals forces. In the limit 
of large r4—rp, choose f to be zero. The forces on the 
bodies A and B are 


M s¥a=f(ra—rp)t+eA& 
and 


M zip =_— f(r — rp) t+eBS. 


Multiplying the first equation by Mz and the second by 
M4 and subtracting the second from the first, we obtain 
the equation for the relative motion: 


(M,4M pz) (M i+M zp)?» = I (fn) 
+e&[ (AM p— BM 4) (Ma+M sz) }. 


In the limit of large r,, the relative potential is given by 
V (r,.)= —e6L(AMp—BM4)/(Mat+Msp) Irn. 


This relative potential is in agreement with the 
asymptotic potential found in the previous sections. It 
is quite interesting that the correct classical asymptotic 
potential is obtained in the quantum-mechanical prob- 
lem through contributions from both the electronic 
equation and the nuclear equation. The parameter 
(AMp—BM4)/(Ma+Msz) provides a useful criterion 
for estimating the stability of various ions. 


IV. DISSOCIATION BY A MAGNETIC FIELD 


In this section we shall consider the equations of 
motion of an H;* ion moving in a uniform magnetic field. 
Our purpose is to examine to what extent the dissocia- 
tion of the ion by the Lorentz force is equivalent to 
dissociation by an electrostatic field. 

Let H be the intensity of the magnetic field which is 
taken in the z direction. The vector potential for 
this field is in the @ direction, A,=(H/2)p, where 


~ 
” 
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p= (x?+-y*)!. The Hamiltonian for the system is given by 


1 e 
|—-(0.—“ .) 
2M c 


a 
a 
2M 


é 2 
(».- As) 


1 e . 
2m c 


Introducing the transformation which led from Eq. 
(II.1) to Eq. (11.2) and writing Ho for the Hamiltonian 
when A=0, we have 
eh 
a (A,: V.tAs: V»)+ 


iMc 


0 
— (h/i)—-). 
al 


+ 


eh 


imc 


Neglecting quantities of order m/M compared with 
unity, using A.= —(H/2)y and A,=(H/2)x, the sum 
of the second and third terms can be shown to reduce to 


eHh F 0 1 
2Micl2 


0 0 0 


— Vy 


lan ("55-7 


Considering the A? terms, we note that we have 
r<r, and n<r,. If we write pa™p-., pxp-, and pp, 
the A? terms reduce to 


+ a. 
Od. 0d, 2 
eHh 


H+U1= 


re) 
cade.” 
oy l Ox, 


0 
+ 
2mic 


(e22/2Mc?)(A2+A.7)+ (e?/2mc?)A 2 (e?A?/8mc*)p-’. 


The second term in II+III is the Zeeman term 
in the nuclear coordinates and is equal to (eH/2Mc) 
Xa J(J+1)]}!, where J is the rotational quantum 
number. The fourth term is the Zeeman term in the 
electronic coordinates. These Zeeman terms are usually 
small compared with the separation of the vibrational 
levels, and for the purposes of this problem can be 
neglected. For the fifth term, we use (#/im)(Vi)=1, 
where 2; is the expectation value of the internal electron 
velocity. This term can be combined with the first term 
and is negligibly small when the center-of-mass velocity 
is large compared with 2. 

The third term is the term of interest. If we write 
(h/2iM)(V.)=(v.), and take the center-of-mass motion 
to be a classical circular trajectory, this term becomes 


(5) 


where w=eH/2Mc. 

Consider next a transformation of the electronic and 
nuclear coordinates into a coordinate system rotating 
with angular velocity the third term becomes 


eHh 1 


2Mci 2 


0 
— yy 
Ox 


re) eH, 
(x1 SINw!— y; CoSswt), 


1 © 
OY-~ 2c 


Ww; 
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— (eH /2c)v-y's. If we set 6=0,H/c, the electronic and 
nuclear equations have the same form as Eq. (III.1) 
and Eq. (III.5), respectively. 


V. CONCLUSIONS 


The primary mode of electric dissociation of molecular 
ions is predissociation. Neutral molecules and homo- 
nuclear molecular ions with an even charge state 
dissociate via electron stripping. The asymptotic nuclear 
potential for homonuclear ions with an odd charge state 
varies as —4e8/|2,!|. For heteronuclear molecular ions, 
the asymptotic dependence of the nuclear potential and 
hence the susceptibility to electric dissociation is a func- 
tion of the masses and charge states of the dissociation 
products. 

The transition rate for dissociation is a sensitive func- 
tion of the initial vibrational state of the ion. The 
necessary fields for dissociating the H,* ion range from 
10° v/cm for the uppermost vibrational state to 
2X 10° v/cm for the ground state. The HD+ and HTt 
ions are more susceptible to dissociation than is H2*. 

The acceleration of H,* ions in cyclotrons and other 
circular accelerators can be extended into the Bev range. 
Since the lower vibrational states of the H,* ion are 
generally more densely populated than the upper states, 
no significant beam losses from predissociation will occur 
in conventional circular accelerators at energies below 
1 Bev. 

In the application of this work to the injection prob- 
lem for controlled-fusion experiments, effective electric 
fields of the order of 10° v/cm can be considered. For 
those molecular ions in which predissociation is the 
primary dissociation mode, several of the uppermost 
vibrational states are susceptible to dissociation for 
fields within this range. For an electric field of 10° v/cm, 
the required time for inducing transitions between the 
upper vibrational states is of order 10~ sec; these 
induced transitions will not interfere with the more 
rapid predissociation. The recent experiment of Ander- 
son et al.2* has shown that most of the vibrational states 
of the H,* ion remain populated when such ions are 


2S. L. Anderson, K. Gjotterud, T. Holtebekk, and O. Lonsjo, 
Nuclear Phys. 7, 384 (1958). 


MOLECULAR IONS 1217 
accelerated in Van de Graaf machines. The practical 
utilization of the injection method considered here will 
require further demonstration that the uppermost 
vibrational states can be populated. 
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APPENDIX 


Various integrals encountered in Sec. III are defined 
here. These integrals are readily evaluated with stand- 
ard integral tables. 


wD 


Emn= f Eme Pate; 
1 


D 


Envw= f Eme-h (Pit Padede. 
1 


+1 
Ba= f n™ sinh(Qn/2) cosh(Qn/2)dn; 
-1 


+1 


Cam | n™ cosh?(Qn/2)dn; 
—1 
n™ sinh(Qen/2) cosh(Qyn/2)dn; 


n™ sinh?(Qn/2)dn. 
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By using the classical Fourier integral theory, an expression is given for the shape of a spectral line, 
broadened by phase changes due to collisions and by the actual changes in velocity of the emitting particles 
resulting from collisions. The result is not a simple Voigt-type folding of an exponential into a dispersion 
distribution; it exhibits the contraction noted by Dicke and leads to the usual formulas when the time 
interval between path-deflecting or phase-disturbing collisions becomes very great 





I 


HE shape of spectral lines emitted by an atom or 

an ion in the gaseous state at high temperature is 
determined simultaneously by the perturbing influences 
of neighboring particles and by the thermal transla- 
tional motion of the emitter itself. These two processes 
(pressure broadening and Doppler effect) are generally 
treated separately. 

The first effect involves an analysis of the wave 
emitted by the atom, the amplitude and phase of which 
are altered by interaction with other particles of the 
medium. When the impacts of these particles are of 
short duration in comparison with the time between 
collisions, the perturbation can be represented as a 
sudden, random change in the phase of the emitted 
wave, and well-known analysis yields the Lorentz shape: 


1/rz 
I(w—w’)= (1) 


; 


(w—w’)?+ (1/72)? 


where w’ is the undisturbed angular frequency and rz 
the mean time between collisions which alter the radia- 
tion processes sufficiently: 1/7,=nQd, where n is the 
number density of perturbers, # their mean velocity, 
and Q an appropriate collision cross section. The width 
at half intensity is, for this shape, 
Aw;=2/r1. (1’) 
On the other hand, the pure Doppler effect which 
accounts for the various frequency shifts arising from a 
Maxwell distribution of velocities of the emitting 
particles gives the following line shape: 


I (w—w’) = exp — (mc?/2kTw"?) (w—w’)* ], (2) 
of half-width 


Aw; = 2w’(2kT In2/me*). 2’) 


To combine the two distributions a folding process is 
generally used in which each elementary component of 
the distribution (1) is assumed to be broadened in 


* Work supported by Air Force Office of Scientific Research. 
t Present address: Centre National de la Recherche Scientifique, 
Bellevue, Seine et Oise, France. 


accordance with (2). This gives the following profile: 


mc 
Xexp] — 
2kT a’ 


known as the Voigt integral.' 

Another point of view was employed by Dicke? who 
considered collisions which induce velocity changes, but 
only negligible phase changes in the emitted radiation 
(case of atom undergoing hyperfine transitions and 
embodied in a buffer gas). The analysis of Dicke, pre- 
sented in the work of Wittke,’ is first concerned with 
the simple model of a radiating atom going back and 
forth with a single velocity v in a box of length a. A 
Fourier analysis of the radiation received by a fixed 
observer shows that, both in the classical and the 
quantum version of this model, the spectrum practi- 
cally consists of a single line at the unperturbed fre- 
quency, provided the emitted wavelength \’ is much 
greater than a. In the opposite case (\’<<a), the spec- 
trum shows the two well-known Doppler components 
resulting from the unperturbed line, shifted in fre- 
quency by +2(c/X’) (v/c). To be closer to reality, Dicke 
then treats the classical model of an emitting particle 
moving through a gas (always without phase changes at 
collisions). The received wave exp[i(w’t—2mx/X’) | is 
Fourier-analyzed (x is the linear displacement of the 
emitter in the direction of the observer). The intensity 
at frequency w so obtained, 


[Lerorren( 2 
oY d’ 


1H. C. van de Hulst and J. J. M. Reesink 
121 (1947); A. Unséld, Physik der Sternatmosp/ 
Verlag, Berlin, 1955), p. 259 

2 R. H. Dicke, Phys. Rev. 89, 472 (1953) 

3 J. P. Wittke, thesis, Princeton University, 1955 (unpublished 
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J. P. Wittke and R. H. Dicke, Phys. Rev. 103, 620 (1956); 
M. Arditi and T. R. Carver, Phys. Rev. 109, 1012 (1958); 112, 
449 (1958); F. C. Beaty and P. L. Bender, Bull. Am. Phys. Soc. 
3, 185 (1958); P. L. Bender and A. R. Chi, Phys. Rev. 112, 450 
(1958); H. Margenau, P. Fontana and L. Klein, Phys. Rev. 115, 
87 (1959). 
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is then averaged over an ensemble of identical and 
noninteracting emitters, giving 


Rate 2ri 
x| f exp(— ax )W (anr)das [dr (4) 
Az x ’ 


The probability W(Ax,r) to find a displacement Ax of 
the particle after a time 7 used by Dicke is the diffusion 
probability function, 


W (Ax,r) = (4Dr)— exp[ — (Ax)?/4Dr ], (5) 


where D is a diffusion coefficient for the emitter in the 
buffer gas. The calculation of the above integrals then 
leads to the following simple result for the line shape: 


4? D/d” 
I(w—w’) =—— ——_—_<_—. (6) 
(w—w’)?+ (42°D/d")? 


Dicke’s result consists therefore in a Lorentzian shape 
of type (1), with a half-width 2.4%°D/X”. In the miero- 
wave region this quantity is found to be much 
smaller than the Doppler half-width (2’) at the same 
temperature.® 

The following Sec. (II) presents observations which 
lead to a somewhat different formulation of the prob- 
lem. This formulation is extended in (III) to the con- 
dition where phase shifts at collisions are also present. 
Limiting cases are discussed. Finally in (IV) the spec- 
tral shape in the wings of lines is studied. 


II 


A first remark on the above treatment concerns the 
use of the probability distribution function W (Ax,7), 
Eq. (5). It is shown by Chandrasekhar‘ that the diffu- 
sion function (4) is a limiting approximation proper for 
times 7 such that 


r>>B-'= mD/kT, (7) 


where 8 is the coefficient of the dynamical friction 
undergone by the moving emitting particle. 

For hydrogen in argon, at 357°K and 1 atm pressure, 
D=0.979 cm?/sec.® The relation (7) then gives for the 
validity domain of (5) 


t>0.7X 10~" sec. 


But in the microwave region, the periods involved are 
of the order of magnitude of 10~"° sec; therefore, Eq. (4) 
and the above inequality show that the use of the 
diffusion function (5) is not entirely justified in this 
instance. 

Secondly, a condition analogous to \’><a or \’ <a for 


*S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
5R. D. Present, Kinetic Theory of Gases (McGraw-Hill Book 
Company, Inc., New York, 1958). 
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the box model does not appear anywhere in the above 
diffusion treatment, though it would seem desirable for 
consistency. The experimental results’ (narrowing of the 
lines), which agree with the theoretical prediction, seem 
to justify a more careful examination of this equation. 

We start from a Fourier analysis of the observed 
amplitude exp[i(w’t—2mx/X’) ], and then consider the 
square modulus of the components obtained. These two 
operations lead to the Fourier integral formula accord- 
ing to which the line shape 7(w—w’) is the Fourier 


transform, 
D 


I (w—w') = 28 eee") "F (x) dr; (8) 


0 


of the correlation function: 


1 ftt 2ri 
F(r)= lim -f exp(- [a(to +1)==(t)] al (9) 
. a v’ 


T—2 J 


The usual way to evaluate such a function® in the 
theory of pressure broadening is to apply the ergodic 
hypothesis, i.e., to replace the average over time con- 
tained in (9) by an average over all possible paths 
between time ¢) and time /o+7. If we use the impact 
approximation (collisions of negligible duration), with 
collisions distributing the perturber paths in accordance, 
for example, with a Poisson law (mean time rp), we 
may write 


- 1 T m 
F(r)=> - ( ) e-t!tD 
m=) m!\Tp 


2ri 
xexp(-— [ Ax(v,Av1,+*+,71,72,°° Ym) 
y 


X Pm(v0,A01,Av2,- + + ,71,72,°**/T)dv9- 


-dty+**. 


(10) 


Here, [| ](m) denotes Ax= Ax(to-+7)—Ax(to) for a path 
containing m collisions as function of the velocity’ v9 at 
time fo, the m velocity changes Av;, and the m durations 
7; between the various instants of collisions starting 
from fo, while P,, is the probability density of these 
various parameters in a path containing m collisions 
and described in a time r. An evaluation of Eq. (10) is 
outlined by Breene® provided the exponent is a sum of 
independent phase shifts ; but here the evaluation of the 
integral in (10) needs to be carried through completely, 
with retention of the exact form of P,,. Therefore, in- 
stead of keeping the exponent as in (10), the condi- 
tional probability is introduced : 


Thm (Av1,: + *,71,° * */Ax(v0,A01,+ + +,71,° ++) = Ax,v9,7) 


6H. Margenau and M. B. Lewis, Revs. Modern Phys. 31, 509 
(1959). 

7 By v or 0; we mean the projection of the velocity of the par- 
ticles upon an axis joining it to the observer. 

8 R. G. Breene, Revs. Modern Phys. 29, 94 (1957). 
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for the occurrence of a path of duration r containing m 
collisions characterized by the parameters Av: ++, 71°: 
such that the initial velocity would be v» and the shift 


in the direction of the observer would be Ax. The quan- 
tity II,, is related to P,, by the formulas: 


+2 


Pa= f P (v0) Pm’ (Av1,° °°, 


x 


(11) 


V0,T )dVo, 


with 


x 


Pa'= f W 3(Ax; vo,7) I ,dAx. 


L 


(12) 


In Eq. (11), P(vo) is the distribution function of v9 
(velocity at time fo), and Wg(Ax; v%,7) is the distribu- 
tion function of Ax, based on the initial velocity vp and 
the duration 7 of the path. This function, extensively 
studied by Chandrasekhar,‘ has the following form: 
W g(Ax; v0,7) 

= (A/x)! exp{ — AL Ax—(1—exp(—8r))/8 PF}, (13) 
with 

A = (mB?/2kT)[287—3+-4 exp(—Br)—exp(—28r) }. 
Its limit for very great 7 is the diffusion function (5).* 
The definitions (11) and (12) of P,, are introduced in 
(10). Thus, after reversing the order of the integrations 
and noting that 


fe fitter dre 1, 


one gets the following expression for the correlation 


function: 


Fo)= f P)| f W 3( Ax; 00,7) 


x x 


Xexp(—2riAx/d’)dAx ldo. (14) 


The integrations in Eq. (14) are performed after the 
change of variable y= Ax—vo[_1—exp(—8r) ]/8. There 
results, upon assuming for vp a Maxwellian distribution: 


+4 B } 
F()= f (-) exp (— Br") 
L Tr 


Xcos{ vo 1—exp(—8r) ]/ (\’/22)B} doo 


+x A j 
xf ( -) exp(— Ay’) cos[y/(A’/2r) |dy, 
L T 


with B=m/2kT. On performing the integrations and 

writing A and B explicitly, we obtain for the correlation 

function of the problem: 
| kT 

si kde -— 


[Br— 1+exp(—8r) |}. 
mB? ('/ 22)? 


(15) 
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It is to be noted that this expression is obtained 
under the condition that the symbol m appearing in A 
is effectively the mass of the optically active particle 
itself. Strictly speaking, A is a function A(m,m’) of m 
and of the mass m’ of the particles of buffer gas, and we 
obtain the less simple form: 


[1—exp(—§r) ¥ 
F(r)=exp; — 
4B(m)B82(\'/ 27)? 
1 


4A (mym’) (d' 2n)?| 


The line shape is the Fourier transform of Eq. (15), or 
of Eq. (15’). 

Simple analytic forms of this line shape are immedi- 
ately obtainable for limiting values of 8. Since the co- 
efficient of dynamical friction is the inverse of the re 
laxation time of the vector velo« ity of the emitter,® we 
shall take here 


B= TD 


Tp is the mean free time between deflecting collisions. 

(a) If rp is great (buffer gas at low density), the 
following correlation function derived from Eq. (15) is 
used : 


limF (r) 
B0 


exp{ —LAkT/2m(\'/ 27)? (16) 
which gives for the line shape, after taking the Fourier 
transform : 


I (w—w’) = [2rm(d'/2x)?/kT |} 


m(d'/ 2x)? 
empl - (w—w’)? 
| 2kT ; 


This is the Doppler shape (2). 
(b) For rp very small (presence of buffer gas at 
sufficiently high density), we use instead of Eq. (15): 


lim F (r)=exp{—[LAT/mB(d'/22)? |r}, (18 
pou 


and the line shape becomes, by Fourier transformation, 


2(kT/mB) (422/d’?) 
T(w—w')= 


- ’ (19) 
(w—w’)?+ (RT /mB)?(42?/d’2)? 


According to the definition (7) of the diffusion coeffi- 
cient D, this line shape is identical with Dicke’s (6). 
Equation (6) is correct because the limit (5) of the 
distribution (13) for large + has the same form as the 
limit, valid for every 7, of the same distribution func- 
tion for large 8. 

We can state precisely the lower limit of 8=7p~ for 
which (18) is a good approximation to (15). It may be 
seen that this happens when the term v[_1—exp(—8r) ] 


*S. Chandrasekhar, Astrophys. J. 97, 255 (1943). 
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Fic. 1. Correlation functions, without phase shifts at collisions; 
A: Doppler type; B: present work [for 15.5(I/d’)?= 4]. 


X8-!~ n98" in Eq. (13) is negligible in comparison with 
the period of the factor exp(—2miAx/’) appearing in 
Eq. (14), which is realized if v98-*«<(A’/2x). This condi- 
tion may be considered as physically fulfilled if, intro- 
ducing the mean velocity V of the emitter, we have 
Ve (A'/29) or 

VrpSl «N'/2n. 


Here / is the mean free path between deflecting colli- 
sions. This condition is analogous to the condition a)’ 
found by Dicke in his study of the box model. 

Apart from the two preceding limit cases, numerical 
integration is necessary to obtain the line shape from 
the correlation function (15). The factor in the ex- 
ponent in (15) may be written as 15,5(//X’)*. This factor 
is taken as } (which implies \’~8/). This would corre- 
spond, at 7=400°K and for the 1771 10® cycles/sec 
hyperfine transition of Na*, to a buffer gas pressure 
10-* mm Hg. Figure 1 shows the correlation function 
(15) and the Doppler correlation function (obtained for 
zero collision cross section for path deflection). The 
corresponding line shapes appear in Fig. 2 [drawn with 
the reduced abscissae (w—w’)/8]. According to these 
figures, the narrowing of the line found by Dicke is 
apparent even for such a low density of buffer gas. 


Il 


Thus far the perturbation of the emission mechanism 
at collision was not considered. We shall assume this in 
the simplest way, i.e., by taking account only of in- 
stantaneous phase changes in the radiation with respect 
to the unperturbed phase w’t when the emitter undergoes 
a collision, and by neglecting any term in '(w+w’) like 
that appearing in the Van Vleck-Weisskopf formula 
(this will force the profile to be symmetric). We take 
p(Ag)d(Ag) to be the probability that, in such an 
encounter, the phase is shifted by a value between Ag 
and Ag+d(Ag). The observed phase change will there- 
fore be the sum of Ag and of the Doppler phase change 
2rAx/X’. Here, too, the line shape is the Fourier trans- 
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Fic. 2. Line intensities (in arbitrary units) corresponding 
to the correlation functions of Fig. 1. 


form of a correlation function F(r), and F(r) is now 


1 pt? 
F(r)= lim =f exp{ —i[A¢(to+7)—Ag(to) ]} 
° Tr 


2x1 
x exp) o- A(t) |e (20) 
Py 


L 


We will assume that there is no correlation between 
the two exponentials above. The two ensemble averages 
involved in the calculation of the integral (20) may 
therefore be taken separately. The evaluation of the 
average on the first factor gives®:® 


exp[ — (1—A’)rp'r—iB'r,""1], 


where rz, is the mean free time between the Poisson- 
distributed collisions which disturb the emitted phase 
and 


A'= f cos(Ay)p(Ag)d(Ag); 


0 


9 


B= fe sin(Ay)p(Ap)d(Ag). 


0 
The average over the second exponential of (20) leads 
to the function (14). We thus obtain for the line shape 


resulting from simultaneous pressure broadening (in 
the above way), Doppler effect, and molecular collisions: 


T(w—w’) 


+0 
=2R f exp[i(w—w") 7 Je~'B'1/ he G—4) 1/ h 
“oe 


| f Poo) f W 3(Ax; V0,T) 


Ke erin’ a (21) 
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Fic. 3. Correlation functions, with phase shifts at collisions; 
A: Voigt type; B: present work [for 15.5(//\’)?=}, rz =7ro=8", 
1—A’=}, B’=0]. The arrow shows the common tangent for 
Br=0. 


or 
x 


I (w—w’) = of cos| (w— 


kT 
1+exp(— Br) |dr.  (21’) 


mB? (d'/ 2x)? 


This is the general expression of the line shape. 
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Let us examine, as before, its limiting forms for ex- 
treme values of the coefficient of dynamical friction 8. 

(a) For small 6 (low density of buffer gas), one gets 
from Eq. (21): 


+0 0 B Vo 
T(w—w’ =2f P(r f col (« —w'— — 2 | 
ia 0 TI ’ 
A’ 
r ard, 


If we put 2xn/d’=£, take for P(v) a Maxwellian dis- 
tribution, and consider the case A’= B’=0 [i.e., p(Ag) 
= (27)~! between Ag=0 and Ag= 2r |, Eq. (22) leads to 
the Voigt profile (3). 

(b) For very large 8 (high density of buffer gas), 
we have, according so Eq. (21’): 


(1—A’)/rr+(kT/mB) (42° /X”) 


(w—w’ — B’/r1)P?+[(1—A’)/rr+ (RT /mB) (42?/d”) Pe 


An analogous result, but based on a phenomeno- 
logical damping constant to take into account the effect 
of phase changes at collisions, has been obtained by 
Wittke and Dicke.® 

For high pressure of perturbers the Lorentzian line 
shape (23) replaces, therefore, the Voigt profile (22) 
obtained when changes of velocity at collisions are 
ignored. 

As in Part II, we present finally a numerical applica- 
tion referring to a case where the above approximations 
are not valid and where we must use Eq. (21’) itself to 
get the line shape. The same value } is adopted as 
before for the coefficient of [8r—1+exp(—{r)]. We 
suppose moreover that r,=7rp="' and we take B’=0 
(no shift of the center of the line) and 1—A’=}. 
Figure 3 shows the correlation function in this case and 
also the Voigt correlation function corresponding to a 
zero Collision cross section for path-deflecting collisions. 
A numerical integration yields the curve B of Fig. 4. 
In this figure the Voigt profile A was taken from the 
data of reference 1. It is to be noted that, for the chosen 
physical conditions at least, the deflection of trajectories 
at collisions introduces a notable contraction of the line, 
relative to the Voigt profile. 


IV 


We study now the intensity distribution in the wings 


of the line, i.e., in the limiting case |w—w’| > ~. 


It is possible to find the desired result by a direct 
application of the ergodic hypothesis to Eqs. (9) and 
(10), without introducing the distribution function 
W g(Ax; v,7). This may be seen as follows. Consider a 
path containing m collisions by which the velocity is 
altered. The probability of occurrence of such a path 
during a time 7 is (1/m!)(r/rp)™ exp(—r/rp), where 
Tp is the mean time between these collisions and may be 
identified with @-'. The correlation function will there- 
fore be 


1—A’ B’ . ute. 
ep(- t—1 (Jz ( ) eth 
TI tr Jm=om!\rp 
| lr m TY 
x (exp i} —— > r,;Av,;— ». 
| d’ im aR 


Here we have expressed Ax in terms of the changes of 
velocity at collision Av;; the time elapsed from the 7th 
collision till the instant ¢o+7, 7;; and the velocity before 
the first collision v9. The symbol ( ) means an average 
over all the parameters Av,, 7;, and: v. This expression 
implies complete statistical independence between the 
perturbation of the emitted phase and the translation 
Ax of the emitter. By splitting off the factor 
exp(—2zivor/X’), we first perform an average over all 
Av;, observing also that 


Av;= V ,;(cos6;’—cos6,), 
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Fic. 4. Line intensities (in arbitrary units) corresponding 
to the correlation functions of Fig. 3. 


where V,,; is the speed of the emitter in the center-of- 
gravity system of the emitter and the 7th perturber; 
6; and 6,’ are the angles, before and after the collision, 
between the direction of the observer and the vector 
V,;. On knowing that in an elastic collision the angular 
distribution of the collision partners is spherically sym- 
metric in the center-of-gravity system® and assuming 
statistical independence between the quantities V, 
we get 


m sin?( V iT i (r’ 2rr)) 
Fn(r) rc ) 
imt \ (V,,7;/(\'/20))? 


X (exp(—2mivor/d’)). (24) 
In averaging over the V,; we note that the relative ve- 
locity U,; of the two partners in the ith collision has a 
Maxwellian distribution: 


P(V,;)= (m*/2axkT)! exp[— (m*/2kT) 0,2 4a0,2d0,:, 
provided m* is the reduced mass of the emitter (mass 


m) and the perturber (mass m’). We thus have for the 
distribution of the V,; (with p= m/m*): 


P(V i) = (mp/2rkT)! expl— (my /2kT)V ,2 4aV ,2dV i. 


The distribution of the 7;, needed for the evaluation of 
(24), will be taken in such a way that the probability 
of occurrence of the ith collision is constant over the 
interval r. In this way one finds: 


1—A’ B’ t—C'(r) 
F(r)= exp(-— T—1 ") exp(-— —- ") 
TL TL TL 


X(exp(—2mivor/d’)), (25) 


FOREIGN 


GAS BROADENING 


*1—exp(—a/) 
cn)= f di, 
at 


with 


and 
a= (2kT /mp)4r?/X”. 


This correlation function cannot be considered as cor- 
rect for all values of r since the same distribution func- 
tion was taken for all the relative velocities, disregard- 
ing the persistence of the initial v9, which is taken into 
account in the distribution (13); but (25) may be ex- 
pected to be correct if we have zero or very few collisions 
during the time interval 7, in which case the above in- 
correct hypothesis concerning the velocity distribution 
is of little importance. This happens obviously when 7 
is very small. In this case the correlation function (25) 
has the following limit, which corresponds therefore to 


w-w'| > o; 


1—A’ 
F(r)= (exp(- 
TL 


2kT 4x? 1 7°) 2wi 
xexp(- - —- wr). (26) 
mur" rp6 


By means of the relation 6~'= rp already cited, Eq. (26) 
leads to the line shape: 


L RB’ 
Mw-w)=2 f cos| (ow! )-| 
0 TL 
1—A’ 4? kT 
xep(- ") exp(- : -r) 
TI 2 2m 


4n* 2 kTB* 
xexp(- Jat (27) 
rN? w 6m 


Equation (27), apart from the 2/u factor which takes 
into account a possible difference between the masses 
of the emitter and the perturber not included in the 
distribution (13), is identical to the development of 
Eq. (21’) up to the terms in 7°. 
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Fission yields have been calculated assuming as a first approxi- 
mation that they are proportional to the product of the level 
densities of a pair of binary fission products. The level densities 
have been calculated with the simplified shell-model methods of 
Newson and Duncan. The calculations predict a single symmetric 
peak when the mass of the fissioning nucleus, Ao<.Ni+Z:1+N2+ 
Z:=50+28+82+50=210 (in agreement with the observed 
fission yields for bismuth and lighter elements), and three maxima 
in the fission yield curves for heavier compound nuclei. The peak 
corresponding to approximately equal-size binary fission products 
is very much higher than is observed experimentally. This is 
undoubtedly due to the fact that in asymmetric fission a core 
corresponding to 82 neutrons and 50 protons remains intact in 
the heavier fission product, whereas for symmetric fission this core 


T has been pointed out by Fong! that the fission 

yield of a particular mass number should be propor- 
tional to the level density of the fission product of the 
same or slightly greater mass number multiplied by the 
level density of the accompanying fission product. 
Starting from this assumption and inferring level 
densities from low-energy neutron resonances, Fong 
calculated a remarkably good fit to the experimentally 
measured thermal fission yields for U*°. Cameron? also 
found an excellent fit starting from the same general 
idea. However, neither of these authors has extended 
his calculations to other fissionable nuclides. This is 
probably because the neutron resonance data gives a 
level density at a very different (several Mev) excitation 
energy from that of the fission products. Level densities 
are so sensitive to excitation energy that this correction 
tends to become an empirical fitting of experimental 
data with the use of many free parameters.? On the 
other hand, Fong and Cameron achieved enough success 
to make it seem very likely that the fundamental 
assumption of their calculations was at least approxi- 
mately correct. 

The shell model suggests two principal types of 
fission’: (1) We define (binary) asymmetric fission by the 
relations: 50<.N,, N2>82, 28<Z,, and Z.>50, or after 
neutron emission, 77SA,; and A»2=132. (2) We define 
(binary) symmetric fission by: 28<Z,<Z.<50 and 
50<N,<N2<82 so that A.< 132; this second mode is 
less favorable energetically because of the breakup of 
the “‘double magic core’’ soSns2'* of the heavier frag- 
ment. (3) The remaining cases, ternary and very 
asymmetric binary fission (where A,;=N,+2Z,<77) 
have extremely small yields and will not be discussed or 

1A. Fong, Phys. Rev. 102, 434 (1956). 

2A. G. W. Cameron, Proceedings of the Second United Nations 
International Conference on the Peaceful Uses of Atomic Energy, 
(United Nations, New York, 1958), Paper P/168. 

8 Halpern, Annual Review of Nuclear Science (Annual Reviews, 
Inc., Palo Alto, California, 1959), p. 245. 


energy effect involves a number of unknown factors, the calculated 
yields for symmetric fission have been reduced by the same 
empirical factor in all calculations. An additional parameter, n, 
is introduced in correcting for excitation energy of the fission 
products and for possible departures from equilibrium. These 
calculations, which involve only two free parameters, explain 
most of the fission yield data for all five known cases where the 
compound nucleus is within an Mev or so of the fission threshold : 
Pu, U8, U5, U8 and Th™, but it is necessary to treat m asa 
free parameter for each curve to fit the small steep regions on each 
side of mass number $A. The calculated fission yields of the more 
highly excited compound nucleus, Ac”’, predict three equally 
prominent maxima in qualitative agreement with observation 


plotted in Fig. 1. The subscripts 0, 1, and 2 on the mass, 
charge, and neutron numbers (A, Z, and NV) refer to the 
fissioning nucleus, the light fragment, and the heavy 
fragment, respectively. 

We first calculate the relative level density of both 
binary asymmetric fission fragments by the method of 
Newson and Duncan,' plot the product of the relative 
level densities of each pair of fragments against A, and 
normalize the resultant curve so that the sum of the 
fission yields of all masses is 200%. This yield curve, 
which is shown in dashed curve (b) of Fig. 1(A) for the 
light fission fragment, does not fit the experimental 
points very well,®.® but the low calculated yields below 
A»,=140 would be greatly increased, and the fit of the 
calculated curve improved if a correction like Fong’s 
were made for the very high excitation energy of these 
primary fission products compared to neutron escape 
energy. However, a much simpler calculation suggests 
itself. The considerations of Fong and Cameron were 
based on the assumption that after the saddle point, the 
motion of the fission fragments is so slow that there is 
always equilibrium, and the relative yield of a pair of 
fission fragments can be calculated exactly from their 
level densities. However, this equilibrium condition will 
not hold just before the instant of scission and a certain 
amount of smearing of curves’ such as (b) in Fig. 1(A) 
will result. The neutrons which boil off the fission frag- 
ments after scission, have a similar but smaller smearing 
effect. 

This statistical approach calculates the charge and 
mass of the potential fission fragments just before 
scission, while the yields are measured for the separated 


4H. W. Newson and M. M. Duncan, Phys. Rev. Letters 3, 45 
(1959). 

5 R. C. Jensen and A. W. Fairhall, Phys. Rev. 109, 942, (1958). 

6S. Katcoff, Nucleonics 16, 78 (1958). 

7™T. D. Newton, in Proceedings of the Symposium on the 
Physics of Fission, [Chalk River Laboratory Report C.R.P.— 
642A, 1956 (unpublished) J. 
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SYMMETRIC AND 
fission products after neutron and 8-ray emission. The 
following conventions were adopted to bridge this gap. 
(1) The average number of neutrons v emitted per frag- 
ment was assumed to be 2 for V 2> 84, i.e., Ao> 134, and 
v=0.5, for the accompanying fragment and for 
No/2<N2<82. Except near V.=82 where the above 
assumption is reasonable, the fit is not very sensitive 
to v which has been taken as 2.5 for every pair of fission 
products. A 50% probability for an odd value of v must 
be assumed since the Newson-Duncan procedure pre- 
dicts only even-even primary fragments. (2) All possible 
primary fission products which are 8 emitters were 
considered equally probable for each even value of A, 
or A». For each pair of products this procedure in itself 
weights the “equal length chains” drastically enough 
for practical purposes. (3) An average, over all possible 
sizes of the neck (which we would expect from the 
liquid drop model—see p. 304 of reference 3) has also 
been made. Clearly, from our point of view, the neck 
may vary between zero and (Ap—78—132) mass units. 
This average (performed before the smearing calcula- 
tion) changes the dashed curve (b) Fig. 1(A) into the 
reflection of curve (a) in that figure; after the smearing 
operation has been carried out, the difference does not 
affect our ability to fit the data but a small effect on the 
smearing parameter m is apparent. 

Since the long-range electrical forces acting alone 
favor symmetric fission, any last-minute smearing 
before scission should be in the direction to reduce the 
mass difference between the two fragments. In order to 
calculate the light fragment asymmetric fission yield 
for Pu, six curves with smaller abscissas but congruent 
to (a) [ Fig. 1(A) ] were added to it; the ordinates of all 
the maxima were the same but each curve was displaced 
two mass units from its nearest neighbors. Thus the 
calculated distribution curve (a) was smeared toward 
the left over an interval, »=12 mass units. The yield of 
the other fragment was calculated similarly. Actually 
the single free parameter n= 10 gives a very good fit to 
five of the six curves in Fig. 1 except for the relatively 
few points between Ap—130<A, and A:<130. The 
sensitivity of the calculated curves to the value of m is 
indicated in Fig. 1(B). 

The smearing process introduces more nearly equal 
mass fission fragments than our first definition of 
asymmetric fission permitted. The process also increases 
the predicted relative yield of fragments with A2< 132. 
An excitation energy correction would have had the 
same qualitative effect. Thus it is not surprising that 
when » is used as a free parameter the smearing opera- 
tion replaces the corrections both for departure from 
equilibrium and for excitation energy. 

The calculated asymmetric fission yields in the two 
upper curves [Figs. 1(A) and 1(B)] account satisfac- 
torily for the experimental data, but a third maximum, 
corresponding to symmetric fission, may be seen in each 
of the two lower curves [Figs. 1(E) and 1(F) ]. The 
symmetric fission has been calculated according to our 
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Fic. 1(A) The experimental fission yields (in percent) from 
Pu®*(n,f) for thermal neutrons are plotted as circles (©) against 
mass number A. The calculated yields are plotted as solid dots 
which are connected (where practical) by straight lines. For this 
calculation the resolution width m was 12 mass units. The calcu- 
lated points at the very bottom of the plot are the predictions for 
symmetric fission with n=12. The dashed calculated curves, (a) 
and (b), assume n=0. (B) U™8(n,f) for 2.8-Mev neutrons. The 
solid calculated curve assumes m= 12 and the dashed curve n= 10. 
The two calculated curves do not differ appreciably except where 
indicated. (C) U5(n,f) for thermal neutrons. The calculated 
points (n=10) near A=116 are the sums of the calculated yields 
of symmetric and asymmetric fission. (D) U*(n,f) for thermal 
neutrons. Otherwise the plot is the same as Fig. 1(C). (E) Th**(#,f) 
for 2.8-Mev neutrons. The calculated points (n=8) show yields 
for the two types of fission separately near the right minimum and 
the sum near the left minimum. The experimental points for Figs. 
1(A) to 1(E) are from the compilation of Katcoff® where references 
to the original work may be found. (F) Ra”®(p,f) for 11-Mev 
protons. The experimental data are those of Jensen and Fairhall.® 
In Fig. 1(C) read U™* instead of U**, 
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previous definition and added to Fig. 1 as indicated in 
the caption. The prescription of Newson and Duncan 
predicts a ratio of integrated symmetric to asymmetric 
fission which is much larger than found experimentally. 
The predicted ratio has been reduced by the same factor 
for all six parts of Fig. 1. This factor corresponds to a 
correction for the relatively low excitation energy of the 
symmetric fragments’ since they are formed at the ex- 
pense of the energy (>4 Mev) to break up the double 
magic core (s0Sngo"*) of the heavier asymmetric frag- 
ment. It seems reasonable to find the same factor for 
compound nuclei with about the same energy relative 
to fission threshold. 

Only two parameters are needed to explain most of 
the fission yield data for all five cases where the com- 
pound nucleus is within one Mev or so of the fission 
threshold, but it is necessary to treat » as a free param- 
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eter for each curve to fit the small steep regions on each 
side of mass number }Apo. The qualitative agreement 
[Fig. 1(F)] for Ra®® is also interesting. One would 
expect a better fit in this case if the proton bombarding 
energy were closer to the threshold value. It is interest- 
ing to note that, according to our definition, asymmetric 
fission becomes 78+ 132= 210, 
which is in agreement with the fact that single maxima 
are always observed for the fission of Bi* and lighter 
nuclides.’ The interpretation of underthreshold (spon- 
taneous) and over-threshold (£,>5 Mev) fission will 


impossible for Ao 


be discussed in a later paper. 
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Directional correlation measurements have been made on the 320- to 92-kev and 280-to 320-kev gamma 
ray cascades in Pm" following the decay of 11.1-day Nd"? with a coincidence scintillation spectrometer 


detectors. The observed correlation 


P;(cos@), 


using Nal 
(0.0107 +0.0099 


functions are: 
and W(@)=1+(0.0710+0.0162) P2(cos@)— (0.0126+0.0103 


W (6) =1— (0.1030-+-0.0298) P.(cosé 
P,(cos@), 


respec 


tively, for the two cascades. The energy levels of Pm'’ at ground state, 92 kev, 410 kev, and 690 kev were 


found to be 3*, #*, #*, and 


i $*, respectively. It was found that the 92-kev gamma ray has a mixture of 
(9542)% M1 and (542)% E2 with 692= + (0.229+0.143), the 320-kev gamma ray has a m 


ixture of 1% 


Mi and 99% E2 with 632.0= +9.95+0.11, and the 280-kev gamma ray has a mixture of 99% M1 and 1% E2 


with des9= —0.11+0.11. 


INTRODUCTION 


HE decay scheme of Nd’, 11.1 day half-life, has 
been investigated by different authors'~® and is 
shown in Fig. 1. There is complete agreement in the 
decay schemes as proposed by Hans e/ a/.* and Mitchell® 
on the one hand, and Cork’ on the other hand, except 


+ This work was supported in part by the U. S. Atomic Energy 
Commission. 

* This work was based on a thesis to be submitted in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy. 

t Permanent home address: 3623 Chawri Bazar, Delhi-6, India. 

1 W.S. Emmerich and J. D. Kurbatov, Phys. Rev. 83, 40 (1951). 

? Evani Kondaiah, Phys. Rev. 81, 1056 (1951). 

§W. C. Rutledge, J. M. Cork, and S. B. Burson, Phys. Rev. 
86, 775 (1952). 

4D. Berenyi, Nuclear Science 8, 607 (1958). 

5 FE. Kondaiah, Arkiv Fysik, 4, 136 (1952). 

6A. C. G. Mitchell, C. B. Creager, and C. W. Kocher, Phys. 
Rev. 111, 1343 (1958). 

7J. M. Cork et al., Phys. Rev. 110, 526 (1958). 

8H. S. Hans, B. Saraf, and C. E. Mandeville, Phys. Rev. 97, 
1267 (1955). 

9 P. Rice Evans, Phil. Mag. 3, 1061 (1958) 


for the level at 289 kev, the transition @;-, the gamma 
rays of energies 160 kev and 198 kev and the position 


of the gamma ray of energy 410 kev. But none of these 


discrepancies are involved in the present correlation 


studies. The gamma rays and the energy levels of 
interest are shown by boldface lines. The spin of the 
ground-state of Nd‘? has been measured by Abraham” 
to be §-. Very recently the ground-state spin of Pm" 
has been measured by Klinkenberg and Tomkins," 
and by Cabezas ef al.,” and is found to be . All the 
8- transitions from the ground state of Nd"? and 
feeding the excited states of Pm’? have been classified 
as first forbidden with a spin change of zero or one 
and with a change of parity.?*° Thus each excited 
level in Pm"? must have one of the following values: 
e+ $+ i+, 

1957) 


Physica 26, 103 


1 Kedzie M. Abraham, Phys. Rev. 108, 54 

up, F. A. Klinkenberg and F. S. Tompkins, 
(1960). 

2 A. Cabezas, I. Lindgren, E 
Rubinstein, UCRL-9122. 


Lipworth, R. Marrus, and M. 





GAMMA-GAMMA 

All the measured K/L ratios and K-shell conversion 
coefficients*:**-" favor identification of the 92-kev 
gamma transition as M1 with a small mixture of £2. 
The percentage of E2 in M1 found by different authors 
varies from 3 to 7% of E2. 

The nuclear alignment experiments have been done 
by two different groups. The results of Ambler, Hudson, 
and Temmer':!® show that the 92-kev gamma ray is a 
mixture of 97% M1 and 3% E£2 with 6=+0.17 while 
the 530-kev gamma ray is a pure £2 transition. They 
explained their polar diagram with spin assignments of 


9 Bp 7 y 5+ 
Nd"*7(92-kev) —> 
? 


——> = 
’ 


2 (M1+E2) 2 


9 B Qt ¥ 5+ 
—)> ————=)> 
12 


2 Ye 


Nd!47(530-kev) ; 
2 
The other group, Bishop and his associates,'’ have also 
interpreted their alignment results by taking the ground 
state of Nd"? as 9/2-, and the ground state of Pm" as 
$+. They obtained for the 92-kev gamma ray 96% M1 
and 4% E2 with 6=—0.17+0.15 and P/e=+0.600, 
where P is the polarizability and ¢ is the anisotropy, 
and have assigned a spin of $+ to the 92-kev level; 
while for the 530-kev gamma ray they got a mixture of 
56% E2 and 44% M1 with 6= +0.75+0.25, P/e=0.68, 
and have assigned a spin value 3+ to the 530-kev level. 
These alignment experiments require reinterpretation. 
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Fic. 1. Decay scheme of Nd'’. The numbers in parenthesis with 
the gamma rays are their relative intensities. 
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Fic. 2. Block diagram of the gamma-gamma coincidence counter. 
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The gamma-gamma directional correlations have 
been done on the 320- to 92-kev cascade by Lindqvist 
and Karlsson.!§ Their results are 


W (0) =1—(0.097+0.007) P2(cos@) 
+ (0.023+0.018) P4(cos§), 


and explain the correlation as 


Y Y 
3(D+Q) — 3(D+Q) — 3, 


with mixing ratio for the 92-kev transition 
§(£2/M1)=+0.25+0.05, 


which gives for the 92-kev gamma ray a mixture of 
(94+2)% M1 and (6+2)% E2. We have investigated 
this correlation and reinterpreted the data in view of 
the fact that the measured ground state spin of Pm"? 
is 3 and not $. In addition, to ensure these spin assign- 
ments and to give a spin value to the level at 690 kev, 
we have investigated the correlation of the 280- to 
320-kev gamma cascade. 

The gyromagnetic ratio for the 92-kev level of Pm'*” 
has been measured by Bodenstedt ef al. and the re- 
sults interpreted in the Nuclear Data Sheets.” These 
results show that the spin value of g7/2 is most probable 
for the 92-kev level. 


EXPERIMENTAL PROCEDURE 


The block diagram of the apparatus used is shown in 
Fig. 2. The slow coincidence circuit used had the re- 
solving time 27=2.1ysec. The scintillation counters 
consisted of 13X2-in. NaI(Tl) crystals mounted on 

18 Torsten Lindqvist and Erik Karlsson, Arkiv Fysik 12, 519 
(1957). 

19 —, Bodenstedt et al., Z. Naturforsch. 13a, 425 (1958). 

2 Nuclear Data Sheets, National Research Council, NRC 
59-1-135 and 59-1-138. 
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3. Scintillation spectrum of gamma rays 


following the decay of Nd"’. 


DuMont 6292 photomultipliers. Lateral lead shielding 
was used to eliminate coincidences due to scattering. 
A differential discriminator was used for energy selection. 

Three neodymium samples, in the form of metallic 
fused chips 99.9% pure, were irradiated at different 
times in the thermal neutron flux of the Pennsylvania 
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Fic. 4. Coincidence spectrum of 92-kev gamma ray 
with 320-kev gamma ray. 
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ARYA 


State University Research Reactor for different lengths 
of time varying from 75 to 130 hr. Because of the 
simultaneous production of Nd'(7,=1.8hr) and its 
daughter Pm'(7,=50hr), and Pm'*!(7\= 26hr), irra- 
diated samples were allowed to decay from three to six 
weeks in order to get rid of these short-lived activities. 
The correlation experiments were started only when 
the activity left was mainly Nd"’(11.1 day). The ex- 
periments for the 280-320-kev gamma cascade were 
repeated for the solution of Nd'*’ (fused chips dissolved 
in HCI acid), and no change in the correlation was 
observed. No necessity of repeating the experiment for 
the 320- to 92-kev gamma cascade was felt because the 
results of our solid sample agree with those of Lind- 
qvist e¢ al.’8 who did this correlation with solution 
sample. 
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Fic. 5. Coincidence spectrum of 280-kev gamma ray 
with 320-kev gamma ray 


The half-life of the 92-kev level has been measured”! 
to be ~2.3X10~ sec. Because of this and the fact that 
the result of solution and solid samples are the same, 
the measured correlation functions should not be at- 
tenuated due to extranuclear fields. 

Figure 3 shows the single spectrum of Nd"? while 
Figs. 4 and 5 show the coincidence spectrum of the 
two cascades of interest. The data were taken at inter- 
vals of 15° from 90° to 180°. The angle between the 
detectors was changed after every five minutes. A very 
frequent check was made on the resolving time of the 
coincidence circuit. Decentering of the sample was not 
allowed to be more than 1%. 

A least-squares fit of the data was made to the 
function w(@)=1-+a» cos’?@+ a, cos*#é, and the values of 


1953) 


*1R, L. Graham et al., J. of Phys. 31, 377 
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a, and a, were evaluated. Then, the corresponding 
values of the coefficients A,’ and A,’ in the expansion 
W (0) =1+Ae’P2(cosd)+A,4'P4(cos@) were calculated. 
These values of the coefficients were corrected for the 
finite angular resolution’ and the corrected values of 
A», A, were obtained. 


RESULTS 
320- to 92-kev Correlation 


One differential discriminator was set at position A, 
shown in Fig. 3, bottom of the 92-kev gamma peak to 
avoid the amplifier drift, while the other differential 
discriminator was set at B as shown in Fig. 4, to the 
right of the 320-kev gamma-ray peak. This setting was 
made to avoid any contribution from the 280-kev 
gamma ray. It was found by extrapolation of the 280- 
kev gamma ray that the contribution from this peak 
was negligible for the setting at B. The correlation data 
are shown in Fig. 6. The solid curve is the least-squares 
curve and the error flags indicate the root-mean-square 
statistical errors of the experimental points. The ex- 
perimental values of the expansion coefficients cor- 
rected for finite geometry are A.=—0.1030+0.0298 ; 
A,4=+0.0107+0.0099 and the value of the anistropy 
A= —0.1400+0.0314, which are in agreement with the 
values obtained for these coefficients by Lindqvist.'* 

The mixing parameter 6 is defined as the ratio of the 
reduced matrix elements 8 and a for quadrupole and 
dipole radiation, respectively. If 6=8/a, then 6 is 
equal to the ratio of the intensities of quadrupole and 
dipole radiation. Q, the quadrupole content, will be 
equal to 6?/(1+6), and the dipole content will be 
(1—Q). 


280- to 320-kev Correlation 


The experiments on this correlation were divided into 
three parts. (1) The data were collected with solid 
sample by keeping one discriminator at position B and 
the other at C as shown in Fig. 4. (2) The experiments 
were repeated by keeping both the differential dis- 
criminators wide open (~6 v each) as shown by setting 
D in Fig. 4 so as to receive both the 280- and the 320-kev 
gamma rays in both the detectors. In this case also the 
solid sample was used. (3) The data were taken only 
at 180° and 90° with the liquid sample. No difference 
was observed as compared with the data taken in the 
above two cases, and so it was not necessary to carry 
it any further. 

The data are shown in Fig. 7. The experimental 
value of the correlation obtained, corrected for finite 
geometry, is 


W (0) = 1+ (0.0710+0.0162) P2(cosé) 
— (0.0126+0,0103) Ps(cosé). 


2M. E. Rose, Phys. Rev. 91, 610 (1953). 
%L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 


DIRECTIONAL 


CORRELATIONS IN Nd!?? 


1.00004 
t 
0.98004 
0.9600+ 
0.94004 
Ww (6) 
0.9200+ 
0.9000+ 


0.88007 


0.8600+ 








0.8400 + —}— + + 
9 135° 150° 165° 180° 


-) 


0® «105° ~=120° 


Fic. 6. Directional correlation of the 320 to 92-kev cascade. 
Solid line is the least-squares fit of the experimental points. Flags 
indicate the probable error. 


Therefore, 


A»o=+0.0710+0.0162, A,=—0.0126+0.0103, 
and A=+0.1028+0.0180. 


INTERPRETATION AND DISCUSSION 


The ground state spin of Pm"? has been measured"! -” 
and is found to be 3. This agrees with the assignment of 
g; for the ground state of Pm'’ from the nuclear shell 
model. This assignment of $* is also consistent with the 
8- transition from the ground state of Pm"? to Sm"? 
which has a log ft value ~7 and has been classified as 
first forbidden™ with a spin change of 0 or 1 while the 
measured spin*® of the ground state of Sm" is }-. 

All the 8~ transitions from the ground state of Nd? 


1.100 

i080 
1.060 
w(8) 


1.040 


1.020 
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Fic. 7. Directional correlation of the 280- to 320-kev cascade. 
Solid line is the least-squares fit of the experimental points. Flags 
indicate the probable error. 


1. W. Nordheim et al., Revs. Modern Phys. 23, 315 (1951). 
* Kiyoshi Murakawa, Phys. Rev. 93, 1232 (1954). 
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(which has been measured to be $~) leading to the 
excited states of Pm"? have been classified as first 
forbidden with a spin change of 0 or 1 and change in 
parity.2*> So each of the excited states of Pm’ will 
have one of the following values: $+ $+ 7+. 

As the measured spin of the ground state of Pm" is 
3+, then the 92-kev level can be either 3+ or 3+. The 
assignment of }* to the 92-kev level is not possible 
because (1) the 92-kev gamma ray has some M1 radia- 
tion, and (2) this would require 44=0 for the 320- to 
92-kev gamma-gamma correlation, while experimentally 
it is found'’ that most probably A4#0. 

Taking the 92-kev level to be $*, we get from the 
polarization experiments of Bishop ef al.'” two values 
of 6 for the 92-kev gamma ray: 


d92= +10 or b92=+0.04. 


The value of 59.=+10 is not possible because it re- 
quires the 92-kev gamma ray to be mostly £2 which 
is not consistent with the conversion coefficient and 
K/L ratio measurements. The value of 69.=+0.04 
gives a mixture of 99.8% M1 and 0.2% E2 for the 
92-kev gamma ray. This mixture of £2, though very 
low as compared with the conversion coefficient and 
K/L ratio measurements, may possibly be accepted as 
correct. Taking this value of d9.=+0.04, the 320- to 
92-kev correlation cannot be explained by any assign- 
ment of $+, $+, or 3* to the 410-kev level; because the 
assignment of $+ requires A, to be negative while 
experimentally it is found to be positive, and the as- 
signments of $+ or 3* do not satisfy the 320- to 92-kev 
gamma-gamma correlation. Also the assignment of 3+ 
to the 410-kev level requires Ay=0 for the 280- to 
320-kev correlation, while experimentally it is found 
that probably A409. 

The assignment of the $ value to the 92-kev level is 
also rejected on the basis of the gyromagnetic ratio 
measurements” which favor an assignment of 3. 

The only choice left is to take the 92-kev level to be 
3*. The polarization experiments of Bishop ef al.!" give 
give two values for dys: 

b92=—7.4 or 6b92.=+0.25. 

Again, the value 69.=—7.4 is not possible because it 
requires the 92-kev gamma ray to be mostly E2. 592= 
+0.25 gives for the 92-kev gamma ray a mixture of 6% 
E2 and 94% M1 which is consistent with the conversion 
coefficient and K/L ratio measurements. We take the 
mean value, (54+2)% E2 and (95+2)% M1, as the 
mixture of the 92-kev transition. This gives the value 
d90= +0.229-+0.143. 

In order to explain the 320- to 92-kev gamma-gamma 
correlation, the assignments of spins 3+ or §+ to the 
410-kev level is not very likely because these require 
A, to be negative while experimentally it is found to be 
positive. Also the assignment of 3+ requires (1) a mix- 
ture of octupole radiation for the 320-kev gamma ray 


ARYA 


which is not probable from the lifetime considerations, 
(2) Ag=0 for the 280- to 320-kev gamma-gamma cor- 
relation while experimentally it is found that probably 
A40. If we take the 410-kev level to be 3+, then the 
320- to 92-kev correlation can be explained by the 
sequence 

320 7+ 92 

(D+0) 2 (D+0 
The only value of Q for the 320-kev gamma ray which 

is consistent with our experimental results and those of 
Lindqvist et al.'® is 

O=0.99+0.01, 


which gives for the 320-kev gamma ray 
6320 _ +9.95+0.1 1, 
E2=(9941)%, M1=(1+1)%. 


By taking this value of 632.9.=+9.95, any spin as- 
signment to the 690-kev level must explain the 280- to 
320 kev correlation. The different 
possible are 


three sequences 


280 


(D+0) 


280 


> 


(D+() 


280 


Vv 
The first sequence is not probable because it requires 
A, to be positive while experimentally it is found to be 
negative. In the third sequence the assignment of $+ 
requires a mixture of octupole radiation for the 280-kev 
gamma ray which is not probable. Hence the only se- 
quence possible is 


280 320 


(D+0) (D+0) 2 
The values of Q and 6 obtained from our experi- 
mental results of the 280- to 320-kev correlation are 


Q=+ (0.01+0.01), 
§es9= — (0.11+0.11), 
which gives for the 280-kev gamma ray a mixture of 


Mi=(99+1)%, E2=(i1+1)%. 


The results of the above discussion are summarized 
in Table I. 

It is to be noted that in the above discussion we have 
taken it for granted that there is a 8 transition from 
the ground state of Nd'“” leading to the 410-kev excited 


level of Pm"7. Evans® did not find this 8- transition 
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which means that the 410-kev levels can also take the 
values 1/2, 9/2, 11/2, or higher. But any of these 
assignments to the 410-kev level do not satisfy the 
320- to 92-kev gamma-gamma correlation. The as- 
signment of } requires (1) the 320-kev gamma ray to 
be M3 which is not probable, and (2) A:=0 for the 
280- to 320-kev correlation. The assignment of 9/2 re- 
quires A, to be negative while experimentally is found 
to be positive; and 11/2 requires a mixture of octupole 
radiation for the 320-kev gamma ray which is not 
probable. Spins higher than 11/2 require higher mul- 
tipole radiations which are not probable. 


SUMMARY AND CONCLUSION 


With the known ground-state spins of Pm'*’, Nd'*’, 
and Sm"™’, and the multipolarity of the 92-kev gamma 
ray, it has been possible with the help of the gamma- 
gamma directional correlations and the polarization 
measurements'®!” to assign probable spins to the ex- 
cited states of Pm’. The ground state, the 92-kev 
level, the 410-kev level, and the 690-kev level have 
been assigned spins 3+, $+, 3+, and 3+, respectively. 
The following are the multipolarities of different gamma 
rays which are consistent with the probable spin as- 
signments given above: The 92-kev gamma ray has a 
mixture of (95242)% M1+(542)% E2 with doe 

+ (0.229+0.143); the 320-kev gamma ray has a 
mixture of 1% M1+99% E2 with d320= + (9.95+0.11), 
and the 280-kev gamma ray has a mixture of 99% M1 
+1% E2 with de39= — (0.11+0.11). 

The absence of a 6 transition leading from the 
ground state of Nd"? to the ground state of Pm" is 
unexplained. 
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TaBLe I. Summary of the discussion of spin assignments to Pm"’, 


92kev 40 kev 690 kev 


Results 
Experimentally found 
Because of 8~ transition from 
Nd? > Pm"? 


3 5 7 


236 2 
2) 2 2) 2> 2 


2» 


Not possible because (1) the 
92-kev gamma ray has some 
V1 radiation; (2) requires 
A,=0 for the 320- to 92-kev 
correlation, which is not likely 

Polarization and conversion co- 
efficient measurements 

Not probable; requires A, to be 
negative for the 320- to 92 
kev correlation 

(1) Does not satisfy the 320- to 
92 kev correlation; (2) re- 
quires A ,=0 for the 280- to 320 
kev correlation, which is not 
probable 

Does not satisfy the 320- to 92 
kev correlation 

Requires A, to be negative for 
the 320- to 92 kev correlation 

Not possible; (1) requires A,=0 
for the 280- to 320 kev corre- 
lation, which is not likely; 
(2) requires a mixture of M3 
for the 320-kev gamma ray 

Requires A, to be positive for 
the 280- to 320 kev correla- 
tion, and this is not probable 

Requires a mixture of octupole 
radiation for the 280-kev 
gamma ray 

Satisfies the 
correlation 

The probable spin sequence 


280- to 320 kev 
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The absolute differential cross section for the elastic and inelastic scattering of 19.2-Mev alpha particles 


by N™ was measurec 


as a function of the scattering angle. The forward part of the ground-state angular 


distribution was fitted with the black-nucleus diffraction model of Blair using an interaction radius of 
g 


5.89X10- cm. The angular distribution for the @= —3.95-Mev group was fitted with [jo(¢R 


- using an 


interaction radius of R=5.9X10~ cm. With the same interaction radius, a best fit to the data for the 
unresolved doublet, Q=—4.91 and —5.10 Mev, was obtained using the sum [j:(¢R) ?+[js(¢R) P. The 
best fit by odd-order spherical Bessel functions is consistent with the assignment of negative parity to 


both the 4.91- and 5.10-Mev levels. 


INTRODUCTION 


HIS investigation is the most recent part of a 

program to study the scattering of 19-Mev 
alpha particles from light and medium heavy nuclei. 
The differential scattering cross section of C, O, S, Ne, 
Al, Cu, and Ag have been discussed in earlier reports.’ 
Here are reported the angular distributions of alpha 
particles scattered elastically and inelastically from N™ 
nuclei. The levels of N™ studied by inelastic scattering 
are the (1+) 3.95-Mev state and the (0—) 4.91-Mev and 
(2) 5.10-Mev unresolved doublet. The 0+, T=1 state 
at 2.31 Mev is only weakly excited by alpha-particle 
scattering. 

The experimental arrangement used in this work has 
been adequately described in references 2 and 4. The 
only improvement over the previous work is that a new 
analyzing slit system which defines the direction of the 
scattered alpha particles has been built and used. The 
alpha particles were detected in 100-micron F1 Ilford 
nuclear emulsion plates. These are placed every 2.5° 
from 10° to 170° except for 17.5°. At 17.5° slits are 
provided on each side of the beam for two monitor 
counters instead of the single monitor used previously. 

The energy of the incident beam was determined by 
measuring the energy of the alpha-particle beam from 
the cyclotron by a 55-deg analyzing magnet and then 
correcting for the energy lost in the Mylar entrance 
window and the nitrogen gas. This value was compared 
with the energy obtained from measurement of the 
residual range of the elastically scattered alpha particles 
in the photographic plates to which was added the 
energy lost in the exit gas and window. These measure- 
ments give 19.20+0.05 Mev for the energy at the 


{ Supported in part by the U. S. Atomic Energy Commission. 
This article is based on a portion of a doctoral thesis submitted 
by W. D. Ploughe to the faculty of Purdue University. A pre- 
liminary report has been given in Bull. Am. Phys. Soc. 4, 17 
(1959). 

* Now at Ohio State University, Columbus, Ohio 
E. Bleuler and D. J. Tendam, Phys. Rev. 99, 1605 (1955). 

L. Seidlitz, E. Bleuler, and D. J. Tendam, Phys. Rev. 110, 
682 (1958) (references to earlier work are cited therein). 

+O. H. Gailar, E. Bleuler, and D. J. Tendam, Phys. Rev. 112, 
1989 (1958). 

‘J. C. Corelli, E. Bleuler, and D. J. Tendam, Phys. Rev. 116, 
1184 (1959). 
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center of the gas chamber. The quoted error includes 
the 20-kev rms beam spread® due to the finite geometry 
of the entrance and exit slits of the analyzing magnet 
and the uncertainty in the energy losses. The target 
thickness varied from 20 kev at 90° to 120 kev at the 
extreme forward and backward angles. 


ELASTIC SCATTERING 


The angular distribution of the elastically scattered 
alpha particles is given by the dots in Fig. 1. The solid 
curve is a line drawn through the experimental points 
while the dashed line is the Rutherford differential 
cross section. The statistical accuracy of the experi- 
mental points is 6% or better. The second-order 
geometry and multiple-scattering corrections‘ have been 





o—e Experimental Curve 
-—— Rutherford Cross Section | 
—— Block Nucleus Diffraction Scattering | 








Fic. 1. N(a,a)N™ ground-state angular distribution showing 
the Rutherford scattering cross section by the dashed curve and 
the best-fit Blair curve for black-nucleus diffraction scattering 
by the dot-dashed curve. The interaction radius is 5.89 10~" cm. 

5 J. R. Priest, Doctor of Philosophy thesis, Purdue University, 
Lafayette, Indiana, June, 1960 (unpublished) 
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ELASTIC AND INELASTIC 
calculated at a number of points, and the total correc- 
tion was always less than 1%. This was considered to 
be negligible compared to the statistical inaccuracy. 
The absolute accuracy is +5% of the differential cross 
section. This arises from uncertainties in the total beam 
charge collected and in the knowledge of the geometrical 
factors. The angular position is known to +0.1°. 

The elastic angular distribution shows the oscillatory 
nature of the differential cross section as has been found 
in alpha particles elastically scattered from other light 
nuclei.*® The differential cross section for elastic 
scattering from a black nucleus may be expressed 
according to Blair?~® by 


do 
(1) 


J\(2kR ~~ 


= ar)| 


dQ 2kR sin3¢ 
In this equation k is the wave number of the alpha 
particle, and R, the interaction radius, is adjusted to 
fit the position of the minima. The dot-dashed curve of 
Fig. 1 is a plot of Eq. (1) with R=5.89X10-" cm. The 
value of the cross section given by Eq. (1) is consistently 
smaller than the measured cross section. At 40 Mev the 
experimental data of Yavin and Farwell® show good 
agreement at the maxima with Eq. (1) for angles less 
than 90° when the interaction radius is taken to be 
5.37X10-" cm. No interpretation has been given for 
the increase in cross section for angles greater than 
about 90°. 

In Fig. 2 the ratio o¢/or, where o.; is the elastic 
cross section and op is the Rutherford cross section, is 
shown for a number of nuclei. This is the same as Fig. 
16 of Corelli ef al.4 with the addition of the nitrogen 
data. For the light nuclei a general rise in the backward 
direction is observed. The lower the atomic number, 
the higher is this increase. There is, however, a remark- 
able difference between the angular distributions for 
spin-zero nuclei and those for N™“ and Al’, For the 
even-even nuclei investigated, a pronounced oscillatory 
pattern is superimposed on the general rise at large 
angles, whereas nitrogen shows only very slight oscil- 
lations and aluminum a somewhat irregular behavior. 
It would seem that the usual central optical potential!” 
could not explain this difference in the angular distri- 
butions. 

The angular distributions of elastically scattered 
18-Mev alpha particles by C”, O'*, and Ne*® have been 
fitted with Eq. (1) and yield values of 6.31 10-" cm, 
5.76 10-" cm, and 6.1110-" cm, respectively, for 


6 A. I. Yavin and G. W. Farwell, Nuclear Phys. 12, 1 (1959). 

‘J. S. Blair, in Proceeding of the International Conference on 
Nuclear Structure, edited by D. A. Bromley and E. W. Vogt 
(University of Toronto Press, Toronto, 1960), p. 824. 

8 J. S. Blair, Phys. Rev. 115, 928 (1959). 

'J. S. Blair, G. W. Farwell, and D. K. McDaniels, Nuclear 
Phys. 17, 641 (1960). 

0 G. Igo, Phys. Rev. 115, 1665 (1959). 
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the radii." These values are comparable with the value 
of 5.89 10-" cm obtained for N“. An explanation for 
the increase of the interaction radius for A<16 has 
yet to be given. 


INELASTIC SCATTERING 


The angular distribution of the alpha particles 
inelastically scattered from N", leaving the residual 
N* nucleus in the (1+) 3.95-Mev excited state, is shown 
in Fig. 3. The errors associated with the points are 
shown in the figure. The main contributions come from 
statistical errors, less than 10%, and the subtraction 
of the background. The background subtraction was 
particularly difficult at the extreme forward angles. 
Following Austern, Butler, and McManus,” since 
Blair’ does not treat the case of odd-odd nuclei, the 
data were fitted with 


da/dQ« >", A iLjr(qR) F, (2) 


where q=k,—k,, R is adjusted to fit the observed 


C(18.0 Mev) 
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Fic. 2. Ratio of the elastic scattering cross section to the 
Rutherford cross section at 18 to 19 Mev for a number of light 
elements. 
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''R. N. Mathur, Purdue Research Foundation Progress Report 
No. 10, Atomic Energy Commission Report TID-6074, 1960 
(unpublished). 

2,N. Austern, S. T. Butler, and H. McManus, Phys. Rev. 92, 
350 (1953). 
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Fic. 3. N'4(a,a)N™* (3.95 Mev) angular distribution showing 


the [j:(¢R) F fit. The solid curve is for /=2 and R=5.9X10-* cm, 
and the dashed curve is for /=0 and R=6.5X10-" cm. 


minima, and / is given by the inequality 
JitT5| min<l< IAT. (3) 


With the additional requirement that / must be odd or 
even according to whether a parity change does or does 
not exist between the initial and the final state, /=0 
or 2 is allowed for the transition from the (1+) ground 
state to the (1+) 3.95-Mev second excited state. The 
solid curve of Fig. 3 is for /=2 and R=5.9X10-" cm 
while the dashed curve corresponds to the values of 
l=0 and R=6.5X10-" cm. It is evident from Fig. 3 
that /=2, without any contribution from /=0, gives 
a reasonable fit to the data. 

The experimental techniques used were not capable 
of resolving the 4.91-5.10 Mev doublet. The angular 
distribution of alpha particles which leave the N"™ 
nucleus in one of these states is shown in Fig. 4. As- 
suming the spins and parities of the 4.91- and 5.10-Mev 
states to be given by 0~ and 2-, respectively," the 
allowed / values are /=1 for the 4.91-Mev level and 
/=1 and 3 for the 5.10-Mev level. Thus the angular 
distribution given by Eq. (2), using the previously 
determined R=5.9X10-" cm, should be a sum over 
1=1 and 3. The sum (using equal coefficients) is shown 
by the dot-dashed curve in Fig. 4. 

However, there is some doubt about the negative 
parity assignment to the 5.10-Mev level." If the 

13. K. Warburton and W. T. Pinkston, Phys. Rev. 118, 733 
(1960). 

4C. Broude, L. L. Green, J. 


J. Single, and J. C. Wellimott, 
Phil. Mag. 2, 1006 (1957). 
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Fic. 4. N"4(a,a)N™*, (4.91—5.10 Mev unresolved doublet) angular 
distribution showing the attempted fit with 2A, j:(¢R) P. The 
dashed curve is for /=1 and 2, and the dot-dashed curve is for 
l=1 and 3. The coefficients are taken to be equal 


parity should be positive, then /=2 is allowed, and 
the angular distribution is given by summing Eq. (2) 
over 1 and 2. This is shown by the dashed curve of 
Fig. 4 where the coefficients are again taken to be 
equal. Comparison of the two cases shows the data not 
to be inconsistent with the preferred assignment of 
negative parity given by Warburton and Pinkston.” 

Evidence was sought for the alpha-particle excitation 
of the (0+, T=1) 2.31-Mev level which is forbidden 
both by conservation of isotopic spin and by Eq. (3), 
i.e., 1 forbidden. Careful investigation at 72.5° (lab) 
indicate that the intensity of the 2.31-Mev state is 
less than 5% of that of the 3.95-Mev state at the same 
angle. However, the evidence at 10° (lab) indicates 
that here the intensity of the two states might be 
comparable. The low intensity of these groups compared 
to the elastic scattering at this angle does not permit 
unambiguous interpretation by the experimental tech- 
nique used. 
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The neutron cross-section data from 350 to 630 kev show 71 
peaks, consisting of a relatively small number of large peaks and 
many small peaks. Each of the previously known large peaks was 
resolved into two or more components. The analyses show a few 
s-wave levels, a small number of p-wave levels, and a large number 
of d- and f-wave levels. For all of the levels of Na™ up to 630 kev, 
a plot of the number of levels having energies < EZ, as a function 
of the neutron energy EZ, shows an essentially linear distribution. 
The distribution of the angular momenta is in agreement with the 
theoretical distribution for a value of ¢=1.8. The level spacings 


1. INTRODUCTION 


HE virtual nuclear energy levels of Na** have been 

investigated up to 630 kev by the Na™(n,m) 
process. Because of the profusion of levels observed 
the paper was divided into parts. Only the levels in the 
region from about 1-350 kev were discussed in the first 
paper.' Previously, Stelson and Preston? studied the 
level structure of Na*™* from about 0.12-1 Mev by use 
of wide neutron energy spreads and found a number of 
large peaks. As reported in the first paper on the present 
investigation, each of these large peaks below 350 kev 
could be resolved into two or more components and 
many narrower peaks were found between these large 
ones. The present paper extends this study over the 
range from 350-630 kev. All energies in this report are 
energies of the incident neutrons in the laboratory 
system unless otherwise noted. 


2. EXPERIMENTAL METHOD 


The experimental techniques and procedures are the 
same as those previously used and described in detail 
in other publications.'** As before, the Li’(p,) re- 
action was used to produce nearly monoenergetic neu- 
trons of variable energy. Protons of well-defined energy 
were produced by the Argonne Van de Graaff accelera- 
tor. The same samples of high-purity sodium metal used 
for measurements up to 350 kev! were also used for the 
present measurements. While the resonances below 350 
kev! were under investigation, the flat-detection meas- 
urements! were made up to about 500 kev by use of 
neutrons emitted at an angle of 120° with respect to the 
direction of the proton beam. For these measurements, 
the neutron beam to the counter was defined by a 
collimator having a slit 1} in. high and } in.’ wide. 


*For preliminary results of these measurements on Na*, see 
C. T. Hibdon, Bull. Am. Phys. Soc. 4, 404 (1959); 5, 295 (1960). 

+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1C, T. Hibdon, Phys. Rev. 118, 514 (1960). 

2 P. H. Stelson and W. M. Preston, Phys. Rev. 88, 1354 (1952). 

3C. T. Hibdon, Phys. Rev. 108, 414 (1957). 

*C. T. Hibdon, Phys. Rev. 114, 179 (1959). 
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appear to agree with an exponential distribution. For the reduced 
neutron widths, the results appear to agree equally well with the 
exponential and Porter-Thomas distributions. The strength func- 
tion obtained from the reduced widths has an average value of 
0.045 for both values of J for /=0 and an average value of 0.37 
for all values of J for 1=1. For higher values of J, the strength 
function is too large. An expression developed for the distribution 
of the levels above the ground state tends to agree with the data 
for a value of 0.50 Mev for 4, the average level spacing of the 
nucleons in the nucleus. 


Many narrow levels were further studied by use of an 
entrance slit $ in. wide. The entrance to the collimator 
was placed 13 in. from the neutron source. Because of 
the presence of so many peaks between 350 and 500 kev, 
this region was re-investigated by self-detection. For 
these self-detection measurements and for all measure- 
ments above 500 kev, neutrons emitted in the direction 
of the proton beam were used for the following reasons: 
(1) The higher counting rates obtainable are especially 
needed for self-detection measurements; (2) up to 
about 640 kev,® the beam of neutrons at 0° is free of 
the second group of low-energy neutrons that arises 
from the formation of the residual nucleus Be’ in the 
430-kev state; and (3) neutrons of a given energy are 
produced at a lower accelerator voltage at 0° than at 
large angles of emission ; so the deuterons contaminating 
the proton beam are less energetic, and, therefore add 
fewer and less energetic neutrons to the background. 
On the other hand, one is beset with a larger neutron 
energy spread because, for a given lithium target, the 
neutron energy spread at 0° is approximately twice that 
at 120°. This, however, is offset to some degree by the 
fact that the neutron energy is almost independent of 
angle near 0° but is strongly dependent at 120°. For all 
measurements at 0°, the entrance aperture of the col- 
limator through which the neutrons reached the de- 
tector had a diameter of 0.3 in. and was located about 
11 in. from the source of neutrons. All self-detection 
measurements were made by use of a sodium metal 
scattering sample 800 mils thick placed in the neutron 
counter (see Fig. 1 of reference 3). Flat-detection meas- 
urements were made by use of a Lucite scattering 
sample 6 in. long. Above about 400 kev, a graphite 
scattering sample 6 in. long was used. Transmission 
samples of different thicknesses were used to maintain 
a transmission of 50% to 60%. 

During these measurements, lithium targets ranging 
from 0.6~-0.8 kev in thickness (determined by the rise- 


5A. S. Langsdorf, Jr., J. E. Monahan, and W. A. Reardon, 
Argonne National Laboratory Topical Rept. ANL-5219, Argonne, 
Illinois, 1954 (unpublished) ; A. B. Smith (private communication). 
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curve method®) were used. Each day a target of lithium 
metal was evaporated in vacuum onto the 10-mil 
tantalum end cap of the rotating target assembly.’ 
[ Note added in proof. This target is cooled by a blast of 
air. The backing does not contribute appreciably to the 
background, as shown by the fact that the background 
does not change as the threshold of the reaction is 
crossed. | The voltage scale of the generator is based on 
the Li’(p,”) threshold which is taken to be 1.882 Mev. 
Daily calibrations for the series of targets were almost 
identical. The energy spread of the neutrons was esti- 
mated by the rise-curve method outlined in reference 3; 
but this is done at threshold and the spread is known to 
increase with neutron energy. Therefore, the over-all 
resolution is unknown in the region under study, and no 
level is sufficiently narrow and well isolated to be used in 
measuring the spread. However, the degree to which 
the many overlapping and interfering levels are resolved 
indicates that the spread in neutron energy is not 
excessive. Some narrow levels were resolved to con- 
siderably higher peak values (and the valleys between 
them were deeper) by self-detection than by flat de- 
tection. This effect is evident for such peaks as Nos. 70, 
72, 77, 78, 80, 85, 96, 98, 121, and 133. This indicates 
that their true widths must be near or less than the 
over-all neutron energy spread. The overlapping wings 
of other neighboring levels prevent a detailed study of 
any of these levels to obtain an estimate of the over-all 


neutron energy spread; but the degree to which these 
levels are resolved indicates that the effective spread in 
neutron energy is less than one kev for self-detection 
measurements. 


The data shown in the various figures are the raw 
data with no corrections applied other than background? 
and small normalizations to the monitor (long counter). 
The monitor was placed about 50 in. from the lithium 
target in the direction of the proton beam when meas- 
urements were made at 120°, and about 30° from the 
direction of the proton beam when the measurements 
were made at 0°. [Note added in proof. The method of 
determining the background is described on p. 415 of 
reference 2 and was found to be unaffected by the pres- 
ence of the wheels carrying the samples. | 

The in-scattering of neutrons by the sodium samples 
and their containers was investigated for 625-kev 
neutrons. Figure 1 shows the results obtained for three 
different samples of sodium. The relative counting rates, 
corrected for background, are shown for various posi- 
tions of these samples. Since these curves are horizontal 
straight lines, no change occurs in the in-scattering and 
one may place the samples at any point shown in Fig. 1. 
The points represented by crosses indicate the positions 
at which the samples were placed for neutron cross- 
section measurements. No corrections were applied for 
in-scattering nor for multiple scattering. 


6A. O. Hanson, R. F. Taschek, and J. H. Williams, Revs. 
Modern Phys. 21, 635 (1949) 
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Fic. 1. In-scattering of 625-kevy neutrons by sodium samples 
and containers. Sample thickness: (A) 1.00 in., (B) 2.00 in., and 
(C) 3.00 in. The crosses indicate the positions of samples for neu 
tron cross-section measurements. Statistical errors are approxi 
mately the diameters of the circles 


3. EXPERIMENTAL RESULTS 


The observed neutron total-cross-section data from 
350 to about 630 kev are shown in Figs. 3, 5, 7, 10, 11, 
and 13. Open circles are used to indicate the points 
obtained by flat detection and solid circles the points 
obtained by self-detection. In this region 71 peaks were 
observed and, when combined with the previous data! 
up to 350 kev, this brings the total to 157 peaks in the 
region from about 1 to 630 kev for an average level 
spacing of approximately 4 kev for all levels. An ex- 
amination of the data shows that many features in 
the data! below 350 kev appear to continue in this 
region. Variations in the cross section show that a 
complicated level structure for Na*™ continues on up to 
630 kev. Because of the observable features of the data, 
one expects a profusion of p-, d-, and /f-wave levels 
(J=1, 2, 3) in this region and an assortment of values 
for the angular momentum J. Relatively few of the 
peaks appear to be s wave (/=0), identifiable by their 
asymmetrical shapes and the presence of deep minima 
on their low-energy sides. It is of particular interest to 
note that the very wide peaks observed by Stelson and 
Preston? are clusters of peaks. (1) The large peak ob- 
served by them just below 400 kev is composed of 
many peaks. A number of these in the region from about 
385-405 kev appear to have high values of J. (2) The 
large peak near 450 kev consists of two peaks with 
others in their wings. (3) The very wide s-wave peak 
near 540 kev is an s-wave level (No. 114) but is much 
narrower than the value given by Stelson and Preston. 
A cluster of peaks (Nos. 111, 112, and 113) is located 
near its minimum and a multitude of peaks exist in its 
high-energy wing. (4) A large peak near 600 kev per- 
sists but many smaller peaks are present in both wings. 

It is desirable to know whether a general missing of 
levels begins in the high-energy region and, if so, to 
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what extent the levels are missed. A knowledge of the 
distribution of the level spacings, whether the levels 
occur at random or at regular intervals, is also of 
interest both for practical purposes and for a comparison 
with the theory of nuclear structure. Figure 2 shows a 
plot of the distribution of the levels in which the 
number of levels with energies <£, is plotted as a 
function of the neutron energy £,, for all levels up to 
630 kev. This distribution exhibits the following char- 
acteristics: (1) There is no downward curvature to 
indicate a general missing of levels in the high-energy 
region; (2) the observed levels are spaced somewhat at 
random—not at equal intervals; (3) the plot does, 
however, show a general trend toward a linear dis- 
tribution, the fluctuations about this line presumably 
resulting in part from irregularities introduced by miss- 
ing some levels too narrow to be resolved. In addition, 
the element of randomness in level spacings expected 
from any appropriate model of the nucleus would intro- 
duce irregularities in the distribution. One should then 
expect the plot to show some deviations from a linear 
distribution. 


4. ANALYSES OF THE RESONANCE LEVELS 
A. Preliminary Topics 


Certain limitations are inherent in the determination 
of the parameters of the levels. Values assigned to these 
parameters depend on the degree to which the levels 
were resolved. The density of levels is so great that 
one must try to take account of the many overlapping 
and interfering wings of the levels. No level can be 
treated as a well-isolated level. The interaction of the 
neutrons with the nuclei are taken to be predominantly 
elastic scattering. However, in the presence of other 
processes, such as (#,p), (m,a), (m,y), or inelastic scat- 
tering, only lower limits can be placed on the values 
of J. Because of their large negative Q values,’ the 
(n,p) and (n,a) reactions cannot occur in this energy 
range. Recent measurements of the (m,7) process by 
Cubitt and Bame’ show broad maxima near 300 and 
600 kev. Each maximum exhibits a peak height of less 
than a millibarn, so this process can also be omitted in 
the present analyses. Inelastic scattering is not com- 
pletely negligible but measurements’ of this cross section 
up to an epgergy above 800 kev show peaks beginning 
at 482 kev no peak has a cross section above about 
240 millibarns. It then appears that the resonances of 
sodium in this energy region may be treated as elastic 
scattering resonances. 

7S. J. Bame and R. L. Cubitt, Phys. Rev. 113, 256 (1959). 

8H. J. Hausman, J. E. Monahan, F. P. Mooring, and S. Raboy, 
Bull. Am. Phys. Soc. 1, 56 (1956); J. E. Monahan, F. P. Mooring, 
and S. Raboy, Argonne National Laboratory Rept. ANL-5609, 


Argonne, Illinois, 1956 (unpublished), p. 106; and private 
communication. 
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B. Potential Scattering o, and the 
Method of Analysis 


A value of the potential scattering o, that is reason- 
ably close to its true value must be determined before 
an analysis of the levels can be performed. However, 
a» cannot be determined directly from the data since 
none are free of contributions from the wings of one or 
more levels. The depth of the minimum of the large 
s-wave level No. 114, if known, would provide an 
excellent and most straightforward method of deter- 
mining a fairly unambiguous value of o, because the 
value of J is easily shown to be 2 for this level; but the 
depth of the minimum of this level cannot be deter- 
mined because of the presence of peaks Nos. 111, 112, 
and 113 at or near this minimum. The region between 
490 and 530 kev does exhibit the least number of levels, 
but the low-energy wing of the large s-wave level No. 
114 extends into and beyond this region and, therefore, 
depresses the cross section everywhere in this region. 
On the other hand, the wings of other levels also extend 
into this region and offset this depression to some extent. 
There is no other region so free of levels and, therefore, 
the best indication of ¢, comes from this region and 
indicates a value in the neighborhood of 2 barns, which 
is close to the theoretical value obtained from op 
=>" ,(2/+1)4r%? sin’5,, where 59=R/A and R=rA}. 
The value of ro is assumed to be 0.14 10-" cm. In the 
region below 350 kev, it was found that the theoretical 
value of o, appeared to be as good a value as one could 
expect.' It will also be assumed for the present analyses. 

The method of analysis is the same as that used for 
the region below 350 kev.' For some levels, estimated 
parameters were used to obtain single-level plots which 
approximately fit the data. The parameters were then 
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curve method®) were used. Each day a target of lithium 
metal was evaporated in vacuum onto the 10-mil 
tantalum end cap of the rotating target assembly.* 
[ Note added in proof. This target is cooled by a blast of 
air. The backing does not contribute appreciably to the 
background, as shown by the fact that the background 
does not change as the threshold of the reaction is 
crossed. | The voltage scale of the generator is based on 
the Li’(p,”) threshold which is taken to be 1.882 Mev. 
Daily calibrations for the series of targets were almost 
identical. The energy spread of the neutrons was esti- 
mated by the rise-curve method outlined in reference 3; 
but this is done at threshold and the spread is known to 
increase with neutron energy. Therefore, the over-all 
resolution is unknown in the region under study, and no 
level is sufficiently narrow and well isolated to be used in 
measuring the spread. However, the degree to which 
the many overlapping and interfering levels are resolved 
indicates that the spread in neutron energy is not 
excessive. Some narrow levels were resolved to con- 
siderably higher peak values (and the valleys between 
them were deeper) by self-detection than by flat de- 
tection. This effect is evident for such peaks as Nos. 70, 
72, 77, 78, 80, 85, 96, 98, 121, and 133. This indicates 
that their true widths must be near or less than the 
over-all neutron energy spread. The overlapping wings 
of other neighboring levels prevent a detailed study of 
any of these levels to obtain an estimate of the over-all 
neutron energy spread; but the degree to which these 
levels are resolved indicates that the effective spread in 
neutron energy is less than one kev for self-detection 
measurements. 

The data shown in the various figures are the raw 
data with no corrections applied other than background?® 
and small normalizations to the monitor (long counter). 
The monitor was placed about 50 in. from the lithium 
target in the direction of the proton beam when meas- 
urements were made at 120°, and about 30° from the 
direction of the proton beam when the measurements 
were made at 0°. [Note added in proof. The method of 
determining the background is described on p. 415 of 
reference 2 and was found to be unaffected by the pres- 
ence of the wheels carrying the samples. ] 

The in-scattering of neutrons by the sodium samples 
and their containers was investigated for 625-kev 
neutrons. Figure 1 shows the results obtained for three 
different samples of sodium. The relative counting rates, 
corrected for background, are shown for various posi- 
tions of these samples. Since these curves are horizontal 
straight lines, no change occurs in the in-scattering and 
one may place the samples at any point shown in Fig. 1. 
The points represented by crosses indicate the positions 
at which the samples were placed for neutron cross- 
section measurements. No corrections were applied for 
in-scattering nor for multiple scattering. 

6A. O. Hanson, R. F. Taschek, and J. H. Williams, Revs. 
Modern Phys. 21, 635 (1949). 
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Fic. 1. In-scattering of 625-kev neutrons by sodium samples 
and containers. Sample thickness. (A) 1.00 in., (B) 2.00 in., and 
(C) 3.00 in. The crosses indicate the positions of samples for neu 
tron cross-section measurements. Statistical errors are approxi 
mately the diameters of the circles 


3. EXPERIMENTAL RESULTS 


The observed neutron total-cross-section data from 
350 to about 630 kev are shown in Figs. 3, 5, 7, 10, 11, 
and 13. Open circles are used to indicate the points 
obtained by flat detection and solid circles the points 
obtained by self-detection. In this region 71 peaks were 
observed and, when combined with the previous data! 
up to 350 kev, this brings the total to 157 peaks in the 
region from about 1 to 630 kev for an average level 
spacing of approximately 4 kev for all levels. An ex- 
amination of the data shows that many features in 
the data’ below 350 kev appear to continue in this 
region. Variations in the cross section show that a 
complicated level structure for Na*™ continues on up to 
630 kev. Because of the observable features of the data, 
one expects a profusion of p-, d-, and /-wave levels 
(1=1, 2, 3) in this region and an assortment of values 
for the angular momentum /. Relatively few of the 
peaks appear to be s wave (/=0), identifiable by their 
asymmetrical shapes and the presence of deep minima 
on their low-energy sides. It is of particular interest to 
note that the very wide peaks observed by Stelson and 
Preston? are clusters of peaks. (1) The large peak ob- 
served by them just below 400 kev is composed of 
many peaks. A number of these in the region from about 
385-405 kev appear to have high values of J. (2) The 
large peak near 450 kev consists of two peaks with 
others in their wings. (3) The very wide s-wave peak 
near 540 kev is an s-wave level (No. 114) but is much 
narrower than the value given by Stelson and Preston. 
A cluster of peaks (Nos. 111, 112, and 113) is located 
near its minimum and a multitude of peaks exist in its 
high-energy wing. (4) A large peak near 600 kev per- 
sists but many smaller peaks are present in both wings. 

It is desirable to know whether a general missing of 
levels begins in the high-energy region and, if so, to 
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what extent the levels are missed. A knowledge of the 
distribution of the level spacings, whether the levels 
occur at random or at regular intervals, is also of 
interest both for practical purposes and for a comparison 
with the theory of nuclear structure. Figure 2 shows a 
plot of the distribution of the levels in which the 
number of levels with energies <£, is plotted as a 
function of the neutron energy £,, for all levels up to 
630 kev. This distribution exhibits the following char- 
acteristics: (1) There is no downward curvature to 
indicate a general missing of levels in the high-energy 
region; (2) the observed levels are spaced somewhat at 
random—not at equal intervals; (3) the plot does, 
however, show a general trend toward a linear dis- 
tribution, the fluctuations about this line presumably 
resulting in part from irregularities introduced by miss- 
ing some levels too narrow to be resolved. In addition, 
the element of randomness in level spacings expected 
from any appropriate model of the nucleus would intro- 
duce irregularities in the distribution. One should then 
expect the plot to show some deviations from a linear 
distribution. 


4. ANALYSES OF THE RESONANCE LEVELS 
A. Preliminary Topics 


Certain limitations are inherent in the determination 
of the parameters of the levels. Values assigned to these 
parameters depend on the degree to which the levels 
were resolved. The density of levels is so great that 
one must try to take account of the many overlapping 
and interfering wings of the levels. No level can be 
treated as a well-isolated level. The interaction of the 
neutrons with the nuclei are taken to be predominantly 
elastic scattering. However, in the presence of other 
processes, such as (n,p), (,a), (m,y), or inelastic scat- 
tering, only lower limits can be placed on the values 
of J. Because of their large negative Q values,? the 
(n,p) and (n,@) reactions cannot occur in this energy 
range. Recent measurements of the (m,y) process by 
Cubitt and Bame’ show broad maxima near 300 and 
600 kev. Each maximum exhibits a peak height of less 
than a millibarn, so this process can also be omitted in 
the present analyses. Inelastic scattering is not com- 
pletely negligible but measurements‘ of this cross section 
up to an energy above 800 kev show peaks beginning 
at 482 kev, but no peak has a cross section above about 
240 millibarns. It then appears that the resonances of 
sodium in this energy region may be treated as elastic 
scattering resonances. 

7S. J. Bame and R. L. Cubitt, Phys. Rev. 113, 256 (1959). 

8H. J. Hausman, J. E. Monahan, F. P. Mooring, and S. Raboy, 
Bull. Am. Phys. Soc. 1, 56 (1956); J. E. Monahan, F. P. Mooring, 
and S. Raboy, Argonne National Laboratory Rept. ANL-5609, 


Argonne, Illinois, 1956 (unpublished), p. 106; and private 
communication. 
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B. Potential Scattering «, and the 
Method of Analysis 


A value of the potential scattering o, that is reason- 
ably close to its true value must be determined before 
an analysis of the levels can be performed. However, 
a» cannot be determined directly from the data since 
none are free of contributions from the wings of one or 
more levels. The depth of the minimum of the large 
s-wave level No. 114, if known, would provide an 
excellent and most straightforward method of deter- 
mining a fairly unambiguous value of o, because the 
value of J is easily shown to be 2 for this level; but the 
depth of the minimum of this level cannot be deter- 
mined because of the presence of peaks Nos. 111, 112, 
and 113 at or near this minimum. The region between 
490 and 530 kev does exhibit the least number of levels, 
but the low-energy wing of the large s-wave level No. 
114 extends into and beyond this region and, therefore, 
depresses the cross section everywhere in this region. 
On the other hand, the wings of other levels also extend 
into this region and offset this depression to some extent. 
There is no other region so free of levels and, therefore, 
the best indication of ¢, comes from this region and 
indicates a value in the neighborhood of 2 barns, which 
is close to the theoretical value obtained from op 
=> ,(2/+1)4rX sin’5;, where 59>=R/A and R=nA}. 
The value of ro is assumed to be 0.14 10-" cm. In the 
region below 350 kev, it was found that the theoretical 
value of o, appeared to be as good a value as one could 
expect.' It will also be assumed for the present analyses. 

The method of analysis is the same as that used for 
the region below 350 kev.'! For some levels, estimated 
parameters were used to obtain single-level plots which 
approximately fit the data. The parameters were then 
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repeatedly revised until a best fit was obtained. By a 
“‘peeling-off”’ process the analyses could then be con- 
tinued. Because of the density of levels, this process 


proved to be successful in only a limited number of 
cases. Sometimes the plots of several levels considered 
simultaneously provided better fits for the data. Many 
multiple-level plots were necessary, and finally, for 


most groups of levels, a combination of single-level 
plots for some levels and muitiple-level plots for others 
turned out to be a better approach. Many repetitions 
in the analyses are avoidable by first removing the ex- 
tensive wings of recognizable s-wave levels. If, in the 
course of analysis, additional s-wave levels are de- 
tected, these levels are combined with other s-wave 
levels for a final check. Then pertinent analyses up to 
that point are repeated. Assignments were made to the 
highest values of J that are consistent with the data. 
Fortunately, the many tedious calculations needed were 
performed by the Applied Mathematics Division on the 
IBM-704 and GEORGE computers. [Vole added in 
proof. The tabulated values of I’, and £, in Table I are 
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the values for which the computer program gave a best 
fit to the experimental points, the best fit being deter- 
mined by visual comparison. The equations on which 
the program is based are given in reference 4, p. 182 
where Eq. (3) is used for single-level plots and Eq. (2) 
for multiple-level plots. The variation of the width I, 
Pry? 
af ryl 


so that the wings of the levels may be extended as far 


with energy is included in accordance with I, 


as needed. The quantity P; is the penetrability factor 
given by Po=x, P,=2°/(x*+1), etc., with «=R/X. 
Considerable thought has been given the problem of 
correlating the two types of data obtained by flat- and 
self-detection and the neutron energy spread in an effort 
to obtain an analytical method for determining the cor- 
rect value of J for narrow levels. This method is quite 
involved and when completed will constitute a separate 
paper. However, in its approximate form, applicable 
only at the peaks of levels, it has been applied to the 
narrow levels in the present work and agrees with the 
J-value assignments. In applying the method, correc- 
tions were made for the wings of nearby levels. | 


Taste I. Summary of the levels of Na™ (from 350-630 kev) derived from neutron reactions with Na*. The parameters J, T 
and / are probable values obtained as a best fit to the data. The sample thickness used for self-detection measurements at the peaks 
of the resonances is given by N,. The sample thickness for flat detection is the same as J, for the wide resonances and up to 50% more 


for the narrow ones. 
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Fic. 3. Neutron total cross section of sodium from 350-400 kev. 
Open circles show data obtained by flat detection; solid circles 
data by self-detection. Curve (A) is a multiple-level plot of the 
s-wave levels that extend into this region. It includes the potential 
scattering. 


C. Analyses of the s-Wave Levels 


An analysis of a group of levels without regard for 
the influence of the wings of levels in other groups may 
lead to erroneous results. The wings of wide levels, 
particularly s-wave levels, often extend into the region 
of other groups of levels and appreciably elevate or 
depress the cross section in an entire region. In the 
present data a few peaks, such as Nos. 85, 90, 100, 104, 
and 114, appear to be s-wave levels with a value of 
J =2. Peak No. 114 is due to a relatively wide level and, 
therefore, its wings are expected to extend to large dis- 
tances. The wings of this level combined with the wings 
of the other s-wave levels may, then, extend into most 
of the regions of concern here. Further, the combined 
configuration of peaks Nos. 99 and 100 indicate that 
these peaks are attributable to a p- (or d-) and an 
s-wave level, respectively, because they exhibit a shape 
very similar to that of peaks Nos. 42 and 43, which 
have already been analyzed (see Fig. 15 of reference 1). 
Peak No. 99, is, then, located near the minimum of No. 
100. The relative positions of No. 99 and the minimum 
of No. 100 are such as to produce a distortion in the 


shape of 99. This distortion is clearly recognizable in 
Fig. 7. A provisional set of parameters for these two 
levels revealed that it is necessary to include the 
multiple-level plot of all pertinent s-wave levels along 
with the plots of other neighboring levels. The plot of 
the s-wave levels that provides the best fit is shown by 
curve (A) in Figs. 3, 5, 8, 10, 11, and 13. This curve is a 


combination of the potential scattering and the 
multiple-level plot of all of the s-wave levels from 300- 
630 kev. The level parameters of the various s-wave 
levels used to obtain this plot are listed in Table I of 
this paper and in Table I of reference 1. 


LEVELS OF Na? 
D. Analyses of the Resonance Levels 
from 350-445 kev 


In this region, many peaks of various heights and 
generally narrow widths were observed during measure- 
ments by flat detection. These data are shown in Figs. 3 
and 5 by open circles and were obtained by use of 
neutrons emitted at an angle of 120° with respect to the 
direction of the proton beam. Because of the narrow 
widths of these levels and the large level density, each 
level was restudied by self-detection. For this study, 
neutrons emitted in the direction of the proton beam 
were used to obtain a higher counting rate. These data 
are represented by solid circles in Figs. 3 and 5 and, 
for many of the levels, the peaks were much better re- 
solved (with poorer statistics) than they were by flat 
detection. The highest peaks cluster in the region around 
390-400 kev and, along with neighboring peaks, ac- 
count for the large peak observed near 395 kev by 
Stelson and Preston.? By subtracting curve (A) (po- 
tential scattering plus the wings of s-wave levels) from 
the data, one obtains the curves shown in Figs. 4 and 6, 
These curves, then, represent the only resonance con- 
tributions of the levels in this region. The loci of the 
single-level theoretical peak heights for J/=1, 2, 3, and 4 
are also included. 

Consider first the region from 350 to 405 kev, which 
is shown in Figs. 4 and 6. Apparently no s-wave levels 
are present in this region, since there are no clearly 
defined dips on the low-energy sides of the peaks and 
no peak appears to be clearly asymmetrical in shape. 
The solid curve, then, is composed of the resonance 
contributions of the many #- and d- (and possible f-) 
wave levels. There does not appear to be any way to 
begin a “‘peeling-off” process among this maze of levels, 














Fic. 4. Analyses of the levels of Na* from 350-395 kev. The 
points shown were obtained by subtracting curve (A) in Fig. 3 
from the data. The dashed curves are the theoretical plots ob- 
tained by use of the resonance parameters listed in Table I. The 
lines showing possible peak heights for J=1, 2, and 3 are for 
single-level peak heights and do not include the potential 
scattering. 
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Fic. 5. Neutron total cross section of sodium from 395-445 
kev. Open circles show data obtained by flat detection; solid 
circles data by self-detection. Curve (A) is a multiple-level plot 
of the s-wave levels that extend into this region and the s-wave 
resonance levels Nos. 85 and 90. It includes the potential 
scattering. 


and one must then resort to a trial and error process. 
The apparent relative widths of the peaks, their relative 
heights, and the depths of the minima between peaks, 
however, do indicate the following: (a) peaks Nos. 68, 
69, and 73 appear to be attributable to /=1; (b) peaks 
Nos. 70, 71, 72, 74, 75, 76, and 78 to J=2; and (c) peaks 
Nos. 77, 79, 80, and 81, to /=3. The peak heights of 
the last four definitely rule out a value of J=2 and the 


depths of the minima near 390 and 393 kev indicate 
mutual interference. The depths of the minima near 
399 and 402 kev also indicate mutual interference 
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Fic. 6. Analyses of the leveis of Na™ from 395-445 kev. The 
points shown were obtained by subtracting curve (A) in Fig. 5 
from the data. The various curves shown by broken lines are the 
theoretical plots for the best fits obtained. The lines showing the 
possible single-level peak heights for J from 1 to 4 do not include 
the potential scattering. 
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among peaks Nos. 82, 83, and 84 (Fig 6). The depth of 
the minimum between Nos. 81 and 82 and the spacing 
of nearly 4 kev indicate that mutual interference does 
not occur between these two levels. Therefore, the value 
of J is taken to be 4 for each of the peaks Nos. 82, 83, 
and 84. The reduced widths favor the values of / that 
are listed in Table I. The parameters of the various 
levels were adjusted repeatedly until the plots shown 
by broken lines in Figs. 4 and 6 were obtained. 

Two peaks (Nos. 85 and 90) of the remainder up to 
445 kev have already been assigned to s-wave levels 
(Fig. 5) with a value of /=2. Curve (A) in Fig. 5 shows 
a multiple-level plot of these and other s-wave levels 
above 300 kev. By subtracting this curve from the data, 
one obtains the curves shown in Fig. 6. In the region 
from about 410 to 420 kev, four peaks are present. The 
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Fic. 7. Neutron total cross section of sodium from 440-490 kev. 
Open circles show data obtained by flat detection; solid circles 
data by self-detection. Curve (A) is a single-level plot (including 
potential scattering) for resonance level No. 99. Points shown by 
crosses were obtained by making corrections to the self-detection 
data because of the minimum of the s-wave resonance No. 100. 


self-detection data definitely rule out a value of J/=1 
for ail of these four peaks. Because of their relative 
widths, the value of J is taken to be 2 for Nos. 86 and 
88 with /=2 and 3, respectively. Resonances Nos. 87 
and 89 are apparently narrower than Nos. 86 and 88 
and their peaks are higher. The value of J is then taken 
to be 3 with /=3 for these two peaks. It appears that 
peak No. 91 is attributable to an /-wave level with a 
value of J=1 and Nos. 92, 93, and 94 to f-wave levels 
with a value of J/=2. Moreover, the depths of the vari- 
ous minima indicate mutual interference for Nos. 92, 
93, and 94. The peak heights of Nos. 95, 96, and 97 
are too high for a value of /=2 for levels of these 
apparent widths. The value of J is, then, taken to be 3 
for each of these peaks. The depth of the minimum 
between Nos. 95 and 96 indicates mutual interference 
between this pair of levels. The spacing between Nos. 
96 and 97 is great enough that a deep minimum be- 
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tween these peaks would have been observed if it 
existed. Since none was observed, the value of / for 
No. 97 differs from the value for the other two levels. 
The width of No. 97 appears to be larger than the width 
of either of the other two levels. Therefore, the value of 
l is taken to be 2 for No. 97 and 3 for each of the other 
two. The curves shown by broken lines in Fig. 6 appear 
to provide the best fit for these levels. The parameters 
used to obtain these curves are shown in Table I. 


E. Analyses of the Resonance Levels 
from 445-480 kev 


The data for this region are shown in Fig. 7. From a 
casual examination of these data, one expects peaks 
Nos. 100 and 104 to be due to s-wave levels. The 
minimum of No. 100 appears to be located just below 
the peak of No. 99. The peak and low-energy wing of 
No. 99 are depressed to such an extent that the dis- 
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Fic. 8. Analyses of the levels of Na™ from 440-490 kev. The 
points shown were obtained by subtracting curve (A) in Fig. 7 
from the data. Curve A in Fig. 8 shows the multiple-level plot of 
the s-wave levels. The potential scattering is not included in any 
of these curves. 


tortion in the shape of this peak is clearly discernible 
in Fig. 7. The self-detection and flat-detection data 
both show this distortion. It was found by trial and 
error that a more direct approach to the analysis was 
to include the single-level plot of No. 99 with the plot 
of the s-wave levels. When the parameters of these 
levels are found, the various levels can then be “peeled- 
off” by beginning with No. 99. By subtracting the 
single-level plot of No. 99 [curve (A) in Fig. 7] from 
the data, one obtains the two parts of curve (B) in 
Fig. 8. In Fig. 8 the multiple-level plot of the s-wave 
levels is shown by curve (A). Only the resonance con- 
tributions are represented by this curve, because the 
potential scattering was included in curve (A) in Fig. 7. 
By subtracting curve (A) from curve (B) in Fig. 8, one 
obtains the three parts of curve (A) in Fig. 9. The ob- 
served peak heights of these d- and f-wave levels are 
reduced by the neutron energy spread which is expected 
to increase with energy. This was taken into account in 
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Fic. 9. A continuation of the analyses of the levels of Na™ 
from 440-490 kev. The points shown were obtained by the sub- 
tractions shown in Figs. 7 and 8. The dashed single- and multiple- 
level plots show the best fits for the resonance levels. The loci of 
the theoretical single-level peak heights are shown for various 
values of J. The potential scattering is not included in any of 
these curves. 


assigning values of J. The various plots, obtained by 
use of the parameters listed in Table I, are shown by 
dashed curves in Fig. 9. 


F. Analyses of the Resonance Levels 
from 480-525 kev 


The data in this region are shown in Fig. 10. Only a 
small number of levels occur in this region and, be- 
cause of their narrow widths, they are attributable to 
f-wave levels. Curve (A) shows the multiple-level plot 
of the wings of s-wave levels located in other regions, 














Fic. 10. Neutron total cross section of sodium from 480-525 
kev. Open circles show data obtained by flat detection; solid 
circles data by self-detection. Curve (A) is a multiple-level plot 
of the s-wave levels. The dashed curves show the analyses of the 
levels. 
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Fic. 11. Neutron total cross section of sodium from 525-577 
kev. The self-detection data are shown by solid circles; flat 
detection data by open circles. Curve (A) shows the multiple-level 
plot of the s-wave levels. 


No. 114 being the nearest one. The plots shown by 
dashed curves were obtained by use of the parameters 
listed in Table I. Because of the relatively large level 
spacings, only single-level plots are shown. 


G. Analyses of the Resonance Levels 
from 525-577 kev 


The data for this region are shown in Fig. 11. One 
large s-wave level, peak No. 114, is the predominant 
one. The analysis of this level has already been given 
and the multiple-level plot is shown by curve (A). By 
subtracting this curve from the data one obtains the 
two parts of curve (A) in Fig. 12. Because of the neu- 
tron energy spread and the relative widths and heights 
of the peaks in Fig. 12, the value of J is taken to be 3 
for Nos. 111, 112, and 113. An /-wave multiple-level 
plot is shown in Fig. 12 for the widths listed in Table I. 
The value of J is taken to be 2 for peaks Nos. 115, 116, 
and 117 and 3 for the remainder of the peaks in this 
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Fic. 12. Analyses of the levels of Na™ from 525-577 kev. The 
points shown were obtained by subtracting curve (A) in Fig. 11 
from the data. The dashed single- and multiple-level plots show 
the best fits for the resonance levels. The lines showing the possible 
yeak heights for the various values of J represent single-level 
feights. The potential scattering is not included in any of these 
curves. 
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region. A larger value of / is expected for No. 115 than 
for Nos. 116 and 117 for two reasons: (a) The width 
of No. 115 is much smaller than the widths of the other 
two; and (b) the depth and shape of the wide minimum 
between Nos. 115 and 116 do not indicate mutual inter- 
ference between this pair of levels. The widths of the 
levels appear to be too small for p-wave levels in this 
region. Therefore, the value of / is taken to be 3 for 
No. 115 and 2 for Nos. 116 and 117. The plots shown by 
dashed lines in Fig. 12 appear to agree with these 
assignments. Because of the depths of the various 
minima and apparent widths of the remainder of the 
levels in this region, the value of / is taken to be 3 for 
Nos. 118, 121, and 122 and 2 for the others. The various 
single- and multiple-level plots for these levels are 
shown by dashed curves in Fig. 12 and appear to agree 
with the assignments. 


H. Analyses of the Resonance Levels 
from 577-630 kev 


No peak in this group (Fig. 13) appears to exhibit 
a pronounced dip on its low-energy side nor the asym- 
metrical shape characteristic of an s-wave level. One, 
then, concludes that all of these levels are attributable 
to d- or f-wave levels. The high-energy wing of the s- 
wave level, peak No. 114, does, however, extend into 
this region and provides a background upon which the 
group sits. This background includes the potential 
scattering and is represented by curve (A) in Fig. 13. 
It is convenient to begin the analyses of this group 
with peak No. 129 because it is apparently the widest 
one and its wings are sufficiently well defined to obtain 
a width of 3.5 kev for a value of /=4. The single-level 
plot for /=2 is shown by curve (B) in Fig. 13. By sub- 
tracting curve (A) [and that part of curve (B) due to 
the resonance contribution of peak No. 129] from the 
data, one obtains the two parts of curve (A) in Fig. 14. 
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Fic. 13. Neutron total cross section of sodium from 576-630 
kev. Solid circles show the data obtained by self-detection; open 
circles the data by flat detection. Curve (A) is a multiple-level 
plot of the s-wave levels plus the potential scattering. Curve (B) 
is a single-level plot of the d-wave level No. 129 plus the potential 
scattering. 
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Figure 14 is, then, divided into two groups. In the 
first group up . 600 kev, the following assignments 
were made: (a) J=2(/=2) for No. 124; (b) J=3(/=2) 
for Nos. 125 a 126; and (c) J=4 (1=3) for Nos. 127 
and 128. The widths were determined by trial and 
error. Except for the region between peaks Nos. 126 
and 127, the various plots shown by dashed curves in 
Fig. 14 appear to agree with the assignments. The 
multiple-level plot for Nos. 125 and 126 also includes 
No. 123. Between Nos. 126 and 127, the data indicate 
the presence of an unresolved peak. By subtracting the 
multiple-level plots from the data, one obtains the 
points represented by crosses. The dashed curve for 
J=1,l=2 and [,=1.6 kev appears to agree with this 
small peak No. 126A. 

Above 600 kev the level structure is somewhat more 
complicated but the data do provide some helpful aids. 

) The low-energy wing of peak No. 130 is well defined 
and from this wing a width of 1.7 kev was estimated for 
J=3 and /=3. (b) The peak heights and relative widths 
indicate a value of J=4 for Nos. 131, 133, 135, and 136 
and a value of /=3. The widths were determined by 
trial and error and are tabulated in Table I. (c) The 
widths of Nos. 132 and 134 are wider and the value of 
J is taken to be 3 with /=3 and each has a width of 1.7 
kev. (d) The single-level plot for No. 137 was obtained 
for J=3, /=2 and [',=2.7 kev. 

Table I shows a summary of the parameters of the 
71 levels in this region. Table II shows the number of 
levels assigned to each value of J and their distribution 
among the various values of /. All of the levels of Na™ 
up to 630 kev are included (see the earlier report' for 
the levels up to 350 kev). This distribution and the 
values of I and / for the various levels are only as valid 
as the analyses. The parameters listed in Table I are 
those that appear to give a best fit to the data. 

There appear to be no really definite characteristics 
or rules that distinguish clearly between values of / 
for />0. A comparison of the measured reduced neutron 
width y? with the Wigner limit,®"” #?(uR?)~2.45 Mev 
for Na, may be used as a rough guide. However, in 
the present analyses this rough guide provides little 
real help, because the neutron widths of the levels for 
1=1, 2, or 3 are much less than the Wigner limit. The 


TABLE II. The number of levels and their distribution among 
the various values of the angular momentum J. The relative 
numbers are the ratios of the densities of levels to the density for 
J =1. All resonance levels of Na* up to 630 kev are included. 


J 0 1 2 3 4 


Number of levels 27 47 45 26 ‘ 12 
Relative numbers 0.57 0.96 0.55 0.26 


‘Cc. &. — R. G. Thomas, ‘Phys. Rev. 104, 483 (1956). 

wR. G. Thomas, Phys. Rev. 97, 224 (1955). The upper limit on 
7 is given by h?/ (wR?) ~40/R?, where R is expressed in units of 
10-3 cm and for Na* the limit is about 2.45 Mev. 
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Fic. 14. Analyses of the levels of Na™ from 576-630 kev. 
Points shown were obtained by subtracting curve (A) and the 
resonance component of curve (B) in Fig. 13 from the data. The 
dashed single- and multiple-level plots show the best fits for the 
resonance levels. Peak No. 126A “peeled-off”’ during the analyses. 


various peak heights, widths of levels, and depths of 
neighboring minima provide strong arguments for the 
presence of values of /=1, 2, and 3. To analyze the data 
one, then, must assign various values of / that will allow 
or exclude mutual interference. On this basis the assign- 
ments show the ratio of odd to even parities to be 
about 3 to 2. 


5. DISTRIBUTION OF THE ANGULAR MOMENTA 
AMONG THE NUCLEAR LEVELS 


For the single-particle model, Bloch gives the density 
of levels as a function of the total angular momentum 
J by the expression" 


p(U,J) 


= p(U){exp[—J?/20*]—exp[ — (J+1)*/207}}, (1) 


where p(U,/) is the density of all levels for the energy 
region in question and U is the excitation energy. The 
quantity 20° is given by some authors as 2cr or ar, 
where 7 is the so-called nuclear temperature. Equation 
(1) can be used to compute the ratios of the densities of 
levels for different values of J to the density for J=1. 
Plots of these ratios for three values of o are shown in 
Fig. 15. The experimental data for the relative numbers 
in Table II are shown in the plot by solid circles and for 
comparison the data for Al’* are shown by open circles. 
For Na*™, these data indicate a value of c= 1.8. 

For the constant a in the relation 2o7= a7, Cameron” 
gives the expression 


a=0.118145[1+3.0052 —4.0298/A*/*], (2) 


. Bloch, Phys. Rev. 93, 1094 (1954). See also H. A. Bethe, 
mee “Modern Phys. 9, 69 (1937), formula (301); J. M. B. Lang 
and K. J. LeCouteur, Proc. Phys. Soc. (London) A67, 586 (1954); 
T. D. Newton, Can. J. Phys. 34, 804 (1956). Note also that the 
expression for p(U,J) is often written in the approximate form 

e(U IEC 2J +1) /207] exp[— (J +4)?/20?]. 
. G. W. Cameron, Can. J. Phys. 37, 244 (1959). 
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Fic. 15. Distribution of the angular momenta among the 
resonance levels of Na*. Experimentally determined points are 
shown by solid circles. The experimental points for Al?8 are shown 
by open circles (see reference 4). The curves are plots of Eq. (1) 
for values of ¢=1.58, 1.73, and 1.80 


which for Na*™ is 3.2. This leads to r~2 Mev, which is 
close to the value* found for Al**. 
The level density p(U’) is given by Bloch" in the form 


. 


p(U)=[U (96r)! }* expla (2U/38)!], (3) 


where 6 is the average level spacing of the nucleons in 
the nucleus. From the present measurements, the experi- 
mentally determined density of all levels is p(U)=239 
Mev". For a mean value of U =7.3 Mev and the value 
1.8 obtained from the distribution of the angular 
momenta, one obtains a value of 5=0.40 Mev compared 
with an expected theoretical value’’ of about 0.50 Mev. 


of ¢ 


6. DISTRIBUTION IN THE SIZE OF 
THE NEUTRON WIDTHS 


The reduced widths obtained from the neutron widths 
of the levels by the relation’ y?=I,,/(2P1) were found 
to fluctuate violently among the levels of Na™ in a 
manner similar to the fluctuations of the reduced 
widths‘ of Al’*. It is expected that the reduced widths 
will obey the Porter-Thomas’ distribution a~! (exp—«/2) 
or possibly an exponential distribution e~*, where the 


ou, T 
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NUMBER OF LEVELS PER INTERVAL AX 


Fic. 16. Exponential distribution of the reduced 
neutron widths of Na”. 


18 A. A, Ross, Phys. Rev. 108, 720 (1957). 
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quantity «=~7"/(7")av is evaluated for a given J and 
parity and 7” and (y*)ay refer to a particular J and 
parity. In Fig. 16 the number of levels per interval Ax 
is plotted as a function of x for the present data for all 
of the levels of Na™ up to 630 kev. The straight line 
shown in the figure is an exponential plot drawn for 
c= 120, where c is the value of the proportionality con- 
stant in the equation y=c exp(—-x) and y is the number 
of levels per interval Ax. Figure 17 shows a plot of the 
same data for a The 
present data, then, appear to agree equally well with 
the exponential and Porter-Thomas distributions. It is 
important in nuclear theory and to nuclear engineering 
to know which of the two distributions, the one given 
by Porter and Thomas’ or the simpler exponential one, 
is more likely to be correct. Theoretical analyses’ show 
that the Porter-Thomas distribution is more reasonable 
on theoretical grounds and assign to the exponential 
distribution a small probability of being the correct one. 
A more accurate evaluation of the parameters of the 
levels may indicate a preference for 
distributions. 


Porter-Thomas distribution. 


one of the 


7. DISTRIBUTION OF THE LEVEL SPACINGS 


The fluctuation of individual level spacings relative 
to the mean has received considerable attention during 
recent years. (See reference 4 for a list of references to 
the original papers.) The simplest assumption, namely 
that levels occur completely at random, would lead to 
an exponential distribution 


N=k exp(—S), (4) 


where 8=S/D. The quantity S represents the individual 
level spacing and D the average level spacing. The 
quantity .V is the number of spacings per unit interval 
AS and & the total number of spacings. However, it was 
pointed out by Wigner‘ that, if one assumes a random 
distribution of the Hamiltonian matrix elements, then 
the levels of the same spin and parity repel each other. 


100-—— 
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Fic. 17. Porter-Thomas distribution of the reduced 
neutron widths of Na™. 
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For small values of S, the distribution should be pro- 
portional to SdS. Wigner surmised that the complete 
distribution would be given approximately by the 
expression 


N=km(8/2) exp(—78*/4). (S) 


In an attempt to see the level repulsion, the observed 
levels were separated into sequences, each belonging to 
a given spin and parity, and the mean spacing was 
computed separately for each sequence. The several 
distributions thus obtained were then combined into a 
single group in order to reduce statistical fluctuations. 
Figure 18 shows a plot of the number of spacings per 
interval AS=0.5 as a function of § for all of the levels 
of Na™ up to 630 kev. Solid circles represent the data 
and are located at the midpoints of the respective inter- 
vals. For comparison, the theoretical distributions given 
by Eqs. (4) and (5) are also shown in Fig. 18. The data 
are in closer agreement with the exponential distribu- 
tion than the Wigner surmise. Although the experi- 
mental distribution appears not to agree with the 
Wigner surmise, it should be noted that some levels 
very likely have been missed and the parameters of 
some levels misassigned. Such errors would tend to dis- 
tort the correct distribution into one similar to an 
exponential distribution. 


8. STRENGTH FUNCTIONS 


The strength function is given by the expression 
{y*)av/D, the ratiot of the average reduced neutron 
width to the average level spacing where the reduced 
neutron width 7?=I',/(2P;) and the level spacing are 
averaged for a given value of /. For the s-wave levels 
in the present data, the strength function averaged 
over both values of J is 0.045; and averaged over all 
values of J for the p-wave levels it is 0.37, which is 
approximately eight times as large as for the s-wave 
levels. These results agree with the model of Feshbach, 
Porter, and Weisskopf" who predict a p-wave maximum 
near A4=25 and a low value for s-wave levels for a 
nuclear well depth of 40 Mev. Moreover, the sum rule 
of Lane, Thomas, and Wigner" suggests that the sum 
of the reduced widths of a given group of levels in an 
energy interval comparable with the spacings of giant 
resonances for a given value of / should not exceed 
h®/(uR*). For the p-wave levels in the present measure- 
ments, this sum is 0.38 of the Wigner limit and further 
indicates that this interval of energy is near the maxi- 
mum for the strength function for /=1. Further, it 
should be noted that the strength function for the 
levels assigned to d-wave neutron interactions in the 
present measurements is 4.7 and that the sum of the 
reduced neutron widths far exceeds the Wigner limit. 


14H. Feshbach, C. E. Porter, and V. F. Weisskopf, Phys. Rev. 
96, 448 (1954). 

15 A. M. Lane, R. G. Thomas, and E. P. Wigner, Phys. Rev. 
98, 693 (1955). 
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Fic. 18. Distribution of the level spacings of Na™. 


This value of the strength function, is then, about 100 
times the value for s-wave levels, although the two 
values might be expected to be of the same order of 
magnitude since the levels are of even parity. It was 
also found that the strength function for the f-wave 
levels is about 15, which is many times as large as the 
value for the p-wave levels. The strength function for 
the f-wave levels might be expected to show a peak 
near the peak of the p-wave levels but it should not be 
expected to exceed it by so large a factor. The large 
values for the d- and /f-wave strength functions un- 
doubtedly are attributable to one or more of the follow- 
ing factors: (a) the assignment of too many levels to 
values of /=2 and 3; (b) a possible error in the expres- 
sion for the penetrability factors P: and P3; or (c) a 
strong dependence of the reduced neutron width on 1. 
The levels in this region are certainly expected to be 
composed of a number of d- and f-wave levels, so a 
very large error in the assignments would be necessary 
to account for the large values of the strength functions. 


9. DISTRIBUTION OF THE EXCITED 
NUCLEAR LEVELS 


Figure 2 shows a plot of the virtual nuclear levels of 
Na™ with energies <£, as a function of the neutron 
energy E,, but it is not known whether or not this 
curve would join on smoothly with a similar plot of 
the bound levels. Presumably, all of the bound levels 
have not been resolved and a discontinuity would be 
expected in the curve if the distribution shown in Fig. 2 
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Fic. 19.. Distribution of the nuclear energy levels of Al**. 
Curve (A) was obtained from Eq. (7) (times a factor of 1.8) for 


a value of 5=0.50 Mev and curve (B) for 5=0.60 Mev. The arrow 


indicates the binding energy, 7.723 Mev. 


included the bound levels. Then, in order to relate the 
number of virtual levels to the number of bound levels, 
one needs an expression for the total number of levels 
up to a given excitation energy U. The total number of 
levels in the energy interval from U, to U2 is given by 


the expression 
N(U) _ f ocunau, (6) 


where p(U) is the density of all levels in the energy 
interval. The theoretical number of levels, then, de- 
pends on the form of p(U’). It is well known that p(U) 
has an essentially exponential behavior and a number of 
expressions have been given for it. Here, the expression 
given by Bloch, Eq. (2) of the present paper, will be 
used. The integral, Eq. (6), then reduces to the form 


N(U)=2¢ | ins ax+ 


where «= U!, C=[o(96r)!}"', and a= x[2/ (36) ]!. The 
number of levels up to the excitation energy U, then, 
depends on the constant o, which is proportional to the 
nuclear temperature (assumed to be constant for each 
nucleus), and on 6, the average level spacing of the in- 
dividual nucleons in the nucleus. Because of the first 
term in Eq. (7), the summation over the levels cannot 
begin with the ground level, whose excitation energy is 
U=0, but instead must begin with some excited level. 
It was found that for a value of 6=0.50 Mev and a 
value of U as low as 0.10 kev, the value of V from 
Eq. (7) is a small negative number. By making this 
small correction for the lower limit, Eq. (7) should then 
reflect the distribution of all of the nuclear levels 
above the ground level for the proper values of 6 and o. 
If all of the bound levels of a nucleus were known up to 
say 5 Mev, a family of curves obtained from Eq. (7) 
would indicate the proper values of o and 6 for each 
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Fic. 20. Distribution of the 
Curve (A) was obtained from Eq. (7) (times a factor of 1.8) fora 
value of 6&=0.50 Mev and curve (B) for 6=0.60 Mev. The arrow 
indicates the binding energy, 6.956 Mev 


nucleus. Apparently, the number of levels that have 
been resolved for any one nucleus is insufficient for an 
evaluation of o and 6, but approximate values of these 
two constants for Na** and Al’* have been determined 
from the distribution of the angular momenta. 

Only about 20 of the bound levels'® of Na** appear 
to have been resolved and this is really too few to be of 
much use for this purpose. However, approximately 100 
bound levels’? are known for Al**. This is the largest 
number of bound levels known for any odd-odd nucleus 
in this region and is therefore the most suitable nucleus 
for a check of Eq. (7). Figure 19 shows the number of 
bound levels of Al’* plotted against U, which is expressed 
in the center-of-mass system. A plot of Eq. (7) for 
values of 6 of 0.50 or 0.60 Mev falls below the plot of 
the bound levels of Al?* and plots for smaller values of 
5 show steeper curves. It was found that a reasonable 
fit to the data, up to about 4 Mev, for 6=0.50 Mev 
occurs if Eq. (7) is multiplied by the constant 1.8. This 
plot is shown by curve (A) in Fig. 19. A similar plot is 
shown by curve (B) for 6=0.60 Mev. If curve (A) 
represents the correct distribution, it is evident that 
many of the bound levels above 4 Mev are still unre- 
solved. Erickson"’ has shown that the number of levels 
up to an excitation energy U is the product of the 
nuclear temperature 7 and the density of levels, V(U) 
=r1p(U). By use of this relation, the point shown by a 
solid circle in Fig. 19 was obtained from the neutron 
resonances.’ This, then, suggests that the distribution 
of the nuclear levels is given by some such curve as 
(A) in Fig. 19. Figure 20 shows a similar plot of the 20 
nuclear levels of Na**. The trend of the levels up to 
about 2.5 Mev indicates that a value of 0.50 Mev for 
6 may also be about right for Na™‘. The value of V(U) 
calculated from Erickson’s expression'’ from the level 
density of the neutron resonances and the nuclear 


16 P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 


17 T, Erickson, Nuclear Phys. 11, 481 (1959). 
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temperature is shown by the solid circle in Fig. 20 and 
seems to further indicate that the value of 6 is about 
0.50 Mev. This value of V(U’) is somewhat above curve 
(A), but it is believed that the value of the nuclear 
temperature used is too large. 

Presumably, it may be too stringent a requirement to 
expect a plot (such as Figs. 19 and 20) of the first few 
nuclear levels of a nucleus to obey Eq. (7). However, 
plots have been made for the known levels of many 
nuclei and they all show that curves similar to the ones 
shown in Figs. 19 and 20-are followed surprisingly well. 
Families of curves were also plotted for a few values of 
5. From these plots and the curves for various values 
of 6 (not shown) a number of other trends were ob- 
served: (a) The larger values of 6 are associated with 
nuclei which have small nuclear level densities. (b) The 
value of 6 appears to be large for light nuclei (there 
being fewer levels for these nuclei) and decreases as 
one goes to heavier nuclei but shows peaks in the 
neighborhood of magic numbers and then decreases 
sharply again above these numbers. The value of 6 
appears to be the largest for even-even nuclei. (c) The 
distribution of the levels of the even-even nuclei may 
be given by Eq. (7) for a suitable choice of 6 and of o 
without multiplying the equation by a constant factor. 
If a multiplicative constant is needed, it is probably 
less than unity. (d) The distribution of the levels of the 
odd-even and even-odd nuclei apparently can be given 
by Eq. (7) if o and 6 are suitably chosen. (e) For the 
odd-odd levels, apparently Eq. (7) must be multiplied 
by a constant of the order of the value of o. A more 
detailed study on the basis of the presently known 
levels is expected to confirm these trends. The larger 
values of 6 for the lighter nuclei seem to agree with the 
trend for the theoretical values.“ The influence of the 
shell structure on the level density of a highly excited 
nucleus has been studied theoretically by Rosenzweig.'* 
This study indicates trends similar to the ones stated 
above, particularly the trend noted in (b). 


10. DISCUSSION 


The results show that the large level density of Na™ 
continues on up as far as the present measurements 
were made. The large levels previously reported in 
this region by Stelson and Preston? were found to be 
composed of many levels. This accounts for the large 
widths which these experimenters reported for these 
levels. The large s-wave level near 540 kev reported by 
these authors was confirmed to be an s-wave level 
having a value of J/=2 but it has a width of only 4.5 
kev. It is the widest s-wave level found in Na™ and is 
the widest level in the region from 350 to 630 kev. A 
number of narrow levels occur in or near the minimum 
of this s-wave level and many levels occur in its high- 
energy wing. Because of the profusion of levels with 


18 N. Rosenzweig, Phys. Rev. 108, 817 (1957). 
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narrow widths, all of the levels in this region were 
studied by self-detection in order to determine better 
values of the parameters of the levels. The various 
figures show the highest peak values obtained and the 
lowest minima between peaks. No really good value 
of the neutron energy spread could be obtained because 
no well-isolated narrow level occurred to enable one to 
study the energy spread of the neutrons. However, as 
discussed in Sec. 2, some fair estimates could be made 
and these estimates indicate that the energy spread is 
about 1 kev or a little less for the lithium targets used. 
Consequently, only a few of the levels were resolved to 
peak heights very near their true values. Because of 
this, the parameters determined for many of the levels 
may differ somewhat from their true values and this in 
turn would produce irregularities in the distribution 
of the angular momenta, level spacings, and neutron 
widths. However, since no really serious irregularities 
occurred in these distributions, the parameters of most 
of the levels are probably reasonably close to their 
true values. 

Values of the strength functions obtained for the s- 
and p-wave levels are comparable‘ with those obtained 
for Al’* and are in accord with the predictions of the 
theory." The unusually high values for d- and f-wave 
levels were discussed in Sec. 8. 

The potential scattering was assumed to be given by 
the expression 


o p= >.1 (2/4+-1)4e% sin’s;, 


for reasons given in Sec. 4(B). This value was also used 
in the analyses of the levels in the energy region up to 
350 kev. The results obtained in all of the analyses up 
to 630 kev indicate that this value of the potential 
scattering must be near the true value. 

The material included in Sec. 9 indicates that a much 
higher percentage of the virtual levels are being re- 
solved by the present techniques than are resolved in 
the region of the bound levels. Previously, it was not 
known whether or not the neutron energy spread in 
this energy region might possibly preclude the resolution 
of levels as narrow as the ones observed. Also, it was not 
known if the shielding of the counting equipment was 
sufficient to maintain an acceptable background. By 
making measurements with neutrons at 0° with respect 
to the direction of the proton beam and using thin 
lithium targets, one can, as the present results show, 
resolve (at least partially) many narrow levels. The 
background was found to be quite small as compared 
with the counting rate. Lately, it has also been found 
that measurements can be extended to even higher 
energies. 

The differential neutron cross-section measurements 
made by Lane and Monahan" in the vicinity of the 


19 R. O. Lane and J. E. Monahan, Phys. Rev. 118, 533 (1960). 
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large peaks of Na™ reported by Stelson and Preston? 
indicate: (a) appreciable interference of levels of 
opposite parity; (b) the presence of s-wave levels in 
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The nuclear reactions C“(p,n)N™ and C'(p,y0)N", for protons of less than 1.6 Mev involve the inter 
ference of two adjacent states having the same spin and parity (}+-) but different isotopic spin (7 =4 and 3). 
By taking properly into account the effect of other, more distant $+ levels on the cross section near the 
interfering pair of levels, we are able to fit well the (p,m) cross section from the neutron threshold up to a pro 
ton energy of 1.6 Mev and to obtain reliable estimates for the reduced width amplitudes of the interfering 
pair, as well as for the physically significant phases of the amplitudes. Since the neutron decay of the T=} 
state is “forbidden,” the neutron reduced widths of the close-lying pair lead to a direct measure 4% of the 
isotopic spin impurity of the pair. The results found in the cross section analysis are compared to shell model 
calculations based on the N® wave functions of Halbert and French, and reasonably satisfactory agreement 


is found. 


I. INTRODUCTION 


HE nuclear reactions C'(p,n)N™ and C'(p,yo)N®, 
for proton energies of less than 1.6 Mev, have 
several unusual features of importance for nuclear 
structure. The (p,m) reaction cross section has been 
measured at several laboratories'~* while the (,7o) 
results are given by Bartholomew e al.! The C'4+p 


t Supported in part by the U. S. Atomic Energy Commission 
and by Atomic Energy of Canada Limited. 
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1G. A. Bartholomew, F. Brown, H. E. Gove, A. E. Litherland, 
and E. B. Paul, Can. J. Phys. 33, 441 (1955). 
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3 J. H. Gibbons and R. L. Macklin, Phys. Rev. 114, 571 (1959). 
The authors are grateful to Dr. Gibbons and Dr. Macklin for 
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cross sections are shown on Fig. 1 along with a diagram 
of the levels of N'™ which lie at or near the energy 
reached by C'‘+-. The information on the compound 
states of N'® has been found from a variety of reactions 
as summarized by Ajzenberg-Selove and Lauritsen.‘ 
Although we shall consider the effects due to other 
states in describing the C'(p,n)N™ reaction, our in- 
terest will focus on the two adjacent 3+ states at 
excitation energies of 11.438 and 11.610 Mev in N**. 
These states are known to have isotopic spin T=} and 
T=}, respectively.’ The latter level is therefore for- 
bidden to decay to the ground state of N™ by neutron 
emission. 

As we shall see below, the two adjacent 3+ states 


4F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. ll, 1 
(1959). 

5G. A. Bartholomew, A. 
Gove, Can. J. Phys. 34, 147 (1956) 
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REDUCED WIDTHS AND 
show a cross-section shape strongly affected by their 
interference with each other. Fromamany-level analysis 
of the cross-section shape it is possible to deduce the 
reduced width amplitudes of the interfering levels. 
Because in this case the interfering levels do not have 
the same isotopic spin, it will turn out that the reduced 
width amplitudes give a model-independent estimate of 
the magnitude and sign of the isotopic spin impurity of 
the levels. 

The purpose of the present paper is to carry out the 
many-level analysis of the C'*+ reactions for the 
energy range of interest and to compare the resulting 
reduced width amplitudes and isotopic spin admixtures 
with calculations based on shell-model wave functions. 

A many-level fit of the C'*(p,n)N"™ cross section and 
the C(p,y0)N™ cross section near the two interfering 
5+ states has already been made by Ferguson and 
Gove.*® Although they obtained a good fit to the (p,7o) 
cross section, their fit to the (p,m) cross section was not 
very good (see below), nor did it yield a reliable value 
for the forbidden neutron width of the T= state. It is 
the ratio of this forbidden width to the allowed neutron 
width of the neighboring T=4 (J, r=3$+-) state which 
will inform us directly concerning the isotopic spin 
impurity. 

Ferguson and Gove obtained a good fit to the 
C'(p,v0)N" reaction but not to the C'4(p,2)N" reaction 
because the bound $+ levels, which they did not con- 
sider, have an important effect on the latter but not on 
the former. The (p,7o0) cross section is dominated by the 
T=} resonance at E,(lab)=1.5 Mev which has both a 
very large proton width and a very large gamma-ray 
width. For the (p,m) cross section the product 7, pYan, 
of proton reduced width amplitude and neutron reduced 
width amplitude, is rather small for both the 1.3-Mev 
level and the 1.5-Mev level. In a very rough way this 
means that the resonances in the C'4(p,2)N" reaction at 
1.3 Mev and 1.5 Mev are both “weak” resonances which 
interfere because they are so close together. However, a 
distant $+ state with a large value of yy py,. may have 
a considerable effect near the adjacent 3-+ states. From 
the known behavior?’ of the C'(p,n)N"™ reaction near 
threshold it is possible to deduce the value of y. 7x» for 
the contributing $+ state, and to determine roughly 
where the level lies. It will turn out that the effect of the 
“distant” level or levels is important for the C'4(p,n)N™ 
reaction and that it arises principally from one (or 
perhaps two) of the several bound 3+ levels of N'® 
lying below the two adjacent } states which are seen in 
the C'(p,n)N"™ reaction. 

In Sec. II we discuss the methods for analyzing the 
cross section of interfering levels and derive an ap- 
proximate formula which takes into account the inter- 
ference of a distant third level with two close-lying 
levels of the same spin and parity. Section III uses the 


6 A. J. Ferguson and H. E. Gove, Can. J. Phys. 37, 660 (1959). 
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Fic. 1. The levels of N'® between 10 and 12 Mev and the C“+ p 
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methods of Sec. II for the analysis of the C'(p,n)N™ 
and C'(p,7o)N" reactions. 

The isotopic spin impurity of the close-lying pair of 
$+ states is directly related, in Sec. IV, to the ratio of 
the experimental reduced neutron width amplitudes of 
the pair. It is shown how this ratio can also be used to 
reduce the experimental reduced width amplitudes to 
“zero-order” amplitudes in which the isotopic spin im- 
purity of the compound wave functions has been 
removed. 

In Sec. V the experimental “zero-order” reduced- 
width amplitudes, including their relative phases, are 
compared with the calculations of Halbert and French’ 
using the intermediate coupling shell model. The ob- 
served magnitude and sign of the isotopic spin impurity 
of the close-lying pair of levels are also compared with a 
prediction, based on a shell-model calculation of the 
Coulomb matrix element between the two states. 


Il. MULTILEVEL FORMULAS FOR THE 
C+p REACTIONS 

To describe the C+ reactions below a proton 
energy of 1.6 Mev we need to consider the mutual 
interference of three or more 3+ levels, only two of 
which lie in the energy interval for which the cross 
section is observed. The appropriate multilevel formulas 
will be derived from the general resonance theory of 
Wigner and Eisenbud.*.® 


E. Halbert and J. B. French, Phys. Rev. 105, 1563 (1957). 
E. P. Wigner, Phys. Rev. 70, 15 (1946); ibid. 70, 606 (1946) ; 
and E. P. Wigner and L. Eisenbud, ibid. 72, 29 (1947). 

® For a summary of the resonance theory the reader is referred to 
the review articles of A. M. Lane and R. G. Thomas, Revs. 
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In the Wigner-Eisenbud theory the general expression 
for a cross section, o--, proceeding from an incident 
channel ¢ to an outgoing channel c’, integrated over the 
possible angles of c’ is 


us 


D 84 |Seer— Veer? |' (1) 
J 


k2 


where &, is the relative momentum of the incident 
particle and the target nucleus, U,..7 is the collision 
matrix component of a given total spin J (and parity) 
referring to the channels c and c’, and the statistical spin 
factor gy is given by 


gy= (2I+1)/(21+1)(2i+1), (2) 


where J is the spin of the target nucleus and i the spin of 
the incident particle. In addition to being integrated 
over all angles, Eq. (1) has been averaged over the 
possible polarizations of the incident nucleon and the 
target nucleus. 

The most useful form of the collision matrix com- 
ponents U...¥ for the case of a small number of inter- 
fering compound states of the same spin and parity is: 


U4 = e'\Pcr Pec’ [See +4 > aa ( I, (Pye )tAnw |, (3) 


in which the sums over the indexes \ and X’ include all 
the interfering levels.” In (3), (T'.)! is the square root 
of the observed partial width T,, taken with the sign 
appropriate to the corresponding reduced-width ampli- 
tude, that is, 


(T), )! 


= (2P.)*yr-, (4) 


where P, is the penetration factor for the channel c. The 
¢- of Eq. (3) are potential scattering phase shifts” which 
occur only in the elastic scattering cross section. The 
level matrix, Ayy, of (3) is defined in terms of its 
inverse, 


(A y= (Ey- E)by» +Ayy—44 > -(Pac)* (Tye), (5) 


where ¢ runs over all channels and £) is the energy of the 
level A. The matrix A), leads to shifts of the resonance 
energies from the values / and is defined by 


Ayn = — DY -(O- +S) rcv’ (6) 


where the sum again runs over all channels and S, is the 
shift function for the channel ¢ and b, the boundary 
condition number for the channel c. 

In the C'4(p,n)N™ reaction the formation of the $+ 
compound states involves only a single channel—s-wave 
protons incident on a spin-zero target nucleus—and 
hence gy is equal to unity. The decay of these states by 
neutron emission to the 1* ground state of N™ may, on 
the other hand, involve either s-wave or d-wave neu- 
Modern Phys. 30, 257 (1958), and of E. Vogt, Nuclear Reactions 
(North-Holland Publishing Company, Amsterdam, The Nether 
lands, 1958). 

10 A straightforward derivation of (3) can be found in recent 
work by E. Vogt, Phys. Rev. 112, 203 (1958), dealing with the 
application of the multilevel formulas to another problem. 
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trons. However, the d-wave neutron penetrability is at 
least 20 times smaller than the s wave for the energies 
we are considering and, correspondingly, the N“4-+-n 
elastic-scattering data show that the d-wave neutron 
emission from these levels is very small." We shall, 
therefore, assume that neutron emission from the $+ 
states is purely s wave. As will be shown later, a small 
contribution from d-wave neutrons does not affect the 
analysis below. 

Just as the decay by neutron emission of the $+ 
states involves only one channel, so the gamma decay 
to the }— ground state of N' involves only £1 radia- 
tion. Hence the (p,m) and the (p,7o 
for 3+ compound states, may be written as 


cross section of C!4, 


f , = , ivy i 
0 pn- (ar ky”) > » wT") p?l \’n Ay, 


1 


opv0= (4/k,”) Da. Cy ,'Ta Ay |? 


We note that in the level matrix A),-, of (5) and (7) we 
need to retain only quantities pertaining to the incident 
proton channel and the outgoing neutron channel: The 
gamma-ray widths are much too small to have any 
effect on A,)-. 

Although result (7) gives accurate many-level formu- 
las for the C'4+ reactions proceeding through 3+ 
states, to use it one must limit the sum over levels to 
some finite number or else approximate it in some other 
way. If we ignore, say, all but three of the 3+ states 
then the correct three-level formulas are given by (7), 
where the level indexes refer to the three chosen levels. 
The formulas still require inversion of a three-by-three 
matrix with complex components, so that computations 
may be rather laborious. The results described in the 
next section were obtained with the accurate three-level 
formulas (7), using the Chalk River Datatron computer. 
However, to discuss the principal features of these re- 
sults we shall derive simpler (but approximate) three- 
level formulas. For this purpose 
approximations are made in (7 

(1) The level shift matrix (6) is ignored. As discussed 
in the next section, the boundary condition numbers 8, 
of the shift matrix are to be chosen so that each com- 
ponent of A vanishes at some energy near the narrow 
level [E,(lab)= 1.31 Mev ]. If the shift function S.+0, 
of each channel c is expanded in a Taylor’s series about 
that energy, the first term vanishes by definition: As is 
well known, the next term in the expansion can be 
completely taken into account as a factor multiplying 
each width, that is, as a 
widths which ‘are phenomenological parameters. There- 
fore, as far as the shape of the cross section is concerned 


the following two 


“renormalization” of the 


1! The s-wave character of the neutrons involved in the two 
interfering }+ levels is shown, first of all, by the strong inter 
ference dip in the N"*+-n total cross section just below the 11.438 
Mev level. [See J. J. Hinchey, P. H. Stelson, and W. M. Preston, 
Phys. Rev. 86, 483 (1952); and C. H. Johnson, B. Petree, and R. 
K. Adair, Phys. Rev. 84, 775 (1951) ]. Secondly, the angular 
distribution of elastically scattered from N*™ at the 
11.610-Mev level (Jr=}+, T=}) is isotropic. [See J. L. Fowler 
and C. H. Johnson, Phys. Rev. 98, 728 (1955).] 


neutrons 





REDUCED WIDTHS AND 
we are only ignoring quadratic and higher terms in the 
expansion of the shift function. 

(2) We remember that two of the $+ states which we 
are considering lie in the energy interval of interest 
(Fig. 1) while the other state lies at some distance from 
this interval. The second approximation consists, then, 
in considering Ey>—E (where \=0 refers to the distant 
level) to be large compared to the level widths occurring 
in the matrix A~', (5). If H,— E and E.—E are also con- 
sidered as large (as they would be near the neutron 
threshold) then the cross section is simply 


Cece = (rr k.2) » PyeT 4 (hk, —E) 2 (8) 
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where the sum refers to the three levels \=0, 1, 2. 
Expression (8) is derived from Eqs. (7) and (5) by re- 
taining in (7) only those terms of highest order in 
(E,—£). On the other hand, if we are near the two 
adjacent $+ levels at E,(lab)=1.31 and 1.50 Mev 
(A=1 and 2) so that Ei:—E and E.—E are of the same 
magnitude as the level widths but smaller than Ey—E£, 
then, if we retain only terms of highest order in Eo— E, 
Eq. (7) reduces to a two-level formula involving the 
levels \=1, 2. Combining (8) with this result yields the 
following approximate three-level formulas applicable to 
the $+ states over the whole energy interval shown in 
Fig. 1. 


(9) 


; (10) 


(E\— E-4iY)) (E,— E-4iT 2) +40 22 


where 

REAL (C1 0'V 210! —Pan!T 170!) (Pint Vept!—Ten'T 1p!) J. (11) 

In (9) and (10) the “mixed width,” Ty, is defined by 
Pye=)- Tiel sch, (12) 


where ¢ runs over all channels (two in our case). In 
expressions (9) and (10) the first term in the absolute 
square yields the direct contribution of the distant level 
to the cross section, the second yields the contribution 
of the levels 1 and 2, including their mutual interfer- 
ence,’ and the cross term gives the interference of the 
distant level with the adjacent pair. 

If the interference of more than one distant $+ level 
is to be taken into account then the approximate cross- 
section expressions are the same as expressions (9) and 
(10), except that we replace the amplitude (I'p,I"o,)! 
(E )—E) of the distant level by }°>)(T\,T')n)!/(A,—£), 
where the sum applies to all the distant levels. Although 
the analysis given below is made for three interfering 
levels, this replacement will be useful in comparing the 
observed amplitude of the distant level with that pre- 
dicted by the shell model. 

The interference between resonances determines the 
relative signs of some of the reduced width amplitudes, 
as is evident from Eqs. (7) and (8). We inquire first 
what information about the relative signs is physically 
significant and then show that this is given by the 

The mutual interference of two levels of different total 
isotopic spin is to be contrasted with the failure, as in Eq. (1), of 
two levels of different total angular momentum to interfere with 
each other. To explain this difference we note that our reaction 
channels are polarized in isotopic spin space. On the other hand, 
the interference between different values of J has disappeared 
from Eq. (1) only because (1) has been averaged over all possible 
polarizations of the spins of the incoming and outgoing particles. 
If it were possible to construct beams without polarization in 
isotopic spin space the interference between states of different T 
would disappear. 


analysis. We are dealing with three compound levels 
each of which is connected with the same pair of final 
states. The proton and neutron amplitudes (y)p,¥an) 
form a 3X2 dimensional array and there are (2)*=64 
possible arrangements of signs. However, a change of all 
the signs in one row or in one column would correspond 
simply to a phase change of a final state or a compound 
state, which is of no physical significance. Of these five 
operations only four are independent (since a sign 
change in all the rows is equivalent to a sign change in 
all the columns) and thus there are only 64/24=4 
physically significant sign combinations. In other words, 
the phases of the compound states and of the final states 
may be used to fix the sign of four of our six reduced 
width amplitudes. In the remainder of this paper we 
shall define yon, Yin, Yen, and Yep to be positive (i.e., 
Dont, Vint, ont, and I,,! are positive). Then the four 
physically significant sign arrangements correspond to 
the four possible sign combinations of yop, Y1p- 

It is readily established that the cross-section analysis 
determines all the physically significant phases. From 
the general many-level formula, [(3) and (1)], it is 
easily verified that each cross section remains unchanged 
if the phase of a final state or a compound state is 
changed {one must note that the level matrix com- 
ponent, A, ,’, changes sign along with either the state A 
or the state \’). If we then adopt the phase convention 
given above (Yon, Yin, Y2n, and Y2p positive) we see that 
the cross-section analysis determines the sign of Yop, Y1p- 
Thus, in Eq. (8), the sign of T',,! is determined by the 
value of the second term under the absolute value sign; 
the interference of the first term with this second one 
determines the sign of I'p,'. In a rough way we can say 
that (within our phase convention) 71, is positive if the 
interference of the level A=1 with the level A=2 is 
destructive at energies in between EZ, and FE, (and con- 
structive elsewhere); similarly yo, is positive if the 
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Fic. 2. The C(p,yo)N™ cross 
section as a function of the proton 
energy in the laboratory system 
The points are the data of Bar- 
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the computed contribution from 
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interference of the level A=0 with the level A=2 is 
destructive in between Ey and E>. The interference of 
the level A=0 with the level A=1 cannot be fixed 
separately : it is destructive in between Ey and £, if the 
signs of yo, and y:, are the same and constructive if not. 
This picturesque relation between the physically signifi- 
cant phases and cross-section behavior is accurate only 
for energies which are many level widths away from the 
resonance energies of each of the interfering levels so 
that approximate formulas, such as (8), are valid. 


III. ANALYSIS OF THE CROSS SECTIONS 


The C'(p,70)N data reaction which we shall use are 
those of Bartholomew, Brown, Gove, Litherland, and 


Paul,! which was also used by Ferguson and Gove’ in 
their analysis. Figure 2 shows the data along with the 
theoretical fit discussed below. 


There are three independent sets of experimental 
data’ for the C'*(p,n)N™ reaction. The three sets do 
not agree well with each other: Apart from small energy 
shifts (~20 kev) between the sets of data the shape of 
the cross section near the 1.31 Mev resonance is different 
for the three sets. For our analysis we have accepted the 
Oak Ridge data of Gibbons and Macklin*® (shown in 
Fig. 3), which is the most recent. It appears everywhere 
to coincide with either the Chalk River data! or the 
Wisconsin data of Sanders.? The qualitative features of 
the analysis below are not affected by the choice of data 
although the values of the reduced widths obtained are. 
Only part of the difference (see Table I) between our 
results and those of Ferguson and Gove (who used the 
Chalk River data) are due to the choice of data. 

Rough values of some of the partial widths of the $+ 
levels can be obtained directly from the observed peak 
cross sections and the full widths at half maximum of 
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The C'(p,n)N™ reaction 
as a function of the proton energy 
in the laboratory system. The 
points are the data of Gibbons and 
Macklin.’ The solid line is the com 
puted cross section. Various con- 
tributions to the computed cross 
sections are also given (broken 
curves) and labeled by the spin and 
parity of the states giving rise to 
them. The inset gives part of the 
data and the computed curve in 
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the resonances. The parameters determined roughly in 


this way are: 


(1) T:,~T, from the full width (~40 kev) at half 
maximum of the resonance at E,(lab)=1.31 Mev (see 
either Fig. 2 or Fig. 3). The fact that the neutron width 
makes up by far the largest part of the total width is 
known, for example, from the N'*+-n elastic scattering 
of this resonance. 

(2) T1, from the peak cross section of the (p,m) data 
and from I’; ,. The peak cross section is known? to within 
an absolute value of 30%. 

(3) Te»~T. from the full width at half maximum 
(~400 kev) of the T= # level as observed in the (p,7o) 
reaction (Fig. 2). It is clear from the figure that T, is 
very large, but it is not easily estimated with accuracy. 

(4) Tivo from the value of T';,0ivo/T'? given by the 
peak cross section of the (p,7o) reaction at E,(lab) = 1.31 
Mev and from I and I’,, above. 

(5) Tayo from the value of T'2y0oI2)/T'? ~T'270/T2 given 
by the peak cross section of the (p,yo) reaction at 
E,(lab)= 1.50 Mev, and from I, above. 


The level width T'2,, which is closely related to the 
isotopic spin impurity, can only be determined by an 
accurate fit to the (p,m) cross section. 

Before analyzing the contribution of the 3+ states to 
the (p,m) cross section we must account for the contribu- 
tion to the cross section of levels of different spin and 
parity. From various data‘ estimates of (or upper limits 
for) the widths for particle emission have been made for 
each of the levels shown in Fig. 1. Apart from the + 
states, the only levels which may make an appreciable 
contribution to the cross section are the 4— level at 
11.299 Mev and the $+ levels at 10.710, 10.806, 11.773, 
and 12.152 Mev: no other contribution is large enough 
to appear on Fig. 3 (on which the ordinate goes down to 
4X10~-* b). The level at 11.243 Mev of unknown spin 
is very sharp ('.,,<3 kev, !',<0.01 kev) and could make 
a contribution very near its resonance energy. However, 
no such sharp small resonance is seen at E,(lab)=1.10 
Mev so that I’, is probably considerably smaller than 
0.01 kev. 

The contribution of the }— level at E,(lab)=1.159 
Mev has been calculated, as shown in Fig. 3. The fit 
shown there takes into account the large effect of target 
thickness on this narrow level. The level widths resulting 
from the fit are !,= 7.7 kev, [',=0.77 kev (in the center- 
of-mass system) corresponding to reduced widths of 
7 ,°=34.3 and 7,?=1.8 kev. 

The (p,2) cross section from the neutron threshold up 
to E,(lab)=1.0 Mev (Fig. 3) must be accounted for by 
the $+ or 4+ states, which can emit s-wave neutrons. 
Since the 3+ states are formed by d-wave protons— 
unlike the $+ states, which are formed by s waves—it 
seems likely that the latter would contribute much more 
to the cross section near threshold than the former. This 
can be shown to be so. There are two $+ states which lie 


ISOTOPIC 


SPIN IMPURITIES 1253 


TABLE I. Parameters of the }+ states of N**. All results are given 
in the center-of-mass system. 


A. The two levels at 11.43 and 11.61 Mev 


Present 
analysis 
(isotopic spin 
impurity 
removed) 


11.452 
11.647 


Shell-model 
calculations 


12.73 
12.34 


Present 
analysis 


Ferguson 
and Gove 


11.452 11.444 
11.647 11.622 
yo, CV 4.0 4.2 

yo, CV 25.0 19 2 

p» kev 6.9 6.8 

2p, kev 475.0 400.9 

ny kev 31.0 34.6 

an, kev 1.75 4.0 

tp, (Mev)?  —0.091 —0.0888 
y2p, (Mev)? 0.667 0.6084 0.670 
vin, (Mev)! 0.141 0.1482 0.144 
yen, (Mev)! 0.0314 0.0472 0 


, Mev 
, Mev 


! 
1 
2 
1 
1 


0.056 


kh 
k 
r 
r 
r 
r 
r 
r 
Y 


B. Other 4+ levels 


Shell-model calculations 
Measured 
energy,* Ey, 
Mev Mev 


5.31 6.51 
8.32 or 9.75 
9.06 


Exptl 
YApYAn) 
Mev 

b 
—0.131 or 
—0.094 


YApYAn, 
Mev 
0.075 
—0.163 


Yan» 

Mev? 
—0.571 —0.157 
—0.188 0.864 


: YAp> 
(Mev)? 


1440 —0.082 
16.32 0.471 


—0.015 
0.061 


0.176 
0.128 


® The levels observed could be either § or 3/2 +. 

bAs discussed in the text, the analysis of the data determines 
2a yapyan/(E, —E), where the sum should run over all the levels and E is 
an energy near the neutron threshold (E ~11 Mev). The experimental value 
of the sum is +0.049, The calculated contributions from the four levels are, 
respectively: —0.013 (EZ) =5.31 Mev), +0.061 (£) =8.32 Mev), —0.004 
(Ey) =14.4 Mev), +0.011 (£, =16.32 Mev), where experimental energies are 
used for the first two levels. The calculated sum is thus +0.055; if we use 
E) =9.06 instead of E, =8.32 for the nearest bound level, the calculated 
sum is +0.078. 


above the neutron threshold of Fig. 1, one at 11.773 Mev 
and the other at 12.152 Mev. The contribution of these 
two levels to the (p,m) cross section is shown in Fig. 3 by 
the broken curve labeled 3+-. Their mutual interference 
is assumed to be constructive in Fig. 3, so that the 
estimate shown there may be much too large. The $+ 
states which lie above the one at 12.152 Mev all lie 
above 13 Mev and are not therefore expected to make 
any appreciable contribution to the (p,) cross section. 
The $+ states which lie at 10.710 Mev and 10.806 Mev 
(just below the neutron threshold) cannot make a 
major contribution to the (~,m) cross section near 
threshold. The 10.806-Mev level is only 36 kev below 
the threshold and appears" to contribute significantly to 
the low-energy neutron cross sections of N'. However, 
because of the very small proton width of this level" it 
cannot contribute appreciably to the (p,») cross section 
except within a few kev of the threshold. On the other 
hand, the 10.710-Mev level has a large proton width.” 
Because of its proximity to the threshold the contribu- 
tion from this level begins to fall off shortly above the 
threshold, unlike the data, even if the interference of the 


'8P). F. Hebbard and D. N. F. Dunbar, Phys. Rev. 115, 624 
(1959). 
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level with the higher lying $+ states is taken into ac- 
count in an optimal manner. We therefore neglect the 
effect of the 10.710-Mev level in Fig. 3 and conclude 
that its neutron-reduced width (not known) must be 
reasonably small. No other lower lying $+ state should 
make an appreciable contribution to the (p,m) cross 
section in Fig. 3. The level at 10.458 Mev could be $+ 
but it is known" to have a very small proton width. A 
$+ level lying below 10 Mev could not have an im- 
portant effect because of its distance. 

In the (p,m) cross section of Fig. 3 the difference be- 
tween the data and the sum of the }— and $+ contribu- 
tions must be accounted for by the $+ levels. In addi- 
tion to the two $+ levels at 11.438 and 11.610 Mev 
there are only two or three other 3+ levels in N'® 
below 14 Mev, and all of them lie below 9.062 Mev. We 
shall neglect the + states above 14 Mev in the analysis 
—the shell-model calculations given below assign small 
particle widths to these distant high-lying levels. 

Because the bound $+ levels are so distant the 
analysis does not distinguish between them. According 
to the approximate formulas (10) and (8) above, 
their effects may be lumped together in one term, 
4P 5P [>> YapYan/(Ex—E) ], of the cross-section for- 
mula, the square bracket being essentially a constant, 
the one free parameter concerning these levels. For sake 
of definiteness we shall consider only one bound level in 
the analysis so that we can employ the three-level 
formula above. The final result we get for yo pyon/(Eo— E) 
will, however, be compared to the shell-model calcula- 
tion of ©) YapYan/(E,—£), where the sum runs over all 
the bound $+ levels. 

In addition to determining accurate values of the 
parameters Yin, Yip, and ye, whose rough values are 
known from the peak heights and widths of the (,») 
and (p,7o) cross sections, the accurate analysis of the 
contribution from }+ states to the (p,7) cross section on 
Fig. 3 should give us values of y2n, of yopYon, and of the 
signs of Yop, Yip (with the sign convention given above). 

The level A= 1, for which both y;, and y;, are roughly 
known, cannot account by itself for the “shoulder” in 
the (p,2) cross section on its high energy side—that is 
near E,(lab)=1.5 Mev in Fig. 3. The bound level \=0 


and the T= level A= 2 must together account for this 
shoulder and they must together interfere destructively 
with the level A=1 near E,(lab)=1.1 Mev as well as 
account for the cross section near threshold. To de- 
termine ‘y2, we must find out what part, if any, of the 
“shoulder” at 1.50 Mev arises from it. The distant 
bound 3+ levels could, in principle, give rise to the 
“shoulder” through their interference with the level 
A= 1. However, it turns out that the contribution to the 
“shoulder” from this latter source cannot be large. If it 
were, then the (p,#) cross section near threshold would 
be much larger than is observed. Consequently the level 
\= 2 must account for most of the “shoulder.” Together 
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with the rough values of I’; », Tin, and ',, derived above 
this effect determines a rough value of ’:,, and fixes y1p 
to be negative. 

Having rough values of Tip, Tin, T2p, and Ten, the 
(p,m) cross section can now be used to determine many 
of the resonance parameters accurately. We begin by 
noting that from the rough values of the above parame- 
ters and the negative sign of y:, we conclude that the 
\=1 and A=2 interfere destructively below 
E=£E,, so that their combined contribution near the 
neutron threshold is no more than about 1% of the 
observed (p,m) cross section there. (Without interfer 
ence, the contribution from the two levels would be 
larger than the observed (,7) cross section near thresh- 
old). Consequently the value of YonyYop is determined 
very accurately by the (,7) cross section below E,(lab) 
= 1.0 Mev. Furthermore, 7 other- 
wise one would not obtain the required destructive 
interference of the three }+ levels in the vicinity of 
E,(lab)= 1.1 Mev. Having determined Yo nyo p, accurate 
values of Typ, Tin, 2p, and ls, are found by fitting the 


levels 


» must be negative 


shape of the (p,2) cross section accurately between 
E,(lab)=1.2 and 1.5 Mev, as shown in Fig. 3. 

From the fact that 1) ,<T,, and I, 
that T',, and l’,, may be varied considerably without 
effecting a large change in I’,, 2, or P'y2. The approximate 
three-level formula, (9), for the (p,) cross section then 


l'» » we observe 


shows that a simultaneous increase (or decrease) of 
(Tonl' op)’, DS tm and Fen 
the absolute value of the (p,m) cross section. In Fig. 3 


the peak cross section at E,(lab)=1.31 Mev has been 


merely increases (or decreases) 


chosen to be 220 mb compared to the absolute value 
measured by Sanders,” of (315+100) mb. Our analysis 
showed that the calculated (p,m) cross section could be 
increased by as much, perhaps, as a 100 mb, before the 
increased values of [';, and l’;, would destroy the good 
fit to the shape of the cross section which is shown in 
Fig. 3. An accurate measurement of the absolute value, 
of the (p,m) cross section would allow (Tp ,Ion)!, T1», and 
I':, to be determined accurately. 

Analysis of the C!(p,y0)N' 
little more information on the level parameters than is 
given earlier. Because of the large value of I',, and T2179 
the distant $+ levels are much less important in the 
(p,¥o) cross section than in the (p,m). 
vestigation showed that the level \=0, even for moder- 
ately large values of I'oyo, has no important effect on the 
(p,vo) cross sections of Fig. 2; the minor effects of this 
level could easily be simulated by small changes in the 
parameters of the other two 3+ levels. It is evident 
from (10) that the small but finite ([,) has only a 
small effect on the (f,yo) cross section. Similarly Tp 


> cross section provides a 


Extensive in- 


enters into the (p,70) cross section mainly in the product 
I’, pI'1yo, and any change in I';, can be compensated for 
by changing I'1y9. Thus the (p,y0) cross section does not 
determine the three parameters which “scale” the (p,») 
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cross section. Of course, I), is accurately determined by IV. MAGNITUDE OF THE ISOTOPIC 
the shape of both the (p,yo) and the (p,) cross sections: SPIN IMPURITY 
I’), is only very roughly determined by the width of the Having deduced with some care the experimental 
very broad level A= 2, on Fig. 2. A more accurate value value of y2,, we shall use it now to determine the isotopic 
of T'2, results from the value of the (p,yo) cross section spin impurity of the 7= 3% state (A=2). We do not need 
at the interference minimum near E,(lab)=1.35 Mevin _ to consider isotopic spin impurities in the A = 14 target 
Fig. 2. The term R [expression (11)] is only slowly _ or residual nuclei because it is well known'® that the 
energy dependent and fixes the value of this minimum. admixtures in the low-lying states are entirely negligible. 
With the (p,m) cross section scaled as in Fig. 3 [to 220 The nonzero value of the forbidden reduced-width 
mb at £,(lab)= 1.31 Mev, the same value calculated by amplitude y2, cannot be attributed to an admixture of 
Ferguson and Gdve' ], our value of T,, isa factor of two isotopic spins arising in the exit channel, N'+-n. Since 
smaller than that obtained by Ferguson and Gove. This _ this channel involves neutrons the only electromagnetic 
change in I’2,, has sufficient effect on Rso that I,, must interaction in the channel space is the small one in- 
be increased to a value 20% larger than that of Ferguson volving the anomalous magnetic moment of the neutron. 
and Gove. The result for I':, is not strongly effected by Even for a charged particle, the Coulomb admixture of 
the “scaling” of the (p,m) cross section." isotopic spins in the channel space will be small com- 

The value of the level parameters found from the _ pared to that arising within the compound nucleus; the 
cross section fits of Figs. 2 and 3 are given in Table I, Coulomb energy of a particle integrated from the 
where they are compared to the shell model calculations nuclear radius to infinity is only a few percent’® of the 
discussed below. total Coulomb energy inside the nucleus. The nonzero 

The only level widths which are determined accu- Value of y2n must be attributed to the admixture of a 
rately (to within a few percent) are I’), T2p, and T'2yo. T=} state (or states) into the T=} level. 
The relative values of (I'ppI’on)!, Pen, Pip, and Piyo™ are If in the charge-independent limit a state of N' is 
accurately determined but their absolute value is known, a7, the actual wave function will be 
roughly, only to within the 30% error associated with 11+} (arr)? (Xart E aararrXyr’), (13) 
the absolute value of the (p,7) cross section. nT” NT 

The effect of the level shift on the cross section de- 
pends slightly on the value of the boundary condition 
number 6, accompanying the proton shift function (6). 
[The s-wave neutron shift vanishes identically. ] The 
expression 6, is chosen so that each component of the 
shift matrix vanishes at the narrow level, \=1. If we 
alter 6, slightly, e.g., so that A vanishes at E,(lab) 
= 1.40 Mev instead of at E,(lab) = 1.305 Mev, the peak 
cross section at the latter energy is reduced by 5% with, 
mutatis mutandis, no other change in the cross section. 
The effect is due to the nonzero value of Aj at the 
narrow peak. To minimize the possible effect of ignored 
3+ levels on the cross section we should choose A to 
vanish identically at E,(lab)=1.305 Mev. In the ex- 
pansion of the shift function about this energy the linear 


the a,r;,7- denoting the amplitudes of the impurity 
states. In the present case only T values 3, 3 need be 
considered since the lowest T=} state would be many 
Mev higher. Besides this, when we are dealing with an 
isolated close-lying pair of levels of the same (J,x) but 
different T it follows that the admixing interaction 
simply admixes into one state a multiple of the other— 
the sums in expression (13) are limited to the pair of 
levels, in our case, the levels 1 and 2 of the C'*(p,n)N™ 
reaction. This argument could fail if the matrix element 
linking the \=2, A=1 wave functions were very small 
compared with that to distant }+ states. This possi- 
bility we consider later on the basis of a calcula- 
tion of the matrix element. The assumption that 
@1,3;2,3(= —a@ze,3:1,3) is the only nonzero admixture coeffi- 
term which “renormalizes” the widths is large. Part of cient in expression (13) establishes a connection be- 
the difference between our widths and those of Ferguson tween yon, Yin and the impurity amplitude. We have 
and Gove’ is due to this source. simply 


amplitude of T=} basic state in the level A=2 
Tiel Vin oe ‘ ny eo heites. (14) 
amplitude of T= 4 basic state in the level A=1 


where we have dropped the isotopic spin indexes from of 2, and yi, and is independent of any nuclear model. 

@,3:1,; for convenience. — Using the reduced width amplitudes of Table I, we find"® 
Result (14) determines a2; from the observed values a@;=0.22. This magnitude of a; implies that the ex- 

a ectation value of the isotopic spin operator taken in the 

4 The level A=0 does not affect the value of R. In the accurate are ; - ~ ti, ei tak 4 ' 

three-level formula the R of expressions (10) and (11), which may level A= 2 has only a 5.0% probability of assuming the 

be labeled Riz because it refers to the levels \=1 and 2,is replaced value 4. No direct derivation of this sort for the isotopic 

by R- (Eo— E)Ryot+ (E2- E)Riot (Ai _ E) Roo. Because of the = 

large value of Eo— Land Riz (fromits dominant term I, ,,T'2p*T'204) 16 W. M. MacDonald, Phys. Rev. 101, 271 (1956). 

the terms containing Rio and Reo are unimportant. This has been 16 Again, the magnitude of a2? has the 30% uncertainty of the 

verified by computations with the three-level formula. absolute value of the cross section. 








1256 FRENCH, 
spin impurity has been made previously. Other deriva- 
tions of the impurity come mainly from the y transitions 
of self-conjugate nuclei!’ and have always suffered from 
the shortcoming that an average value of the unretarded 
matrix element must be used in making the determi- 
nation. 

We stress that yen/Yin is the only quantity in our 
analysis which is directly related to an isotopic spin 
impurity. Thus y;, and y;,, for example, are not related 
through a Coulomb matrix element because the C' and 
N™ ground states are not members of the same isotopic 
spin triplet. 

The admixture of the states has resulted in a finite 
value of the otherwise-forbidden neutron width for the 
T=3 state. In other words, it produces reduced width 
amplitudes which are different from the “zero-order” 
ones that would pertain if there were no breakdown of 
charge independence. The zero-order ones are, however, 
significant for us since in the next section we compare 
the results with those of a charge-independent shell 
model, and it is therefore worthwhile to determine them. 
This is quite simple to do since we are only considering 
the mutual admixing of the close-lying pair. It follows 
then by the properties of a 2— dimensional orthogonal 
matrix that a23= —a,. and thus we determine the zero- 
order amplitudes of the level A=1 as well as those of 
A=2. The significant thing here is that the small 
admixture of the 7= % state into its T=} neighbor 
causes a large change in the proton amplitude y:,. As 
shown in Table I, we find a zero-order value of yi, 
which is different in sign from the experimental value 
of 1p. 


V. COMPARISON OF THE RESULTS WITH 
SHELL-MODEL CALCULATIONS 


In this section we compare the reduced-width ampli- 
tudes and the isotopic spin impurity amplitude de- 
termined by the reaction analysis to the amplitudes 
calculated by a shell model. The calculation makes use 
of the wave functions calculated several years ago by 
Halbert and French’ and used in their study of the 
positive parity levels of N'*. In this calculation the 
positive parity levels were regarded as arising from 
the three “first excited” configurations, (1s)*(1p)2s, 
(1s)*(1p)"2d, and (1s)*(1p)"; the Hamiltonian included 
a Rosenfeld-Yukawa two-particle interaction and a 
single-particle spin-orbit force; the wave functions were 
derived via a full-scale so-called “‘intermediate-coupling” 
calculation. The results of this calculation showed rough 
general agreement with experiment for the energy levels 
and somewhat better agreement for the available re- 
duced widths. 

It happens that the earlier calculation produced an 
isolated pair of }+ levels with T=}, 3 which at that 

17 See, for example, the review by D. H. Wilkinson, Proceedings 
of the Rehovoth Conference on Nuclear Structure, edited by H. J. 
Lipkin (North-Holland Publishing Company, Amsterdam, 1958). 
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time were associated with the 11.43- and 11.61-Mev 
levels which concern us here. We shall make the same 
association but we stress at the outset that we have no 
very strong reason to believe that the association is a 
good one as far as the T= 
thing, there is experimental evidence*’ that one or two 
low-spin T=} levels which are not predicted by the 
model lie in the domain 8-11 Mev; for another thing, 
while the 11.61-Mev state is both empirically and 
theoretically a simple one (being described quite well as 
an s particle coupled to the C'* ground state), the 11.43- 
Mev state is apparently complex and one must wonder 
then whether the model will describe it well even if we 
do assume that the theoretical T=34 
associated with the 11.43-Mev level. 
The wave functions given by the earlier calculation 
appear in a complete LS representation; TSL are 
specified for the A = 15 state (s‘p'*/) and simultaneously 
for the s*p'® subset of particles'’ (we label the latter 
values T3SsL, and, of course, /=2s or 1d). We write 
then 


4 level is concerned. For one 


level should be 


Cra 2.2 


S,L,l Tg, Sa. Lp 


K 7 (S,L,7 3,S3,L2,!) 


X{Prgsgra(stp”)X1}rsxr, (15) 
where the K’s are the expansion coefficients which are 
supplied to us, ® is an A= 14 function, X denotes vector 
coupling to a resultant 7SL and { } denotes anti- 
symmetrization. The A = 14 states we write as 

M so, to? Pros 


b= > (16) 


So, Lo 


Lo(s*p"”). 


It is now a simple matter to show" that the reduced 
width amplitude is 


y(1,Z)/y*? 
=C(To, 3, T; T zo, Tz— Tz) 
X LD LZ KS,L,T5,Sp,L5,)) 
S,L,Tp Sg, Leg 
XM sg, 1gT(—1) t-4 
XU (Lg IS; LZ)U (LgS3Z4; JS), (17) 

where y*? is the single-particle amplitude, ~ (h?/m_.a)!, 
which may perhaps be regarded as a free parameter; U 
is a normalized Racah coefficient, C a Clebsch-Gordan 
coefficient, and 7 the transferred angular momentum. 
land Z are both unique in the present case and may be 
ignored in writing y. The phase convention adopted here 
is that appropriate to the earlier calculations; we may 
need to modify it later. According to Eq. (16), the T=3 


18 The sp" amplitude is negligible for states below 20 Mev. 

19 See, for example, the review by M. H. MacFarlane and J. B. 
French, Revs. Modern Phys. 32, 567 (1960), noting that the 
isotopic spin-coupling factor is not included in their definition of 
reduced width. 
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proton reduced-width amplitude is simply 


vp? ¥/y= (AIK (8S; #5; s)M(*S) 
—4{K(“P; ad ad s) 
—2K("P;*®P;s)}M(®P) (18) 
(where we have rearranged the labels in the coefficients) 
and the other cases are just as simple. 

To produce numerical values for the y’s we must, of 
course, also have A = 14 functions. It will turn out that 
the uncertainties in the A = 14 functions will render im- 
possible a really meaningful comparison between experi- 
ment and theory. We can reasonably investigate the 
magnitudes of the widths and the Coulomb admixing 
amplitude but the phases will be uncertain. Any reason- 
able calculation will produce a C™ ground-state wave 
function with about equal S and P amplitudes and with 
a positive relative phase (with the phase convention 
used in the A=15 calculations which is, in fact, the 
standard one used in all theoretical discussions of 
A=14). The trouble is that a direct analysis of stripping 
experiments" gives instead a function which is very 
largely S or very largely P (with once again a positive 
relative phase). For the N'™ function it seems pretty 
clear that the major amplitude is D but, in particular, 
the sign of the small S component is uncertain. The 
usual shell model calculation gives S, P, D amplitudes 
with signs (—, +, +), respectively; the C' 6-decay 
argument is not compelling,” and we are left with an 
uncertainty about the N'™ S-state amplitude. In the 
following material we produce numerical values using, 
for definiteness, A= 14 functions produced by Sherr”! 
(with a positive S N™ amplitude and roughly equal S 
and P C™ amplitudes), and we test in each case whether 
the A=14 uncertainty can seriously affect the results, 
particularly the signs of the amplitudes. For good 
measure we calculate amplitudes also for two T=} 
states which, according to the shell-model calculations 
lie above the interacting pair. Our conclusions, such as 
they are, would be unchanged even if we included all the 
higher theoretical $+ states. 

The results of the shell-model calculations are given in 
Table I. The value of y* used in evaluating the shell- 
model reduced widths was simply (h?/2m.a?2)=0.98 
(Mev)!. It is suggested by the table that the 3+ levels 
lying above the isolated interacting pair make a negli- 
gible contribution to the cross section in the energy 
region of interest to us [since the corresponding values 
of Ty p'T'\n'/(E,—E) are very small ]. The two low-lying 
levels, on the other hand, are predicted to give a quite 
sizable contribution, most of the effect coming from the 
second 4-+ state which Halbert and French associated 
with the 8.32-Mev level (but which, in fact, could 
correspond instead to the 9.06-Mev state). The calcu- 


20 FE. Baranger and S. Meshkov, Phys. Rev. Letters 1, 30 (1958). 
21. R. Sherr, J. B. Gerhart, H. Horie, and W. F. Hornyak, Phys. 
Rev. 100, 945 (1955). 
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lated magnitude of >>, T,,'T,n!/(Z,—E) compares 
satisfactorily with those determined by the analysis. 

Next, about the phases. With y2,=0 there are only 
two physically distinct phase combinations for the 
amplitudes. The other degrees of freedom (remember 
that we must have four) are given by the phase of the 
admixing amplitude a;. As they stand, the calculated 
phases in Table I agree with the experimental ones; if 
they had not we could have attempted by wave-function 
phase changes to make them agree. However, the 
admixing amplitude is calculated to be negative instead 
of positive as experimentally observed. 

This disagreement is not significant (nor, indeed, 
would be an agreement). It turns out that the calculated 
phase of yin is “unstable” with regard to the A=14 
functions and would change its sign if we used the 
intermediate-coupling function calculated without at- 
tention to the 8-decay requirement. And if we use a C"* 
function which is predominantly S state (as suggested 
by the stripping experiments), the calculated 1, 
changes: its sign. We can then combine these with a 
phase for the 11.43-Mev theoretical state and produce 
agreement for all the phases. 

The admixing amplitude is related to the Coulomb 
matrix element between the close-lying }+ states by 


(WY; ‘ A cou¥;) 


(19) 


a= 
(E),;—(E), 

The evaluation of the Coulomb matrix element is a 
rather formidable job and not very interesting. It is best 
accomplished by making liberal use of the properties of 
tensor operators and tensor products including their 
behavior under the particle = hole transformation. We 
shall just make a few comments of slightly more general 
interest and then give the result. 

The matrix element to be evaluated is that of a two- 
body operator between two antisymmetric wave func- 
tions, each composed of three groups of equivalent 
particles. This matrix element can be shown to equal a 
much simpler one, namely, one in which we ignore the 
antisymmetrization between groups and deal instead 
with separately antisymmetrized groups of particles, 
each group having definite particle numbers. If Hj; 
were the original two-body operator we should now 
instead have to use H;;’ where H;;’= H;; if i, j are in the 
same group, = H;;(1—P,;) if they are not (P;; permutes 
the particles i and j). The matrix element then breaks 
up into parts, some of which represent the internal 
interactions.in a group, the others the interaction be- 
tween groups. 

The Coulomb operator is'® 


9 


: 1 
—¥ [142(t2(i)+te())+4el2(E-, (20) 
4 i<j ‘ij 


where r,; is the distance between particles i and 7 and 





1258 FRENCH, 
tz(i) is the z component of the isotopic spin operator of 
the nucleon i. The first term of (20) is an isotopic spin 
scalar which can be ignored, the second is an isotopic 
spin vector, the third contains both a scalar [3t(i)- t(j) ] 
and a second rank tensor [ (?)![t(#) Xt(2) Po ]. 

It is tempting to make a long-range approximation to 
the matrix element of (20) whereby, for each pair of 
particles with orbital angular momenta /, /’, we replace 
(r;;) by its mean value, averaging also with respect to 
L with, of course, a (2L+1) weighting. With this ap- 
proximation we can replace (r;;)~', in the matrix element 
of (20), by F°(i,/’;1/'), the usual K=0 Slater integral. 
The operator now is immediately expressible in terms of 
the isotopic spin operators of the various groups (the 
exchange interaction between the groups of course 
vanishing) and the whole evaluation of the matrix ele- 
ment is trivial. This would work for a matrix element 
diagonal in isotopic spin space, but it fails in an off- 
diagonal matrix element, such as that of Eq. (19), be- 
cause it will turn out that the various F° values which 
will enter are quite closely the same (in the present case 
they vary less than +10%): On the other hand the 
matrix element must vanish when all F’’s become equal, 
as pointed out by Neudachin,” because it can then be 
written in terms of multiples of Tz and (Tz). 

We record the various contributions to the 
matrix element. In the numerical evaluation we take 
e’vi=0.97 Mev, where exp(—4vr*) is the exponential 
factor in the single-particle radial wave functions. The 
(pl) contribution is uncertain by 3 or 4 kev because we 
have not evaluated it precisely. The contributions are: 


now 


(p'’) vector= — 114 kev, 
(p’) tensor= +12 kev, 
(stl) vector= +46 kev, 
(s‘,p) vector= —48 kev, 
(pl) vector=+78 kev, 
(p,J) tensor= —8 kev, 
Total =~ —34 kev. 


Note that the tensor contributions are very much 
smaller than the vector contributions. This will almost 
always turn out to be the case when we are dealing with 
many particles, as may be seen easily by considering the 
long-range limit. If we have a group of m particles, then 
DLi<j{tz(i)+lz(j)} — (m—1)T z; the explicit m depend- 
ence does not occur with the tensor interaction. The 
smallness of the tensor contribution can be directly seen 
from the binding energies of T= 1 isobaric triplet states. 
For Tz=1,0, —1 the Coulomb energies are respectively 
S+V+t, S—2t, S—V+i where S, V, ¢ are the scalar, 
vector, and tensor terms. For the nine or so cases where 
the energies are known, / is just a few percent of v (and 


22,V. G. Neudachin, Zhur. Ekspl. i Teoret. Fiz. 31, 892 (1956) 
(translation: Soviet Phys.—JETP 4, 756 (1957). 
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thus of course the plots of Coulomb energies vs Tz are 
almost straight lines). 

A general comment about the magnitude of the 
Coulomb matrix elements is in order. For a pair of 
particles we have (e?/r12) = (3/2)e?(v/2mr)!~ 600 kev, and 
this, at first sight should be the order of magnitude of a 
Coulomb matrix element. Because of the long-range 
cancellation discussed above it is effectively reduced by 
almost an order of magnitude, say to 100 kev. Besides 
this there is an additional wave-function overlap factor 
which, so to speak, looks after the space and spin be- 
havior of the functions. For the overlap of the first five 
theoretical 3+, T=} states with the lowest T= state 
this factor is found to be respectively, 0.7, 0.2, —0.1, 
0.1, —0.6. We can therefore say, rather safely, that 100 
kev is about the largest off-diagonal matrix element that 
we can expect, that an order of magnitude smaller than 
that is quite probable and that the matrix element can 
have either sign. This conclusion strongly supports our 
belief that the isotopic spin admixture in one member of 
the isolated doublet comes, essentially, completely from 
the other member. Hence our determination of the ex- 
perimental admixture, in Sec. IV, is quite accurate. 

For a pair of levels 195 kev apart, a 5% admixture 
would require a matrix element of about 40 kev so that 
our calculated value of 34 kev is quite reasonable. More- 
over, the argument earlier that 100 kev is a reasonable 
upper limit for a Coulomb matrix element strongly sup- 
ports our view that the isotopic spin admixing comes, 
essentially completely, from the mutual interaction of 
the two close-lying levels; for a 100-kev matrix element 
cannot appreciably admix in the more distant levels. We 
thus believe that, to within the present experimental 
uncertainty in the cross section magnitudes, we have 
given a trustworthy model-independent evaluation of 
the isotopic spin admixture. 

Unfortunately there are few other possible reactions 
involving the two close-lying levels, whose cross sections 
are affected by the isotopic spin impurity. One possi- 
bility is the C'(p~,a)B" cross section (or its inverse) 
whose threshold occurs at /,(lab)=0.835 Mev. Since 
Y2a must also arise from the T=} impurity of the T=3 
level we have Y20/Yia=Y2n/Yin- Consequently, to the 
extent that we can neglect all $+ levels except the 
admixed pair, we have the following relation between 
the (p,v) and the (p,m) cross sections of C™, at each 
energy E. 


T p,a()= (21) 


P(E) yin? 


where P,(E) is the p-wave penetrability for alpha 
particles and P,(E£) the s-wave penetrability for 
neutrons. Because of the small value of P,(£) in the 
neighborhood of the two levels the (p,@) cross section is 
only of the order of microbarns. Apart from the pene- 
trability ratio the two cross sections should have exactly 
the same shape. 
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The neutron reduced width y2,2 of the T= 3 level is so 
small that this level has a very small effect on the elastic 
scattering of neutrons by N™. The elastic scattering of 
protons by C™, which has never been measured, would 
be useful in verifying the parameters of the above 
analysis. More importantly, an accurate absolute cross- 
section measurement of either the (p,p) or (p,m) cross 
sections of C“ would remove the substantial uncertain- 
ties in the experimental values of y1p, Yen and hence of 
the isotopic spin impurity. 


VI. ISOTOPIC SPIN IMPURITIES FROM 
PARTICLE-WIDTH RATIOS IN 
OTHER REACTIONS 


For other reactions the extraction of isotopic spin 
impurities from particle-width ratios may not always be 
as simple as in our case, where the admixed levels lie 
very close together. An interesting example has been 
studied recently by Hebbard.” In this example two 
fairly close-lying 1— states of O'’—at 12.43 Mev (T=0) 
and 13.09 Mev (T= 1)—can be studied by the reactions 
N!®(p,70)O", N'5(p,ao)C®, and N'(p,a,)C"*. It had 
been shown earlier by Bloom e/ al. that the admixture 
of the 13.09-Mev state with the low-lying 1—, T=0 
state at 9.58 Mev was very small and hence could not 
account for the forbidden alpha-particle widths of the 
13.09-Mev level, in spite of the very large alpha-particle 
reduced width of the 9.58-Mev level. It may therefore be 
reasonable to suggest, as Hebbard** does, that the 
isotopic spin impurities of the two 1— levels observed by 
Hebbard arise from their mutual admixture. This sug- 
gestion is borne out by the results of the cross-section 
analysis® (which included the interference of the two 
levels). 

Referring to the higher lying level as \=2 and the 
other one as A= 1, the ratios y2a0?/Y1a07, Y2a1?/Y1e12, and 
Tivo/T'2vo are almost the same (~0.15). However, 
Hebbard’s analysis* found the interference of the levels, 
between their resonance energies, to be constructive for 
the (p,ao) reaction, but assumed that the interference is 
destructive for (p,a,) and destructive for (p,7o). If the 
assignment of the isotopic spin impurity to the mutual 
admixture of the two levels is correct, then wherever 

3D. F. Hebbard, Nuclear Phys. 15, 289 (1960). 


4S. D. Bloom, B. i 3 Toppel, and D. H. Wilkinson, Phil. Mag. 7 
57 (1957). 
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(p,ao) exhibits constructive interference (p,a1) must 
also ; and since in the (p,q) cases it is the T=0 admixture 
in the T=1 state which allows an otherwise forbidden 
reaction and in the (p,yo) reaction the forbidden reac- 
tion proceeds by the 7=1 admixture in the T=0 state 
(and since a12= —aei), we see that the (p,yo) reaction 
should show destructive interference. Just as in (21) 
above, one should find here: 


P.,.(E—4.43 Mev) via? 
opa,(E)=— Opay(). 
Y1a02 


(22) 
P,(E) 


A careful analysis of these reactions might very well 
show the similarity in shape of the (p,a;) and (p,a0) 
reactions and would constitute an excellent verification 
of the above interpretation of the particle widths. 

In Li® the second T=1 state (2+) at 5.35 Mev lies 
close to the broad (!'~0.6 Mev) 2+, T=0 state at 4.5 
Mev. The He‘*(d,He*)D or He*(d,He*)H!' reactions have 
never been studied at the appropriate energy so that the 
widths of the T=1 state are not known. The reaction 
energies (~ 6 Mev for alpha particles in the lab) are now 
easily accessible to tandem accelerators, allowing these 
reactions to be studied in detail. In this case, however, 
things are greatly complicated by the fact that, if we 
regard the levels as belonging essentially completely to 
the s*p? configuration, the first-order Coulomb matrix 
element vanishes between them; for it is easy to see that 
the Coulomb interaction, being central, is diagonal in 
isotopic spin in this configuration. The Coulomb ad- 
mixing would then be a second-order effect, though not 
necessarily of second order in the Coulomb interaction, 
since the nuclear interaction would admix states of 
higher configurations. One then expects the admixing to 
be very small, but until the experiment is done it is not 
profitable to speculate further about it. 
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The spectra of protons from (d,p) nuclear reactions initiated by 11-Mev deuterons incident on Th™, 
U8, U5, U*, and Pu have been obtained using separated isotopic targets. The protons were analyzed 
in a double-focusing magnetic spectrometer. States with assignments known from radioactive-decay studies 
are identified and. assignments for some other observed states are discussed using the Nilsson model and 
Satchler’s theory of (d,p) reactions in deformed nuclei. From an analysis of the results the following binding 
energies of the last neutron are obtained: U™, 6.83+-0.11 Mev; U™, 4.74+0.06 Mev; and Pu™®, 6.49+-0.05 


Mev. 
I. INTRODUCTION 


LTHOUGH a large number of nuclei have de- 

formed equilibrium shapes, no systematic study 
of the (d,p) spectra of such nuclei has been performed 
either in the rare-earth region or in the region of 
A> 220. The high level density in nuclei in these regions 
makes it difficult to get accurate results with the ex- 
perimental resolution presently available. The nuclei 
studied in this investigation are Th?*, U, U5, [8, 
and Pu**, A number of levels are known! in nuclei in 
this region from decay scheme studies, and the first 
object of this investigation has been to identify some 
of these levels in the (d,p) spectra. The result of this 
identification is discussed in Sec. IV.A. 

(d,p) reactions in deformed nuclei were first treated 
theoretically by Satchler.? The resolution in the present 
experiment is not good enough to test these calculations 
experimentally. However, a comparison with theory 
using the Nilsson model wave functions has been made 
in Sec. IV.B. This comparison supports some of the 
identifications in Sec. IV.A, and affords an explanation 
of the failure of the present experiment to detect the 
ground state of the U™*(d,p) reaction. 

A further interest in this type of investigation® lies 
in the possibility of improvement of the knowledge of 
neutron binding energies in the uranium region. With 
the present experimental technique, an accuracy of 
+50 kev or better in the determination of reaction Q 
values is possible. However, as is discussed in Sec. 
IV.A, some difficulties occur in the interpretation of 
the data. Neutron binding energies are discussed in 
Sec. IV.C using the results of IV.A and IV.B. 


II. EXPERIMENTAL PROCEDURE 


10.7 Mev deuterons from the Indiana University 
cyclotron passed through a pair of quadrupole focusing 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 
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magnets, a 32° sector magnet, and various beam-defin- 
ing slits before entering the target chamber. Protons 
produced in the target were analyzed by a 180° 20-in. 
radius double focusing magnetic spectrometer and de- 
tected by a 20-mil CsI(TI) scintillation crystal. All 
charged particles except protons were stopped just be- 
fore the crystal by suitable Al absorber foils. The 
spectrometer image slits were set to correspond to a 
momentum resolution of about 0.5%. Observed particle 
group widths (including target thickness, beam spread, 
etc.) corresponded to an actual resolution in momentum 
of about 0.75%. Details of the experimental apparatus 
are described in previous references.*:® 

No attempt was made in this study to measure the 
angular distributions of the emitted protons, although 
it is customary with this apparatus. Instead, only Q 
values and a few representative cross sections were 
determined. Proton spectra were obtained at several 
angles for each target in order to eliminate possible 
contaminant groups, as well as to give improved Q- 
value results. The angular distributions judged from 
these few points seemed to be qualitatively similar to 
those observed in the Pb region.*® 

The Q values were measured by observing proton 
groups from the target of interest, immediately pre- 
ceded or followed by the well-known proton groups 
emitted by the (d,p) reaction in a Be target or backing 
used for calibration purposes. Most of the targets were 
prepared at Los Alamos by evaporation on to thin Be 
or Au backings. Target thicknesses ranged from 1-6 
mg/cm?, as determined by measuring the energy loss 
of alpha particles from a ThB deposit in the targets, 
using the magnetic spectrometer. 


Ill. RESULTS 


Figure 1 shows the Th(d,p) spectrum which is 
typical for the uranium region. For QS 2 Mev the gross 
structure is very similar in all nuclei (as has been 
pointed out by Northrop ef al.*) with the three charac- 
teristic maxima seen in Fig. 1 around fluxmeter current 
48, 51, and 53. The first gross-structure maximum occurs 
Miller, 


*M. T. McEllistrem, H. J. Martin, D. W and M. B 
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Fic. 1. A typical proton spectrum 
obtained for the Th*(d,p)Th** re- 
action. This spectrum shows the gen- 
eral features exhibited by the rest of 
the nuclei studied in the uranium 
region. Similar spectra were taken at 
several angles for each target isotope. 
Proton groups from the backing ma- 
terial and from light-element con- 
taminant reactions were easily identi 
fied as the angle was changed by 
their rapid energy shift with respect 
to the groups from the heavy isotopes. 
The strong group at 10-Mev proton 
energy in this figure is from the 
O'*(d,p)O" ground-state reaction, but 
it is superimposed on a broad group 
from Th indicated by the dashed 
line. 
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in the three uranium isotopes around Q=1.9 Mev, in 
plutonium at about Q=2.4 Mev, and in thorium at 
about Q=1.4 Mev. Its position thus seems to depend 
more on the proton than the neutron number. 

On the other hand, the ground states and the low 
excited states show large differences from isotope to 
isotope. The high-energy parts of the measured (d,p) 
spectra of the other isotopes are shown in Figs. 2-5. 
It is observed that the ground-state Q values are con- 
siderably higher when the target is an odd® nucleus than 
when it is an even nucleus. U™® is an exception, how- 
ever, but an explanation for this is offered below. 
Another difference between the even and odd nuclei 
is in the density of states close to the ground state. In 
the even nucleus U**4 (Fig. 2) the distance between the 
two highest energy groups is 1 Mev, whereas in the odd 
Th (Fig. 1) they have not been resolved. However, 
in Pu (Fig. 5) a group has been observed at the low 
excitation of 0.4 Mev. 


IV. DISCUSSION 
A. Identification of States 


During the last decade the properties of nuclei with 
a deformed equilibrium shape have been successfully 
treated':7:§ by the “unified nuclear model.” The calcu- 


6 Since all the target nuclei in the investigation have an even 
proton number, ‘“‘odd” and “even’’ in the following discussion 
refer to neutron number. 

7A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952). A. Bohr and B. Mottelson, ibid., 27, No. 16 
(1953). A. Bohr, Rotational States of Atomic Nuclei (E. Munks- 
gird, Copenhagen, 1954). 

8S. G. Nilsson, Kgl. Danske Videnskab. Selskab. Mat.-fys. 
Medd. 29, No. 16 (1955). 
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lation by Nilsson of the intrinsic levels in a deformed 
well is of particular interest in the present work since 
(d,p) reactions predominantly excite single-particle 
states. 

It was remarked above that in even nuclei the (d,p) 
reaction excites almost no states below an excitation 
of about 1 Mev except the ground states, and that these 
ground states have larger binding energies than the 
ground states in odd nuclei. These are the two well- 
known features of the energy gap. This is now under- 
stood’ in terms of a nuclear model in which the two- 
body interaction is represented by a pairing plus a 
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Fic. 2. Proton spectrum observed from the U*%(d,p)U™ re- 
action using a separated isotopic target. The vertical dashed 
lines separate data taken in different runs. 


4 S. T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 31, No. 11 (1959). 
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Fic. 3. Spectrum of protons obtained from the U™*(d,p)U%6 
reaction using separated isotopic targets evaporated on backings 
of Au (to the left of the vertical dashed line) and Be (to the right 
of the vertical dashed line). The expected location for the U*** 
ground-state proton group is indicated by the dashed arrow. 
Counts observed to the right of the dashed line were apparently 
due primarily to Si?* contamination on the Be backing material, 
for separate runs with the Be backing alone looked very similar 
in this region. The peak location and the change in energy with 
spectrometer angle of the peak labeled Si” were consistent with 
the first excited state of Si” 


long-range force. Thus, although the ground-state Q 
values differ in even and odd nuclei, it is likely that 
excited states produced by adding a neutron of the 
same configuration to either odd or even target nuclei 
have about the same binding energies (i.e., Q values) 

Figure 6 shows the single-particle neutron states cal- 
culated in the Nilsson model® as a function of the de- 
formation. The smallest neutron number of relevance 
for this investigation is 141. The model assignment for 
this neutron is $+[633 ] which is indeed believed to be 
the ground state of 92U 14:2". Thereafter follow }—[743 ] 
(ground state of g2U/14;"°) and 3+[631] (9sPuiss”). 
Mottelson and Nilsson’ discuss states up to V=151, 
i.e., $+([622], $+[624], and 9/2—[734]. Data are 
not available for assignments beyond this neutron 
number, but these authors point out that N=152 
seems to be a “half-magic’”’ number with an energy 
gap of about 300 kev between the orbitals of the 151st 
and 153rd neutron. 

Angular distributions and absolute cross sections are 
normally required in order to determine spin assign- 
ments for residual nuclear states excited by (d,p) re- 
actions. However, in previous investigations in the lead 
region at 11-Mev deuteron energy,‘ it has been shown 
that the angular distributions differ very little for 
various /,. Furthermore, since the rotational bands 
have not been resolved in this experiment, no definite 
angular momentum can be ascribed to the observed 
groups on this basis. However, in the lead region it was 
found that the magnitudes of the cross sections still 
depend on the angular momenta of the captured neu- 
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trons. Therefore, cross-section magnitudes will be used 
in the interpretation of the data, together with available 
information on known states. In the present section the 
discussion is only qualitative, but a quantitative treat- 
ment is attempted in Sec. IV.B. 

Since the ground states of even nuclei lie well below 
any other single-particle states in they 
easily identified. Thus, an unambiguous idea of how 
strongly the 141st, 143rd, and 145th neutron states 
are excited’ is obtained from the U?*, U**, and Pu” 
(d,p) reactions. The experimental results indicate that 
the cross section is small for the 141st neutron (3 
+[633]), is still smaller for the 143rd ($—[743]) (as 
the ground state was not even observed, see the dis- 
cussion in Secs. IV.B and IV.C), but is considerably 
larger for the 145th ($+[631 ]). With the even targets 
the situation is much less clear. Here the single-particle 
level density near the ground state is comparable to the 
experimental resolution, and unfortunately not even 
the properties of the ground states in the nuclei formed 
in the (d,p) reaction (Th** and U™*) are known. The 
901 hy43""* ground state is expected to be 3—[743] and 
the first excited state }+[631]. The 3— state is ex- 
pected to have a small cross section, so that it appears 
that the highest energy group the Th? 
spectrum represents the $+[631 | The 92U 4477" 
ground state and first excited state are expected to be 
§+([622] and $+[624], 
only one peak is observed wal no direct evidence exists 
as to which state it represents 

It was mentioned above that corresponding states in 
the different isotopes could be expected to show about 
the same Q value. The state that seems to have the 
highest cross section in the region considered is }+[631 ]. 
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Fic. 4. High-energy portion of a spectrum of protons obtained 
from the U%8(d,p)U™ reaction. The contribution to the results 
of the Au backing of the target is indicated by the dashed line. 
” Actually the 142nd, 144th, 
duced widths are the same. 

For a further discussion, 


and 146th, but their relative re- 


IV.C 


see dec 





(d,p) 


This is the ground state of Pu and cannot be expected 
to appear in U** (where this orbital is filled), but by 
the above interpretation it is believed to correspond to 
the highest energy group leading to Th. A noticeable 
feature in the high-energy parts of the spectra of U™ 
and U*® are the proton groups which have Q values 
of 3.09 and 3.20 Mev. It seems reasonable that these 
excited states represent the ground-state neutron 
coupled to $+[631]. The orbital containing the 141st 
neutron is filled in all the nuclei investigated except 
U**, and the cross section for the 143rd neutron is 
negligible. Hence these states should be unimportant 
for the excited spectra. The 15ist neutron state 
(9/2—[734]) wave function is very similar to the 
143rd, so that its cross section is also expected to be 
very small. Thus the relevant neutron states remaining 
are $+(622] and $+[624]. However, no groups ‘can 
easily be singled out in the region of the spectrum be- 
tween the suggested $+ [631 ] state and the first promi- 
nent peak at higher excitation. In the U™* spectrum 
two peaks are seen in this region, but in U™ and Th*® 
no structure is apparent. Finally, at an excitation of 
0.5-1.4 Mev in Pu™ at least two groups are excited. 
It is thus not possible to trace the $+[622] and 
$+(624 | states in the spectra. 

The two groups around a fluxmeter current of 45 in 
Pu” have an excitation of about 1 Mev and can there- 
fore be of single-particle origin. However, it is clear 
from Fig. 5 that even at an excitation of 0.4 Mev a 
group is observed. This group cannot be a rotational 
state since at this excitation one would have an 8+ 
state, implying an /,=8 transition. Neither is it likely 
to have a single-particle configuration other than the 
ground state because of the energy gap. 

The expected gap at N=152 can presumably be seen 
in U* where a gap of more than 0.5 Mev is clearly 
present between the highest energy group and the first 
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Fic. 5. Proton spectrum observed from the Pu*(d,p) Pu reaction, 
using an isotopic target evaporated on a Be backing. 
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large group in the gross structure. From alpha decay 
systematics” a gap of 0.3 Mev has been observed. 
Since the large group is probably due mostly to the 
155th neutron (see Sec. IV.B) and the cross section of 
the 153rd neutron is expected to be small, the agree- 
ment is reasonable. In the other nuclei the gap is more 
or less obscured. 


B. Comparison with Theoretical Expectations 


The theory of (d,p) reactions in deformed nuclei has 
been treated by Satchler and Sawicki.?"*"“ In Satchler’s 
notation,!® the differential cross section may be written 


do(@) 2%2+1 
jt Sibi), (1) 


2 2 
dw 27:+ 


where ¢,(@) is the intrinsic Butler single-particle cross 
section and 
(1a) 


Si= Lo; 957, 
65:(K 121,K2Q2) => g(21,+ 1/275+ 1)} 
X (Ko) Ij K 192+) 
X (b2|G1)cj.(M2tQ,), (1b) 
cwjt(Qwa)= Da ayia(ZAQ—A| jQ). (1c) 


12 A. Ghiorso, S. G. Thompson, G. H. Higgins, B. G. Harvey, 
and G. T. Seaborg, Phys. Rev. 95, 293 (1954). 

13 J. Sawicki, Nuclear Phys. 6, 575 (1958). 

4 J. Sawicki and G. R. Satchler, Nuclear Phys. 7, 289 (1958). 

15 Following the notation of J. B. French and B. J. Raz, Phys. 
Rev. 104, 1411 (1956). 
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TaBLE I. Comparison of the experimental peak differential 
cross sections obtained in the present work with those calculated 
using Eq. (2) assuming the state assignments shown. Other as 
sumptions entering into the calculated estimates are discussed in 
Sec. IV.B. The approximate Q values given are for purposes of 
identification only. 


Cale. 
(do /dw) max 


0.05 
0.008 


State 
Q value Assignment 
§+[633 ] 
as <0.002 

+ +3 i . 0.08 

+[ 631 | - 0.4 

+[631 | . 0.4 

+ en é 0.6 

§+[622 3 | 

3+[624 1 f 0.2 
Mainly 

$+[620] a 1.4 
Mainly 

4$+[620] : 1.5 
Mainly 

4+[620] ' 1.4 
Mainly 

4+[620] 8 1.8 
Mainly 


4+[620] 2.3 


Exp. 
(da /dw) max 


0.01 


Target 





Us 7 
Us 
eed 
U%s 
Us 
Th 
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Here the target and residual nuclear quantum numbers 
are designated by indices 1 and 2. The usual notation 
of the unified model is used: ¢; represents the vibra- 
tional part of the wave function and ay are the 
(normalized) coefficients calculated by Nilsson.’ The 
captured nucleon is referred to by j and J, and g is v2 
if either K;=Q,=0 or K2=.=0, and unity otherwise. 

The approximation (¢2|¢:)~1 will be used for con- 
venience (see reference 2). In the present work the 
different members of the rotational band have not 
been resolved and thus no comparison of the experi- 
mental results with Eq. (1) can be attempted. 

If only the sum of the cross section over the rota- 
tional band of a nucleus with an even proton number 
is considered, the simpler expression obtained is 


da (0)/dw=h ¥ is aniw*dr. (2) 


The following situations are relevant in the present 
investigation : 

(a) Target even: K,;=0; h=2. 

(b) Target odd: K,=0. Summation over ground state band, 

K2=0; A=1. 
(c) Target odd: Summation over both bands with possible 
Kz; h=2. 
Thus, for a particular single-particle state the contribu- 
tion to the cross section of a certain /-value is given by 
the Nilsson coefficient, whereas the distribution of this 
cross section to the different members of the rotational 
band is given by the more complex Eq. (1). 

In order to give a more quantitative basis for the 
interpretations in Sec, IV.A, estimates of some cross 
sections are attempted using Eq. (2). Of special interest 
is the cross section of the transition to the U™* ground 
state. The difficult part in this procedure is to estimate 
¢:;. The comparison is made for the maxima of the 
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differential cross sections, using those obtained in 
previous investigations*® in the lead region at the same 
deuteron energy. The variation of the cross section 
with Q is empirically estimated. Complete angular dis- 
tributions were not taken, and thus the errors in the 
experimental data are large. The best agreement can 
be expected for relative comparisons in the same Q 
range. 

The result is shown in Table I. The relative agree- 
ment is fair, which gives further support to the inter- 
pretations in Sec. IV.A. The experimental cross sec- 
tions are small by about a factor of 2, which is in the 
right direction, since the Coulomb barrier is larger in 
the uranium than in the lead region. In the case of the 
even-even ground states, where a strong correlation 
exists between the particles, a factor of 4 is observed 
instead. 

It is satisfying to note that the expected cross section 
of the U™* ground-state transition is very small. The 
calculated maximal differential cross section is only 
8 ub/sr. 

Cross sections have been calculated for all bound 
states. Above the gap at N=152 there is expected to 
be a group of states with relatively high cross sections 
(highest for 3+ [620], N=155), followed by a number 
of states with smaller cross sections. It has been as- 
sumed in Table I that the large peak with Q~2 Mev 
represents this group of states. However, at higher 
excitation no interpretation is suggested because of the 
uncertainties in the calculated excitation energies. 


C. Neutron Binding Energies 


Precise reaction Q values are of importance for the 
determination of nuclear masses. In the translead region 
only a few Q values with relatively large errors have 
been measured previously. Thus the published tables 
of nuclear masses'*-” covering this region are based 
mainly on the decay energies in the four natural radio- 
active decay series. The energy differences between the 
series are determined through nuclear reactions in 
various lead isotopes. In this procedure the error in the 
masses becomes cumulatively larger as one proceeds 
towards higher masses. Therefore, Q values in the 
uranium region would be very useful in improving the 
mass tables by closed cycle calculations. 

Unfortunately, the present rather accurate Q values 
are not as useful as could be hoped for because it is not 
certain that the highest Q value in a reaction represents 
the transition to the ground state. Either the ground- 
state transition may not have been observed at all or 
the ground state may not have been resolved from 


16R, A. Glass, S. G. Thompson, and G. T. Seaborg, J. Inorgan. 
& Nuclear Chem. 1, 3 (1955). 
17 J. R. Huizenga, Physica 21, 410 (1955). 


18 B. M. Foreman, Jr., and G. T. 
clear Chem. 7, 305 (1958). 

1 F, Everling, L. A. Kénig, J. H. E. Mattauch, and A. H. 
Wapstra, Nuclear Phys. 18, 529 (1960). 


Seaborg, J. Inorgan. & Nu- 
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TABLE IT. Q values and neutron binding energies obtained from 
the present experiment. The Q value listed is that of the most 
energetic proton group observed in each case, but in U™* and 
probably in Th* this group does not represent the ground state. 
The neutron binding energies listed are corrected for estimated 
contributions to the observed group from more than one member 
of the ground-state rotational band, as described in the text. 
Errors quoted for the binding energies include the rms deviation, 
estimated systematic error, and error in the correction for low 
excited states. 








Error in 
binding 
energy 
(Mev) 


Corrected 
binding 
energy 

(Mev) 


Rms 
deviation 
(Mev) 
+0.03 
+0.03 
+0.02 
+0.02 


Measured 
Q value 





+0.11 


+0.06 
+0.05 


states of low excitation. Groups seen in (d,p) reactions 
corresponding to low excited states either can have a 
different single-particle configuration from the ground 
state, or can belong to the ground-state rotational 
band. In even nuclei the former type of excited states 
do not occur below an excitation of about 1 Mev. It is 
thus easy to decide whether the ground-state rotational 
band has been observed when the target is odd. The 
U** and Pu®* Q values agree within 0.1 Mev with those 
derived from the mass tables and therefore the corre- 
sponding proton groups must be attributed to the 
ground-state rotational bands. The U*® Q value is 1 
Mev smaller than expected, so that the U** ground 
state was not observed. In Sec. IV.B this has been 
shown to be due to the fact that the U** ground-state 
configuration is $—[(743 ]. 

Because the over-all experimental resolution was 
about 200 kev, the different members of the ground- 
state rotational bands were not resolved. The only way 
to correct for the fact that low excited states may have 
contributed to the observed proton groups is to calcu- 
late the cross sections using Eq. (1). The accuracy of 
this equation even in estimating cross sections has not 
been experimentally determined in heavy nuclei, al- 
though in Sec. IV.B fair agreement is obtained for 
relative cross sections when the sum over the rotational 
bands is considered. Thus it seems necessary to set the 
error in the correction about equal to the correction 
itself. The result of such a calculation is that in Pu 
the 0+ and 2+ states are predominantly excited, but 
in U™ the 4+ and 6+ states also contribute an ap- 
preciable cross section. The calculated corrections are 
0.02 and 0.09 Mev, respectively. 

When the target nucleus is even, the situation is 
complicated by the fact that bands of a configuration 
different from that of the ground state can occur at low 
excitation. The U ground-state configuration is ex- 
pected to be $+[622] from the Nilsson model. Ex- 
pected states close to this are 3+[[624 ] and 9/2—[[734 ]. 
Thereafter follows the gap at N=152. Pu™! (differing 
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only by a proton pair from U™*) has a 3+[622] ground 
state, and $+ [624] is found at 172-kev excitation. In 
Cm***, 9/2—[734] is well above $+-[624 ]. It therefore 
seems likely that $+ [622] is the ground state of U™. 
The ft value of the U® 8 decay is consistent with this 
assignment. This state is expected to exhibit a cross 
section which is a factor of three larger than that of 
$+[624]. A calculation of the cross sections of the 
different members in the rotational band gives appre- 
ciable cross sections only for the §+ and 9/2+ states. 
This calculation results in a correction of 0.05 Mev. 
No conclusive evidence exists about the Th ground 
state assignment, and no previous experimental infor- 
mation is available regarding excited states in this 
nucleus. The ground state of Pu”? and U™** is 3—[[743 ], 
and this is likely also for Th**, Another possibility is 
$+[631] which is found at an excitation of 145 kev 
in Pu®? and within 100 ev from the ground state of 
U*, The Th ground-state beta decays primarily to 
the Pa** ground state. This is consistent with a Th 
assignment of 4+[631] but not with }—[743]. How- 
ever, there is also evidence of a small branching to the 
§+(642] excited state in Pa®*, which is inconsistent 
with the 4+[631] assignment.” In Sec. IV.A the 
highest energy (Q=2.55 Mev) group observed in the 
Th*(d,p) reaction was given the +631] assignment 
as a result of its large cross section. The binding energy 
corresponding to this group is then 4.78+0.03 Mev.” 
Because of the mentioned uncertainties in the Th 
ground state assignment, no definite conclusion can be 
drawn as to whether or not this group represents the 
ground-state transition. However, in the Th™(m,7) 
reaction a gamma ray of 4.92+0.03 Mev is found.” 


u™ 


Vie (4,9) 81.28 2.05 
4.74 2.06 


yu 


From Fig.8 
6.iC 2.12 


From Fig.8 
5.27 2.03 


@; 5.23, +.00, 


From Fig.8 
6.50 + .05 


Fic. 7. Closed-energy cycle including neutron binding 
energies obtained in the present experiment. 


2%” A Th*® ground-state spin of 3- is consistent with both the 
8-decay and the (n,y) results, but no such state is expected for 
N=143 from the Nilsson model. 

*1The correction for excitation of rotational states in the 
4+[631] band is less than 0.01 Mev. 

2L. V. Groshev, V. N. Lutsenko, A. M. Demidov, and V. I. 
Pelekhov, Atlas of y-ray Spectra from Radioactive Capture of 
Thermal Neutrons, translated by J. B. Sykes (Pergamon Press, 
New York, 1959). 
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6.10 2.12 
(Calculated) 
237 


Th? 


Pg? 8'40.192+.00, 


u24 B32.304,05 


Th? 
Vio (d,p) 
6.83.11 


Po233 B; 1.232.01 
y233 B50.56g+.00, 


— Vio ny) 
4.92 2.03 
Th 


Thus the Q=2.55 Mev group appears to represent an 
excited state.” 

The measured Q values and the corrected neutron 
binding energies derived from them are shown in 
Table II. The consistency of the binding energies ob- 
tained can be tested by means of the closed-energy 
cycle in Fig. 7. Only the binding energy in U*® was ob- 
tained directly, whereas the other binding energies 
have to be transformed as shown in Fig. 8.% The 
binding energy of four neutrons in U* is (from the 
right branch in Fig. 7) 22.620.05 Mev. The experi- 
mental result is 22.61+0.15 Mev. 

Because of the uncertainties in the interpretation of 
the data it is difficult to suggest any improvement in 
the existing mass tables. The most recent compilation” 
gives a Pu QO value of 4.16 Mev. The comparatively 
small error in the present corrected Q value of 4.26 
Mev might indicate an error in either the 4n or 4n+3 
mass chain (or both). An increase in the 4» chain of 
0.1 Mev would give agreement for the Pu” binding 
energies and give better agreement for Th**. A weak 
link in the 42 chain could be the Qs- of Ac”*. The value 


*3 Whether the 4.92 Mev y ray goes to the ground state is un- 
certain. An indication against such an interpretation is that the 
deviation from the binding energy of 5.07 Mev obtained from the 
mass table of reference 19 is rather large. Arguments in favor of 
this interpretation are: (1) A binding energy of 4.92 Mev is con- 
sistent with the binding energies determined in the present work 
as shown in Figs. 7 and 8. (2) A small proton peak is more likely 
to escape unobserved at a binding of 4.92 Mev which is at the 
high-energy side of the Q=2.55 Mev peak than at a binding of 
5.07 Mev where only the background can obscure it. 

*4 Since it is believed that the ground state was not observed in 
the Th**(d,p) reaction, the Th*(n,7) value mentioned above 
was used. 
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Via (d,p) 
6.49 t.05 


Fic. 8. Summary of available 


information on neutron binding 
energies in the uranium region, 
including the results of the present 


work labeled “Via (d,p) 


obtained by Bjgrnholm ef al.*® is 0.10 Mev smaller than 
that used by Everling et al." 

Note added in proof. A reinvestigation of the Th? (d,p) 
proton spectrum using an overall resolution of about 
100 kev has been made with improved targets recently 
available. The observed spectrum contains indications 
of a weak proton group at an energy corresponding to 
a binding of about 4.9 Mev, which adds support to the 
tentative conclusion of Sec. IVC that the O= 2.55-Mev 
group represents an excited state. 
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The decay of 38.4-min Zn®™ has been investigated using scintillation and beta spectrometer techniques. 
84% of the decays are to the Cu® ground state. Gamma rays having energies of 0.67, 0.96, and 1.42 Mev 
are present with intensities of 9.0, 6.7, and 0.9% of the 8* transitions. Low intensity gamma rays (<0.2% 
were observed at energies of 1.55, 1.83, 2.04, 2.34, 2.55, 2.77, and 3.10 Mev. Coincidence measurements 


established positron feeding of the Cu® levels at 0.67, 0.96, and 1.42 Mev but no 7-7 


coincidences were 


observed. Internal conversion coefficients of the 0.67- and 0.96-Mev gamma rays are in agreement with 
predominantly M1 assignments to both transitions. A decay scheme is presented which differs significantly 
from that previously reported. It is inferred that the spin of Zn® is $-. M1 and £2 transition probabilities 
between the various levels of Cu and Cu® are discussed in terms of the “center-of-gravity” model for 
states in these nuclei. Both.agreements and disagreements with the model predictions are observed. 





I. INTRODUCTION 


HE present investigation of the decay of Zn®™ was 
prompted by the observation of a prominent 0.67- 
Mev 7 ray in the spectrum of Zn®, Although this y ray 
had been observed in the Coulomb excitation of Cu® ! 
and the corresponding level observed in inelastic scat- 
tering experiments,?~* it was not reported in the previ- 
ously published decay scheme study of Huber, Marcus, 
Preiswerk, and Steffen.’ These authors resolved the Zn®™ 
positron spectrum into three groups having end points 
of 2.36, 1.40, and 0.47 Mev, and observed conversion 
electrons from a 0.96-Mev gamma ray. From absorption 
studies of the gamma radiation and of secondary 
electrons they also inferred the presence of 1.89- and 
2.60-Mev gamma rays. The y-ray spectrum of Zn® has 
been investigated more recently by Hayward, Farelly- 
Pessoa, Hoppes, and van Lieshout,® and by Ricci, 
Girgis, and van Lieshout.’ In the more complete of 
these studies’ these authors find a complex spectrum 
consisting of 19 y rays, including the 0.67-Mev 
transition. 
The levels of Cu® have been investigated extensively 
in proton and neutron inelastic scattering experiments. 
The more detailed of these studies is that of Mazari, 


TA preliminary report of this investigation appeared in Bull. 
Am. Phys. Soc. 4, 56 (1959). 

* Research performed under the auspices of the U. S. Atomic 
Energy Commission. 
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96, 386 (1954). 
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94, 1641 (1954). 

70. Huber, H. Marcus, P. Preiswerk, and R. Steffen, Helv. 
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van Lieshout, Nuovo cimento 11, 153 (1959). 

®R. A. Ricci, R. K. Girgis, and R. van Lieshout, Nuovo cimento 
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46 levels ranging from 0.668 to 3.476 Mev. Levels at 
0.67 and 0.96 Mev have been excited by Coulomb excita- 
tion.’ Nuclear resonance fluorescence from the 0.96- 
Mev level has also been reported by Ilakovac." As a 
part of the present investigation, further resonance 
fluorescence studies of the 0.67- and 0.96-Mev levels 
were undertaken and have been reported elsewhere.” 
The resonance fluorescence of these levels has also been 
observed by Rothem, Metzger, and Swann," and by 
Booth.“ From the various data now available, a spin 
and parity $- may be assigned to the 0.96-Mev level 
and a spin and parity of 4~ to the 0.67-Mev level of 
Cu®. Since the Cu® ground state has a spin and parity 
3-15 and since Zn™ decays directly to both excited 
states and the ground state, the Zn® spin and parity 
must also be $-. These points will be considered in 
detail below. 

The present report includes a study of the positron, 
conversion electron and y-ray spectra of Zn®. The y-ray 
spectrum, as determined with the aid of coincidence 
measurements, differs in a number of important re- 
spects from that reported by Ricci et al.® 


II. GAMMA-RAY SPECTRA 


Zinc-63 was prepared by the Cu®(p,n)Zn® reaction 
with 9-Mev protons from the Brookhaven 60-in. 
cyclotron. At this energy the only other activity ob- 
served was 245-day Zn®. To prepare beta spectrometer 
sources and some sources for the gamma-ray studies, 
zinc was chemically separated from the copper foil 
targets by use of a Dowex 1 anion exchange column. 
Copper was first elluted with 1N HCl and zinc was 
then removed with water. Comparison of spectra of 
chemically separated zinc sources with unseparated 

10 L. K. McGowan and P. H. Stelson, (private communication). 

11 K. Ilakovac, Proc. Phys. Soc. (London) A67, 601 (1954). 

12 J. B. Cumming, A. Schwarzschild, A. W. Sunyar, and N. T. 
Portile, Phys. Rev. 120, 2128 (1960), also Bull. Am. Phys. Soc. 4, 
57 (1959). 

13 T. Rothem, F. R. Metzger, and C. P. Swann, Bull. Am. Phys. 
Soc. 5, 266 (1960). 

4 EF, C. Booth, Bull. Am. Phys. Soc. 5, 239 (1960). 

18 R. Ritschl, Z. Phys. 79, 1 (1932). 
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Fic. 1. Gamma-ray spectra of Zn® obtained in several 
different geometries. 


foils showed no differences ; hence, the bulk of the gamma 
ray and coincidence data presented below was obtained 
with unseparated sources. 

The half-life of Zn® was obtained from decay meas- 
urements on a number of specific features of the gamma, 
positron, and conversion electron spectra, as well as 
from the gross beta activity. The best value of the half- 
life is (38.4+0.2) min in agreement with the value 
(38.1+0.3) min reported by Ricci et a/.° and consistent 
with earlier values." 

The y-ray spectrum of Zn® was investigated with a 
3X3 in. NalI(Tl) crystal in conjunction with a 100- 
channel pulse-height analyzer. The resolution of the 
system for the 662-kev line of Cs'*7 was 8%. Spectra 
were obtained for a wide range of source-to-crystal 
distances corresponding to geometries of from 0.1 to 
45% of 4m steradians so that the effects of addition 
peaks (summing) could be evaluated. Sources were 
sandwiched between beryllium absorbers sufficiently 
thick to stop all positrons. 

Spectra for 45, 1, and 0.1% geometries are presented 
in Fig. 1. The energy calibration for the various peaks 
was made by the use of standard sources of Na”, Cs!*7, 
Co™®, and Na™. Peaks may be seen at gamma-ray 
energies of 0.67, 0.96, 1.42, and 2.04 Mev. In addition, 
the 45% geometry spectrum (lower curve in Fig. 1) 
shows pronounced peaks at 1.18 and 1.47 Mev cor- 

16 Nuclear Data Sheets, edited by C. L. McGinnis (National 


Academy of Sciences-National Research Council, Washington, 


D. C.). 
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responding to the addition of 0.67+0.51 Mev and 
0.96+0.51 Mev. The high geometry also results in a 
filling-in of the valleys between the 0.51-, 0.67-, and 
0.96-Mev peaks. The addition peaks were still present 
(but in lower intensity) in a 5% geometry spectrum 
(not shown) but appear to be absent in the 1% and 
0.1% geometry spectra. It should be noted that the 
shoulder on the high-energy side of the 1.42-Mev peak 
remains essentially unchanged when the geometry is 
changed from 1% to 0.1%, indicating a true gamma ray 
at 1.55 Mev. Because of their low intensities, several 
higher energy gamma rays were observed in a separate 
experiment in which the detector was shielded with 1 
cm of lead to reduce its annihilation 
radiation. 

The quantitative analysis of the various 1 and 0.1% 
geometry spectra was performed by a successive sub- 
traction procedure in which sources such as Na™, K®, 
Na”, Zn®, and Cs"? were used to give the detector 
response to monoenergetic gamma rays. A substantial 
continuous background, due to annihilation of positrons 
in flight®” and bremsstrahlung, must be included in 
this analysis if errors in low intensity peaks are to be 
avoided. Furthermore, since the annihilation in flight 
produces y rays having energies greater than 0.51 Mev, a 
correction to the 0.51-Mev peak is necessary if the cor- 
rect fraction of decays via positron emission is to be 
obtained. Gerhart, Carlson, and Sherr'’ have calculated 
that there are 0.06 y/8* at energies >0.51 Mev for 
Ne” positrons (Einax=2.2 Mev) stopping in Lucite. 
The average effect for the 2.33-Mev ground state 8* 
group and the inner groups of Zn® is expected to be close 
to that of Ne’. The beryllium absorbers used in the 
present experiment should lead to a smaller effect. 
Since Gerhart ef al. observed higher yields than those 
predicted by theory for Lucite, we have assumed the 
correction for Zn® positrons in beryllium is the same as 
that calculated for Ne’ positrons in Lucite and applied 


response to 


TABLE I. Energies and intensities of gamma rays observed 
in the decay of Zn®. 





Relative intensity 
This work Ricci et al.* 


Energy (Mev) 


0.511 200 200 


0.669+0.002° 9.0 +0.6 
0.962+0.002° 6.7 +0.7 
1.33 <0.05 
1.42 +0.03 0.94+0.15 
1.55 +0.05 0.12+0.03 
1.83 +0.04 0.02+0.01 
2.04 +0.04 0.14+0.03 
+0.04 0.07+0.02 
+0.05 0.06+0.02 
+0.06 0.04+0.02 
+0.08 0.02+0.01 


14.0 +0.8 

10.0 +0.9 

0.41+0.05 
0.80+0.07 
0.20+0.05 
0.02+0.01 
0.12+0.01 
0.05+0.01 
0.08+0.01 
0.03+0.01 





® See reference 9. These authors also reported gamma rays at energies 
of 0.810, 0.875, 1.10, 1.27, 1.67, 1.90, 2.14, and 2.69 Mev. 
b These energies were determined from the conversion electron spectrum. 


17J. B. Gerhart, B. C. Carlson, and R. Sherr, Phys. Rev. 94, 
917 (1954). 
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a 3%, correction to the 0.51-Mev peak. To convert 
photopeak areas to relative intensities, standard sources 
of Na”, Co™, and Na were used to obtain a calibration 
curve of photopeak efficiency vs energy for the particular 
detector system used. 

The energies and relative intensities of gamma rays 
obtained from the 1 and 0.1% geometry spectra are 
presented in Table I. Errors assigned to the intensities 
are based on reproducibility of the resolutions of the 
various spectra by both authors and on estimated 
systematic effects. The intensities of the corresponding 
y-rays given by Ricci et al.® are listed in Table I for 
comparison. The energies of the lines in Table I are in 
good agreement with those reported by Ricci ef al. and 
Mazari ef al.” It is seen that the agreement in intensities 
is not very good. In particular, the intensities of the 
two most prominent ¥ rays, as determined in the present 
work, are some 40% lower than the values quoted by 
Ricci et al. These authors have also reported gamma 
rays at 0.810, 0.875, 1.10, and 1.35 Mev having in- 
tensities of 1.8, 1.2, 0.7, and 0.4% of the positrons as 
well as a number of lower-intensity gamma rays. These 
were not observed in the present measurements and a 
limit for the abundance of the 1.33-Mev gamma ray 
is included in Table I. Ricci et al. place the 0.810- and 
0.875-Mev gamma rays in cascade with the 0.67-Mev 
level and the 1.10-Mev gamma in cascade with the 
1.35-Mev level. The results of the coincidence measure- 
ments described below set upper limits for these gamma 
rays substantially lower than the abundances given by 
Ricci et al. 


Ill. COINCIDENCE MEASUREMENTS 


The spectrum of y rays in coincidence with annihila- 
tion radiation was investigated in a 511-511-y triple 
coincidence measurement similar to that previously 
described.'* Detection of 511-kev y rays by each of two 
2X2-in. NalI(Tl) scintillators located at an angle of 
180° with respect to the source was required in coinci- 
dence with a pulse from a 3X3-in. detector at 90° to the 
axis of the 2-in. detectors. The detector and source 
geometries were such that no straight line connected 
the volume in which the positrons annihilated, either 
of the 2-in. detectors, and the 3-in. detector. When these 
coincidence conditions were satisfied a 100-channel 
pulse-height analyzer was gated to analyze the pulse 
from the 3-in. detector. The concidence conditions were 
determined with a conventional fast-slow coincidence 
circuit which had a resolving time 7 of 0.2 usec. Circuit 
performance was checked with a Na* source. The contri- 
bution of accidental coincidences was determined by 
delaying the pulse from the 3-in. detector relative to 
those from the 2-in. detectors by 0.5 usec. 

Coincidence spectra obtained for several sources all 
showed peaks at 0.67, 0.96, and 1.42 Mev indicating 


18}. S. Harmer and M. L. Perlman, Phys. Rev. 114, 1133 
(1959). 
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that these transitions are fed by positrons. The fractional 
feeding of these levels by positrons was calculated from 
the ratio of the photopeak area in the coincidence spec- 
trum to the peak area in the singles spectrum, the same 
ratio for the 1.28-Mev gamma ray of a Na” standard, 
and the known fraction of positrons, 0.90, feeding this 
level in Na*."® The results of the present measurements 
are presented in Table II. The very limited statistical 
accuracy in the case of the 1.42-Mev transition did not 
allow resolution of the contribution of the 1.55-Mev 
line. Theoretical values for the fraction of positrons 
feeding these levels and the ground state are presented 
for comparison. These have been obtained from the 
K/8* ratios for allowed transitions” and from the L/K 
capture ratios.”!? The experimental values are in fair 
agreement with the theoretical ones. Since relatively 
intense sources of Zn®™ were necessary to obtain a reason- 
able number of coincidences, it is possible that some gain 
shifting of the phototubes may have lowered the effi- 
ciency for detecting the 511-kev quanta relative to that 
for the Na” standard, an effect which would lead to 
low results. Of the various sources used for the measure- 
ments, the lowest intensity source resulted in values of 
the fractional feeding of the 0.67- and 0.96-Mev levels 
of 0.87-+-0.08 and 0.85-+0.08. In view of the limited 
precision and possible systematic effects, the theoretical 
values will be used in all subsequent calculations. The 
overall fraction of Zn® which decays by positron emis- 
sion is calculated to be 93.4%, in agreement with the 
90-95% reported by Huber et al.’ 

Since the 0.51-Mev peak does not appear in the coinci- 
dence spectra described above (except as accidentals), 
these spectra may be examined for low-energy gamma 
rays which might have been obscured by the in- 
tense annihilation radiation peak in the singles spectra. 
No such gamma rays were observed and in the energy 
region 0.15-0.45 Mev could not be present in excess of 
0.5% of the Zn® decays. In the vicinity of annihilation 
radiation, a limit of 1% was set. 


TaBLeE II. Positron feeding of Cu™ levels by the decay of Zn®. 








Fraction of transition fed 
by positrons 
Measured Calculated* 


0.956 
0.884 
0.813 
RE 
0.415 
0.934 


Level (Mev) 








ground state ees 
0.67 0.84+0.04 
0.96 


0.77+0.07 
1.42) 


1.55/ 0.40+0.15 


all transitions 





® See references 20-22. 


19 R. Sherr and R. H. Miller, Phys. Rev. 93, 1076 (1954). 

2M. L. Perlman and M. Wolfsberg, Brookhaven National 
Laboratory Report BNL-485 (T-110), 1958 (unpublished). 

21H. Brysk and M. E. Rose, Revs. Modern Phys. 30, 1169 
(1958). 

* B. L. Robinson and R. W. Fink, Revs. Modern Phys. 32, 117 
(1960). 
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Fic. 2, Spectrum of gamma rays coincident with 0.67 Mev. 
The singles spectrum is included for comparison. 


Ricci et al.® have reported that ~ 10% of the 0.67-Mev 
gamma rays are preceded by a cascade of 0.81- and 0.87- 
Mev y rays. To search for this cascade, two 3X3 in. 
detectors set at ~60° angles to each other viewed a 
Zn® source. The detectors were shielded from each 
other by more than 2 cm of lead to minimize scattering 
of y rays from one detector to the other. A single- 
channel pulse height analyzer selected pulses in the 
region of the 0.67-Mev photopeak from one detector 
and a 100-channel pulse height analyzer displayed only 
those pulses from the other in coincidence with these. 
The spectrum of gamma rays in coincidence with 0.67 
Mev is shown in Fig. 2. Included for comparison is the 
singles spectrum from the same detector. If Ricci e¢ al. 
were correct, a peak ~ 5 as intense as the annihilation 
peak should have been observed between 0.81 and 0.88 
Mev. The observed counting rate in this vicinity is only 
~1% of that at the 0.51-Mev peak. Furthermore, the 
tail on the high-energy side of the 0.51-Mev peak is 
consistent with annihilation of positrons in flight and 
shows no structure expected for single gamma rays. 
Hence the cascade reported by Ricci et al. can not be 
present. A similar experiment was performed with the 
single channel set at 0.96 Mev. The coincidence spec- 
trum was very similar to that in Fig. 2 showing coinci- 
dence only with annihilation radiation. The channel 
was then set at 1.33 Mev to search for the 1.10-1.33- 
Mev cascade reported by Ricci ef al. in ~0.5% of the 
decays. No such cascade was observed. To complete 
the coincidence measurements, a wide channel was set 
to include all gamma rays above 1 Mev. Again, the 
only peak in the coincidence spectrum was annihilation 
radiation. 

The intensities reported by Ricci et al.° and the upper 
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limits set by the coincidence measurements described 
above are listed in Table III. It is seen that the upper 
limits are nearly an order of magnitude lower than the 
previously reported intensities for these gamma rays. 
The conclusions of Ricci ef al. were based completely 
on data obtained using a 1X1 in. Nal(TI) crystal. 
Coincidences were identified by sum peaks. It is quite 
possible that the use of a small detector for analysis 
of a rather complex spectrum is the cause of the above 
discrepancies. 


IV. POSITRON AND CONVERSION 
ELECTRON STUDIES 


Positron and conversion electron spectra of Zn™ were 
obtained with an intermediate image beta ray spectrom- 
eter.?8 Sources were less than 100 ug/cm? thick and were 
mounted on 50 ug/cm? VYNS* films or on 0.9 mg/cm? 
Mylar foils. Examination of the low-energy region of 
the 8+ spectrum indicated that the use of the heavier 
backing had a negligible effect on the intensities re- 
ported below. The spectrometer, which was equipped 
with a set of spiral baffles to reject particles of sign op- 
posite to those of interest,”® was set for a nominal resolu- 
tion of 1.5%. Due to the large differences in intensities 
of positrons and conversion electrons, it was not possible 
to obtain a 8* spectrum of a given source until a con- 
siderable time (as much as seven half-lives) after the 
electrons were observed. To overcome the need for such 
long extrapolations, 8* spectra obtained from 
weaker sources whose relative strengths were assayed by 
gamma counting. A Kurie plot of a Zn® position spec- 
trum is presented in Fig. 3. It is seen that the ground 
state group has an allowed shape. A least squares fit 
gives an endpoint of 2.33-0.02 Mev which agrees with 
the average of other values reported for this end point.'® 
After subtracting the ground-state group, the inner 
groups are also plotted in Fig. 3. The results are consis- 
tent with a mixture of transitions having endpoints of 
1.37 and 1.66 Mev but the limited statistical accuracy 
does not permit a detailed analysis. It is possible how- 
ever, to obtain the intensity of all inner group positrons 
as (12+2)% of all 8+ transitions. This value is compared 
in Table IV to that observed by Huber et a/.’? Agreement 


were 


TABLE III. Upper limits for the intensities of gamma rays. 


Intensity (y 
This work 


1008*) 
Energy (Mev) Ricci et al.* 
0.29 
0.81 
0.88 
1.10 
1.27+1.33 


<0.02 
<0.2 
<0.2 
<0.2 
<0.05 


® See reference 9. 


% 7D. E. Alburger, Rev. Sci. Instr. 27, 991 (1956). 

“4B. D. Pate and L. Yaffe, Can. J. Chem. 33, 15 (1955). 

25). E. Alburger, S. Ofer, and M. Goldhaber, Phys. Rev 
1998 (1958). 
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is good although Huber ef al. resolved the inner groups 
into components having endpoints of 1.37 and 0.47 Mev. 
From the intensities of the gamma rays in Table I and 
capture/positron ratios of Table II, the inner groups 
would be expected to have an intensity of (14.0+1.0)% 
in agreement with the above value. If the gamma-ray 
intensities of Ricci et al. were correct, over 19% of the 
positrons would be in inner groups. 

Conversion electron spectra were obtained by re- 
versing the spectrometer field. Lines were observed at 
660 and 952 kev corresponding to the most intense 
gamma transitions in Zn®™, The L and M lines were not 
resolved from the K conversion line, but because of 
their low intensity the line position is not expected to 
shift appreciably. The energy scale for the e~ and 6+ 
measurements was calibrated using the K conversion 
line of the 1.06-Mev transition in the decay of Bi*’’.*® 
The intensities of the two Zn®™ conversion lines are in- 
included in Table IV. The intensity of the 952-kev line 
agrees with that reported by Huber et al.’ They did not 
observe the 660-kev line. From the intensity of conver- 
sion lines relative to positrons in Table IV and from 
the intensity of gamma rays to positrons in Table I, 
the total conversion coefficients of the 669- and 961-kev 
transitions are calculated to be (5.2+0.3)K10~ and 
(2.3+0.3)X10~, respectively. These agree well with 
the theoretical values?’ for M1 transitions, 5.0 10-4 and 
2.3X10~*, but are lower than the values for £2 transi- 
tions, 7.5X10~ and 2.810~. It is known that both 
transitions are predominantly M1.” 

As an independent check on the conversion coeffi- 
cients and the gamma ray intensities of Zn, the gamma- 
ray intensities of the zinc spectrometer sources were 
compared to the intensities of the 1.06- and 0.57-Mev 
gamma rays from the Bi” calibration source. The 
scintillation detector response was calibrated on the 
assumption that the relative intensity of 1.06- to 0.57- 
Mev quanta was 74/100.28 The theoretical K conversion 
coefficient?” for the 1.06-Mev M4 transition, 0.097, 
was used. The resulting total conversion coefficients 
for the 0.67- and 0.96-Mev transitions were 5.7 10~ 
and 2.5 10~ in agreement with those values calculated 
above. The relative intensities were 200, 9.9, and 7.3 


TABLE IV. Relative positron and conversion electron intensities. 





Relative intensities 
Present experiment Huber et al.* 


88+2 87 
12+2 13 
(4.8+0.2) x 107% not observed 
(1.6+0.2) x 103 (1.60.8) x 107% 
<1.7X10— not reported 


Particle 





8* ground state 
8* excited states 
e~ 660 kev 

e~ 952 kev 

e~ 283 kev 











* See reference 7. 

261. E. Alburger, Phys. Rev. 92, 1257 (1953). 

27M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 

28 R. A. Ricci, Physica 23, 693 (1957), and A. H. Wapstra, Arkiv 
Fysik 7, 279 (1954). 
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Fic. 3. Kurie analysis of the Zn® positron spectrum. 


for the 0.51, 0.67, and 0.96-Mev gamma rays, respec- 
tively, in reasonable agreement with the results in 
Table I.” 

The beta spectrometer was also used to search for the 
conversion line of the £2 stopover transition from the 
0.96- to the 0.67-Mev level. No line was observed, a 
limit being indicated in Table IV. By combining this 
value with the theoretical E2 conversion coefficient, 
an intensity limit of less than 2 10~ per decay can be 
set for the corresponding gamma ray. However, even 
if this £2 transition were accelerated to the same extent 
as the E2 parts of the 0.96- and 0.67-Mev transitions, 
its intensity would be less than 210-5 per decay. 


V. DISCUSSION 


The conclusions of the present work are summarized 
in the decay scheme of Fig. 4. All of the observed gamma 
rays have been assigned as arising from levels at the 
corresponding energies since no gamma-gamma coinci- 
dences were observed. The levels shown here agree in 
energy with single levels (or in the case of the levels at 
2.04 Mev and higher, groups of levels) in Cu® observed 
in the proton inelastic scattering studies.? Direct posi- 
tron and electron capture feeding of the ground state 
and 9.67-, 0.96-, 1.42-, and 1.55-Mev levels is shown. 
Direct positron feeding of the latter level has not been 
experimentally confirmed but appears probable. It is 
not expected that positron feeding of the higher levels 
will be significant. This decay scheme is in agreement 
with the qualitative conclusions of Hayward et al.® but 
differs from that proposed by Ricci et al. The present 
study finds lower intensities for the most prominent 


*° Due to the particular geometry of the spectrometer sources, 
it was not possible to stop all Zn® positrons close to the source. 
This is believed to account for the slightly higher gamma ray 
intensities observed here. 
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Fic. 4. Decay scheme of Zn®. Positron energies, positron and 
electron capture intensities, and log ft values are indicated for the 
various transitions. 


gamma rays and the absence of y-y cascades reported 
in their paper. 

The spin and parity of the Cu® ground state has been 
measured to be $-.'® This agrees with the shell model 
assignment of the 29th proton to a , orbital. The - 
assignment to the 0.96-Mev level is uniquely determined 
by the Coulomb excitation angular correlation” which 
is peaked at 90°, and is consistent with the resonance 
fluorescence correlation"® and resonance yield attenua- 
tion measurements.” This level has been identified as 
the f, level by Nussbaum.” However, this assignment 
appears doubtful since the log ft for beta decay to this 
state is 5.6 and shows none of the hindrance expected 
for an /-forbidden transition. Transitions from /; ground 
states of Zn® and Ni® to the p; ground state of Cu® 
have log ft values of 7.4 and 6.6. 

Both Coulomb excitation" and resonance fluores- 
cence angular correlations have been found to be 
isotropic for the 0.67-Mev level. Unfortunately, be- 
cause of the particular E2/M1 mixing ratio in this 
transition, an isotropic correlation would be the result 
if the spin were 3, 3, or }. It has been shown” that the 
resonance fluorescence attenuation due to recoil stopping 
in solid copper, when combined with the resonance cross 
section, is consistent only with a spin 4 assignment for 
this state. 

The allowed decay of Zn® to the spin $~ ground state 
of Cu®™, the spin } level at 0.67 Mev, and the spin 
5~ level at 0.96 Mev establishes that the spin and parity 
assignment of Zn®™ is $~. Since Zn®™ has 33 neutrons, 
5 in excess of the shell closed at 28, and since the 
levels can hold at most 4, at least one pair of neutrons 
must be in the f; level. This preferential filling by pairs 
of levels of high orbital momentum is well known in the 
case of protons in this mass region. For example, the 


% R. H. Nussbaum, Revs. Modern Phys. 28, 423 (1956). 
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ground states of arsenic isotopes (33 protons), bromine 
isotopes (35 protons), and some rubidium isotopes (37 
protons) have }~ ground states. In the case of the zinc 
isotopes, however, the next pair of neutrons added 
beyond Zn® results in the filling of the py, level. Both 
Zn® and Zn™ have $~ ground states." 

The failure to observe beta decay to the level at 
1.33 Mev (shown by the dotted lines of Fig. 4) requires 
that the log ft be greater than 7.4 for this transition. 
This implies that the spin of the level is } or larger and 
that the decay is strictly forbidden, or possibly that 
the level might be /; in character and the decay would 
be /-forbidden as discussed above." In Fig. 4 a spin of 
% 6has been assigned to the 1.33-Mev level. This is 
consistent with angular correlation studies of the an- 
alogous states in Cu®,® and with the model of these 
states discussed below. This model also requires that 
the 1.42-Mev level have spin and parity }~ as has been 
shown in the figure. 

To facilitate discussion of the various transitions in 
Cu® and Cu®, simplified decay schemes of Ni® and 
Zn® are presented in Fig. 5. These data were obtained 
from the Nuclear Data Sheets'* and from the recent 
work of Jambunathan e/ al.” The spins assigned to the 
various levels in this figure are consistent with the 
recent experimental data” but are not uniquely deter- 
mined in all cases. 

Lawson and Uretsky®* have proposed a model for 
states in Cu®, Cu®, and a number of other nuclei 
having a single odd particle (or hole) in excess of a closed 
shell. In this model the ground state of the odd mass 
nucleus is obtained by coupling the odd particle to the 
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Fic. 5. Principal features of the decay schemes of Ni® 
and Zn, 


31 A log ft~7 could arise from a positive-parity level having 
spin 3, 3, or §. This would be inconsistent with data for the 
analogous level in Cu. 

RR. Jambunathan, M. R. Gunye, and B. Saraf, Phys. Rev. 
120, 1839 (1960). 

% R. D. Lawson and J. L. Uretsky, Phys. Rev. 108, 1300 (1957). 
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0* ground state of the even-even core and excited states 
are obtained by coupling the odd particle in the same 
state to the 2* first excited state of the core. In the case 
of the copper isotopes, the »; proton when coupled to 
the 2+ state gives rise to a quartet of excited states 
having spins 4, 3, $, and 3. This model predicts that the 
“center of gravity” [(2j7+1) weighted average | of the 


Taste V. Partial lifetimes and favored factors for £2 
transitions in Cu and Ni isotopes. 





£2 partial 
lifetime 
(sec) 


Favor d 
factor* 


3.0 K107i#> 13.2 
5.2 X10°™™ 12.7 
1.7 X197u» 11.1 
2.6 <X10-™ 11.4 
6.5 X10~# 11.2 
8.5 x10"1™4 10.7 
1.1510" 12.1 
2.24 10-14 11.2 


Isotope Transition 
0.67 — 0 
0.96 > 0 
0.77 > 0 
1.11—-0 
1.48 —0 
1.45 0 
1.33 0 
1.170 

>0 


Cu® 
Cu® 
Cu 
Cu® 
Cu® 
Ni®8 
Ni® 
Ni® 





* Favored factor calculated relative to the single-particle lifetime given 
by rep =1.35A-“4#E-§ 10-8 sec (E in Mev). 

» Calculated from Coulomb excitation data of reference 1. 

¢ Calculated assuming the same favored factor as observed for the other 
transitions in this isotope. 

! Reference 10. 


energies of these four states should equal the energy 
of the 2+ level of the core nucleus. This conclusion is 
well satisfied in the case of Cu® and Cu®. 

A further consequence of this model is that transitions 
from any one of the levels of the quartet to the ground 
state should be E2 and that the reduced transition 
probabilities (without any statistical factors removed) 
should be the same as that for the 2+ — 0+ transition in 
the core nucleus. The agreement in the case of the first 
two excited states of Cu® has been discussed.” Reduced 
E2 lifetimes and favored factors are tabulated in Table 
V for Cu®, Cu® and the even-even Ni isotopes. These 
results have been obtained from Coulomb excitation 
data.!° Although no data are available for Ni®, the 
“core’’ of Cu®, there appears to be little change between 
Nis’, Ni®, and Ni®. The narrow range of the favored 
factors would support the model. It has been pointed 
out” that the M1 parts of these transitions should be 
strongly hindered by the spin change of the core. It 
might be expected that these transitions would be 
retarded by factors of the same order of magnitude as 
observed in the case of “7” forbidden M1 transitions. 
For example, the 93-kev isomeric state of Zn®™ has 
a mean life ~510° larger than the M1 single-particle 
estimate. Presumably this is a consequence of the 
p;— fy nature of the states involved. In the case 
of Cu®, the M1 part of the 0.67-Mev transition pro- 
ceeds with 0.2 of single-particle speed. This is also 
true for the analogous transition in Cu®. The partial 
M1 lifetimes and favored factors for transitions in Cu® 
and Cu® are listed in Table VI. The relatively fast 
M1 de-excitation of the first excited states of both 
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isotopes is in disagreement with the Lawson and Uretsky 
model. 

A further comparison with the model may be made 
by examining transitions between two states of the 
quartet corresponding to the same core configuration. 
In this case, M1 transitions should not be hindered. 
Although the limits set on these transitions in Cu® do 
not allow meaningful conclusions to be drawn, such 
a stopover transition is prominent in Cu®.'6. The spin 
} state at 1.48 Mev decays directly to the 3- ground 
state and also by a stopover transition via the spin 
5~ level at 1.11 Mev. The crossover de-excitation of 
the 1.48-Mev level is probably E2 and the model 
predicts it should have the same reduced £2 lifetime as 
the 1.11- and 0.77-Mev states listed in Table V. If this 
is true the partial lifetime for the crossover transition is 
6.5X10-" sec. Since the ratio of stopover to crossover 
is 0.21,” the partial lifetime for the stopover is 3.1 10-" 
sec. This is 2400 times the single-particle E2 speed and 
hence the transition must be nearly pure M1 in nature. 
If it is assumed to be all M1, then it proceeds with 
0.18 of single-particle speed, a rate in agreement with 
the model prediction.™ 

In concluding, the “center of gravity” model is suc- 
cessful in predicting the energies of levels in Cu® and 
Cu®, the £2 transition probabilities, and the rather 
rapid M1 transition between two levels corresponding 
to the same core configuration. Strict application of the 
model requires that M1 transitions between states 
having a 2+ core configuration and those having a 0+ 
core would be forbidden. Whether sufficient admixtures 
of other wave functions (say, for example, #, to the first 
excited state) can account for the observed M1 transi- 
tions and still not destroy the other conclusions of the 


TABLE VI. Partial lifetimes and favored factors for M1 
transitions in Cu® and Cu®, 





M1 partial 
lifetime 
(sec) 
3.0 107% 


8.4 10718 
2.4X 107% 


Favored 
factor® 


0.20 
0.04 
0.16 


Isotope 


Cu® 


Transition 
0.67 —0 
Cu® 0.96 > 0 
Cu® 0.77 -0 
Cu® 111-0 
Cu® 1.37 — 1.11 





3.1 10-14 0.18 





® Favored factor calculated relative to single-particle speed as given by 
S. A. Moszkowski (including proper statistical factor), in Beta and Gamma 
Ray Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 
New York, 1955). 

> See reference 12. 

© See reference 14. 

1 See text for source of this value. 


model can only be determined by a more detailed 
calculation. 

Further studies of Cu® would be of considerable in- 
terest. In particular, a lifetime measurement of the 


* We are indebted to Dr. B. J. Raz for supplying the results of 
a calculation which indicated that this transition should proceed 
with 0.12 of single-particle speed. 
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1.11-Mev state would establish an E2/M1 mixing ratio 
and aid in interpreting the 0.37-1.11-Mev angular cor- 
relation. Angular correlation studies of the low in- 
tensity 0.95-0.77-, 0.85-0.77-, 0.61-1.11-, and 0.51-1.11- 
Mev cascades which have been reported® in the decay 
of Ni® would give additional data on transitions be- 
tween various members of the excited quartet of states. 
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Coulomb Excitation of the Second 2+ States in W, Os, and Pt Nuclei 


F. K. McGowan anp P. H. STELSON 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received January 5, 1961) 


The location of a second 2+ state has been established for six even-even nuclei by means « 


Coulomb 


excitation produced by 4- to 5-Mev protons. The relatively weak excitation of these states is detected by 
a measurement of the gamma-ray yields from singles spectra and from coincident measurements of the 


cascade gamma rays. The B(E2)’s for decay of the second 2+ state to ground state by the « 
sition exhibit some uniformity for the even-even isotopes of W and Os, being 
particle value. The cascade/crossover ratio for the decay of the second 2+ state 
The upper cascade B(£2)’s exhibit enhancements of 10 to 60 times the single 


rossover tran 
about 6 times the single 
is known for these nuclei 
particle value. The ratios 


of the B(£2)’s for decay of the first and second 2+ states are compared to the predictions of several col 
lective models. For five of these nuclei the E2/M1 ratio is known for the upper cascade transition. The 
B(M1) values obtained are exceedingly small compared to the single-particle estimate. This result is in 
qualitative agreement with the collective models which predict that M1 radiation is forbidden in the decay 


of vibrational excitations. 


I. INTRODUCTION 


HE level structures of the nuclei of the neighboring 

elements wolfram, osmium, and platinum suggest 
that these nuclei mark a rather gradual boundary for 
the rare-earth group of spheroidal nuclei. The even-A 
nuclei of wolfram exhibit the characteristic rotational 
bands of spheroidal nuclei. On the other hand, the 
platinum nuclei have no recognizable rotational bands, 
but have, instead, spectra somewhat suggestive of the 
near-harmonic spectra observed for many medium- 
weight nuclei. The spectra of the osmium nuclei are 
particularly interesting because these nuclei link the 
wolfram and platinum nuclei. 

In addition to the rotational band based on the 
ground state, the even-A rare-earth nuclei systemati- 
cally exhibit rotational bands based on excited states 
at approximately 1-Mev excitation.' These excited 
states have properties expected for 8- and y-vibrational 
states. In particular, it has proved possible to observe 
the weak Coulomb excitation of the high-lying second 
2+ y-vibrational state in the even-A wolfram nuclei. 
Whereas the first 2+ state is observed to continuously 
increase in energy as one moves out of the spheroidal 


1 See, e.g., the review paper by R. K. Sheline, Revs. Modern 
Phys. 32, 1 (1960). 


region, the second 2+ state systematically decreases 
in energy as the platinum nuclei are approached. It is 
therefore possible to also measure the Coulomb exci- 
tation of this state for osmium and platinum nuclei. 

We wish to report the excitation energies and B(£2) 
values obtained from the Coulomb excitation of 2+ 
states in W'*, W186, Os!88, Os, Os! Pt™, and Pt, 
Similar results have been obtained for nuclei in this 
region by Barloutaud et al.? and for W'™, W'™, and W'* 
by Alkhazov et al.’ 

In our experiments, the Coulomb excitation cross 
section for the second 2+ state is deduced from the 
yield of the de-excitation y rays. A virtue of this 
method is that, in addition to obtaining the B(E£2) for 
decay of the second 2+ state directly to the ground 
state, one also obtains the B(£2) for decay of the second 
2+ state to the first 2+ state. In some cases the 
M1-—E2 mixture for the 2’+- — 2 + transition is known. 
Having both the M1—E2 mixture and the B(£2) for 
the 2’+ — 2+ transition, one can then obtain the 
value for B(M1) for the 2’+ — 2+ transition. 


2R. Barloutaud, A. Leveque, P. 
J. phys. radium 19, 60 (1958). 

*D. G. Alkhazov, A. P. Grinberg, G. M. Gusinskii, K. I. 
Erokhina, and I. Kh. Lemberg, J. Exptl. Theoret. Phys. (U.S.S.R.) 
35, 1325 (1958) [translation: Soviet Phys.—JETP 8, 926 (1959) ]. 
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Fic. 1. Singles and coincident spectra of the gamma rays 
from Coulomb excitation of W'**. 


Davydov and co-workers‘® have developed in con- 
siderable detail possible types of collective motion 
which are directly applicable to a transitional region 
such as that of the osmium nuclei. Kane ef al.® have 
recently reported work on the level structure of Os™. 
They find encouraging agreement between experiment 
and the prediction of Davydov and co-workers. We 
have carried out a comparison of our results with the 
predictions of the Davydov-Filippov model. 


Il. EXPERIMENTAL PROCEDURE 


The projectiles used for effecting Coulomb excitation 
were variable-energy protons accelerated by the 5.5-Mv 
ORNL electrostatic generator. The target support 
arrangement and methods of measuring yields and 
angular distributions of gamma rays have already been 
described.”"* For most of the coincident spectrum 
measurements the 3-X3-in. NalI(Tl) crystals were 
located 55° and 235° with respect to the incident ion 
beam with source to the detector distances of 4 and 5 
cm, respectively. A fast-slow coincidence circuit was 
used with a resolving time 27=0.12 ysec. Pulses from 
one of the detectors were fed into a single-channel 
analyzer whose window included the full energy peak 
of the gamma ray resulting from the decay of the first 
2+ state. The coincident spectrurn from the other 
detector was displayed on a multichannel analyzer. 

The platinum target, which contained 65.9% Pt", 
was prepared by sintering the metallic powder into a 
foil 120 mg/cm? in thickness. The tungsten targets, 


A. S. Davydov and G. F. Filippov, Nuclear Physics 8, 237 
(1958). 

5A. Davydov, Proceedings of the International Conference on 
Nuclear Structure, Kingston, Canada, August 29-September 3, 1960, 
edited by D. A. Bromley and E. W. Vogt (University of Toronto 
Press, Toronto, Canada, 1960), p. 801. 

6W. R. Kane, G. T. Emery, G. Scharff-Goldhaber, and M. 
McKeown, Phys. Rev. 119, 1953 (1960). 

7P. H. Stelson and F. K. McGowan, Phys. Rev. 110, 489 
(1958). 

® F. K. McGowan and P. H. Stelson, Phys. Rev. 106, 522 (1957). 
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which had been made previously to measure Coulomb 
excitation of the first 2+ state, were prepared from 
enriched isotopes.’ The osmium target was prepared 
from the normal element by sintering the metallic 
powder into a foil. Enriched isotopes of osmium were 
not available for these measurements. 


A. Gamma-Ray Spectra 


The singles and coincident spectra for W'* are shown 
in Fig. 1. In contrast to the situation for the medium- 
weight elements, the excitation of the second 2+ state 
is sufficiently strong to allow gamma-ray intensity 
measurements from the singles spectrum. Troublesome 
light elements impurities are present, however, in the 
enriched tungsten targets. For example, the sample of 
W'* contained by weight 600 ppm Si, 50 ppm Al, and 
700 ppm Fe. These impurities produced the following 
troublesome gamma rays: Al(p,p’) 0.842, 1.013, and 
2.19 Mev; Al??(pyvy) 1.37 Mev; Si?*(p,p’) 1.78 Mev, 
and Fe'*(p,p’) 0.845 Mev. Similar impurities were 
observed in the enriched W'™ target. As a result, the 
excitation of the second 2+ state in W'™ was obtained 
from measurements on a normal tungsten foil in which 
the light element impurity content was much less. 
The results for W'** and W'™ are consistent with the 
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Fic. 2. Singles spectrum of the gamma rays from Coulomb 
excitation of the first 2+ states in the even-even isotopes of 
osmium. 


* The isotopically enriched samples were obtained from the 
Stable Isotopes Division of the Oak Ridge National Laboratory. 
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TaBLe I. Reduced transition probabilities obtained from Coulomb excitation of the second 2+ states in W, Os, and Pt. The number 


of excitations per wcoul! for thick-target bombardment by protons is given on a 100% isotopic enrichment basis. 


the integral is given in units of kev mg/cm?. 
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coincidence 2.72 108 1.41 


9.54 10° 2.01 
45x 10* &8 
5.07 « 104 70 
.56X 104 39 
56x 104 82 
5.26 104 61 
5.26 104 84 


singles 
singles 
singles 
coinciden¢ e 
singles 
coincidence 
singles 
3.64 10 


7.24X 104 


coincidence 
coincidence 


5.05 104 


9.47 X 104 


coincidence 
coincidence 
singles 3.42 10° 
6.78 10° 
1.17 « 10° 
6.78 & 104 
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2.66 X 104 
5.65 x 104 


coincidence 
coincidence 


<0.011 
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Coulomb excitation of 2+ states at (730+7) kev and 
(891+-9) kev, respectively. 

As mentioned above, separated isotopes of osmium 
were not available. However, the locations of the first 
2+ states of Os'®* (155 kev), Os™ (187 kev), and 
Os'™ (206 kev) are well known (see Fig. 2). Therefore, 
by coincident measurements it was possible to identify 
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Fic. 3. Singles and coincident spectra of the gamma rays from 
Coulomb excitation of the second 2+ states in the even-even 
isotopes of osmium. 


and assign the corresponding second 2+ states (see 
Fig. 3). Unfortunately, the osmium target contained 
appreciable impurities (150 ppm Al, 1000 ppm Si, and 
700 ppm Fe) and the y rays from these impurities 
made it difficult to obtain accurate intensity measure- 
ments of the Coulomb-excited osmium gamma rays in 
the singles spectra. The results from these measure- 
ments are summarized in Table I. 


B. Angular Distributions 


The angular distributions of the 730- and 608-kev 
gamma rays from W'** were measured for 5-Mev 
protons incident on a normal tungsten target. The 
results are consistent with the excitation of a 2+ state 
at 730 kev in W'**. The distribution of the 608-kev 
gamma rays from the 2’— 2 transition is consistent 
with (£2/M1)§=— (30_,**) in the 
Biedenharn and Rose.” 


notation of 


C. Extraction of B(E2)..x. 


For most of the nuclei investigated, the gamma-ray 
yields were measured at several proton energies to 
determine whether the yield varied correctly for the 
Coulomb excitation process. We have assumed that the 
excitation of the second 2+ state is due entirely to 
direct E2 excitation via the cross-over transition for 
the results given in Table I. 

An alternative mode of excitation of the second 2+ 
state by the “double £2” mechanism is, in general, to 


10L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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TABLE II. Summary of quantities obtained from B(E2)exe. The value of B(E2)a is given in column 5 for the downward transition 
listed in column 4. The ratio cascade/crossover is the ratio of total transitions aad cascade to crossover. 
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eM. W. Johns, C. C. McMullen, I. R. Williams, and V. S. Nablo, Can. J. 

iV. R. Potnis, V. S. Dubey, and C. E. Mandeville, Phys. Rev. 

eW. R. Kane, 
Goldhaber, and M. McKeown, Phys. Rev. 119, 1953 (1960). 

tF, Cappellani, U. Farinelli, F. Ferrero, and R. Malvano, Physica 24, 765 

« M. W. Johns and S. V. Nablo, Phys. Rev. 96, 1599 (1954). 

bC. E. Mandeville, J. Varma, and B. Saraf, Phys. Rev. 98, 94 (1955). 

iD. E. Alburger, Phys. Rev. 108, 812 (1957). 

i R. M. Steffen, Phys. Rev. 89, 665 (1953). 


be expected. The coherent interference of the two 
modes of excitation can, under some circumstances, lead 
to appreciable errors in B(E2). This problem has 
previously been discussed in connection with the 
a-particle Coulomb excitation of the second 2+ states 
of medium weight nuclei." Since protons were used as 
projectiles in the present experiments, the importance 
of the “double £2” interference is reduced. For the 
case in which “double £2” excitation competes most 
favorably with direct £2, viz. 5-Mev protons on Pt™, 
the “double £2” cross section is still less than 1% of 
the direct £2 cross section. We have, however, included 
an error to take into account the possible uncertainty 
in B(E2) exe from this interference effect. 

For several of the nuclei, the B(E2).x- for the second 
2+ state was determined only from a coincident 
measurement. We have neglected the effect of the 
angular correlation of the cascade gamma rays from 
the sequence 


0(£2)2(E2+M1)2(E2)0. 


It is not practical to calculate the expected triple 
correlation for the geometry used in most of the 
measurements. In the case of Os™ and Os, we did 
measure the yields from a coincident spectrum in which 
the lower cascade gamma ray and the upper cascade 
gamma ray were observed at 0° and 90° with respect 
to the incident ion beam, respectively. The yields from 
these two geometric conditions agreed within 10%. 
For the latter geometry it is feasible to calculate the 
expected triple correlation by use of the Chalk River 


uP. H. 
(1961). 


Stelson and F. K. McGowan, Phys. Rev. 121, 209 








110, 725 (1958). 


Hovestadt, Nuclear Phys. 15, 239 (1960). 
Phys. 34, 69 (1956). 


102, 459 (1956). 
Harvard University, Department of Physics Technical Report No. 3- 


9, 1959 (unpublished); W. R. Kane, G. T. Emery, G. Scharff- 


(1958). 


tabulations.” Taking the upper cascade gamma ray as 
£2, the coincidence yield for Os™ is 4% too large from 
the angular correlation effect at E,=5 Mev. Although 
the yields in Table I do not include a correction for 
the angular correlation effect, we have assigned an 
error from this source of uncertainty to the B(E2)exe 
for the second 2+ state. 

The total internal conversion coefficient ay must be 
known in order to relate the cross sections to the 
observed gamma-ray yields. For this purpose the 
calculations of Rose and of Sliv and Band have been 
used." For the KX and ZL shells, these calculations 
include the effect of the finite size of the nucleus. In 
the case of the M shell, the unscreened calculations by 
Rose have been used together with an empirical 
screening factor (M../Munsc)=0.6. For the N and O 
shells we have used (V+0O)/L=0.06. The ar’s are 
given in Table II. 

To avoid confusion the reduced transition proba- 
bilities for excitation and for decay are written as 
B(E2) xe and B(E2)z. In Table II we have taken 
B(E2).» to be equal to (1/4)|2R?|* where R=1.2 
X10-"A! cm." For the purpose of discussing the results 


2 W. T. Sharp, J. M. Kennedy, B. J. Sears, and M. G. Hoyle, 
=" River Report CRT-556 (unpublished) ; J. M. Kennedy, 
B. J. Sears, pom W. T. Sharp, Chalk River Report CRT-569 
(unpublished); A. J. Ferguson and A. R. Rutledge, Chalk River 
Report CRT-615 (unpublished). 

18 See, e.g., M. E. Rose, Internal Conversion Coefficients (North- 
Holland Publishing Company, Amsterdam, 1958), or L. A. Sliv 
and I. M. Band, Leningrad Physico- Technical Institute Reports, 
Part I, 1956; Part Ii, 1958 [translation: Reports 57ICC K1 and 
58ICC Li, issued by Phy sics Department, University of Illinois, 
Urbana, Tilinois (unpublished) ] 

14 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap. XII. 
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TABLE III. Vibrational parameters for y vibrations in even-even nuclei. The ees #?/249 and F, which determine the level 


positions in the ground state rotational band, are also included: E= (h?/249)I 


the 2+ and 4+ states. 


I+1)—F/(J+1)*. These were obtained using only 








Nucleus 7/299 (kev) Bo 


C, (Mev) #*/B, (Mev) 


Ex, (kev) Ex, (kev) F (kev) 





18.65 0.244 20.1 
20.47 0.222 13.4 
26.63 0.191 7 
32.82 0.167 7 


wis 
wise 
Os'88 
Ost 


0.036 
0.035 
0.044 
0.042 


111.10.06 363.9-+0.1 (2.29-+-0.10) x 10-2 
122.5+0.1 406 +43 (0.8_0.442 )X10-7 
155.0+0.1 479 +1 (13.5+0.4 )X10~ 
186.7+0.1 547.740.5 (26.6-40.4 )X 107 














® The levels of the ground state rotational band of Os! are not fitted by the addition of the correction term arising from the rotation-vibration interaction 


(see reference 20). 


we have included the B(£2).x. for the first 2+ state 
in Table II. 


III. DISCUSSION OF REDUCED TRANSITION 
PROBABILITIES 


The lowest excitations of W'* and W'* correspond 
to a rotational spectrum of permanently deformed 
nuclei (see Fig. 4). As previously mentioned, one may 
also expect these nuclei to exhibit collective excitations 
which correspond to vibrations about the equilibrium 
shape. According to the collective model,!® the 2+ 
8-vibrational excitation decays by means of £2 radi- 
ation to the 7=0+, 2+, and 4+ members of the 
ground-state band with relative reduced transition 
probabilities 7:10:18. For the 2+ y-vibrational exci- 
tation, the corresponding relative reduced transition 
probabilities are 7:10:1/2. From the Coulomb exci- 
tation measurements of the second 2+ states in W'™ 
and W'*, it is not possible to draw conclusions con- 
cerning the type of the vibrational excitation. For 
instance, in the case of W'**, the intensity of the 
2’ 4 transition should be 4.5% and 0.12% of the 
ground state transition (2’ — 0) for 8- and y-vibrational 
excitations, respectively. In either case the intensity of 
the 2’—+4 transition is too weak to detect in our 
measurements. We have therefore relied on information 
from radioactive decay studies to characterize the 
type of vibrational excitation in W'™ and W'*. 

Several groups'*'* of workers have studied the decay 
of Re'*— W'™, Gallagher ef al. and Johnson obtained 
values of 0.088 and 0.25 for the ratio B(E2, 2’ — 4)/ 
B(E2, 2’ — 0).. These values favor the assignment of a 
2+ 7-vibrational state at 891 kev in W'™.'** Confirma- 
tion of this assignment is obtained from gamma-gamma 
angular correlation measurements by Bodenstedt et al. 
The angular distribution of the gamma-ray cascade 
from the decay of a state at 1006 kev is consistent with 
a decay sequence 3(£2)2(E2)0. The 3+ state is 


16 K. Alder, A. Bohr, T. Huus, B. R. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 

16C, J. Gallagher, D. Strominger, and J. P. Unik, Phys. Rev. 
110, 725 (1958). 

17 Noah Johnson (private communication, 1958). 

18 E. Bodenstedt, E. Mathias, H. J. Korner, E. Gerdan, F. 
Frisius, and D. Hovestadt, Nuclear Phys. 15, 239 (1960). 

188 Note added in proof. We interpret the state at 891 kev to 
correspond toZthe 904-kev state observed in the radioactive decay 
measurements. 


interpreted as a rotational state associated with the 
y-vibrational excitation. The moment of inertia of this 
rotational band is nearly equal (within a few percent) 
to that of the ground state rotational band. 

From the knowledge of both the position and the 
B(E2)exe for a vibrational state, one can deduce the 
vibrational parameters B, and C2, where By is the mass 
transport associated with the vibrational motion and 
C2 represents the effective surface tension. For the 
y-vibrational excitation we use” 


hu, =h(C,/B,), 


3 3 h 
B(E2, 0-> 2(y))= (- zeR?) —— 
(J 


Tv 34C,)} 


where hw,=E2,,)—h?/9. The moment of inertia J is 
taken equal to Jo, the moment inertia associated with 
the ground-state band. 8» is deduced from the 
B(E2, 0— 2) to the first rotational level of the ground- 
state band. The vibrational parameters for W'™, W!*6, 
Os!88, and Os™ are given in Table III. Scharff-Goldhaber 
et al.™ have observed gamma rays following the decay 
of a high-lying isomer in Os™, and this decay excites a 
rotational spin sequence. There is, however, consider- 
able departure from the /(J+1) law for the level 
position in a rotational band. 

The interaction between the rotational and the 
vibrational motion gives rise to two corrections to the 
rotational level spacing of the ground state band. The 
nucleus deviates from axial symmetry during y vibra- 
tions and the moment of inertia 49 changes during 6 
vibrations. The corrections to the energy of the rota- 


TABLE IV. Vibrational parameters C2 and By, for quadrupole 
vibrations about the spherical shape and the parameter § for the 
“shape unstable” model of the nucleus. 





B2/ ( Bs) irrot 


17.0 
11.8 
16.7 


Nucleus 


Os! 
Pr 
prise 


C2 (Mev) 


19.1 
34.4 
58.6 











19 B. L. Birbrair, L. K. Peker, and L. A. Sliv, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 36, 803 (1959) [translation: Soviet Physics— 
JETP 9, 566 (1959). 

”G. Scharff-Goldhaber, D. E. 
M. McKeown, Phys. Rev. 111, 913 (1958). 
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TABLE V. Comparison with Davydov-Filippov model. y is deduced from the positions of the first and second 2+ states. 





B(E2, 2’ + 2)/B(£2, 20) 
Theory Exp 

0.12  0,07+0.02 
0.12+0.02 

0.19-£0.06 

0.41-40.09 

0.98-40.26 

0.59-+0.14 


¥ 
(deg) 


13.9 
16.0 
19.1 
22.3 
25.3 


Nucleus 


Ww! 
wise 
Os!88 
Os! 
Os! 
Pt 194 


tional levels in the ground state band are given by” 


t sy! 
—(-) P(I+1)*, 
6Cy So 


1 0h? \? 
AEs=— —(— —) P(I+1)*. 


2C'3\ 08 25¢ 


AE,=— 


In Table III we have also included the parameters 
h?/249 and F deduced from the known level positions 
(for J=2 and 4) of the ground-state band. The pa- 
rameter F is related to AE, and AEg by 


AE,+AE3= —FI(I+1)?. 


On inserting the values of C, in Table III into AZ,, 
we find that (1/6C,)(k?/ 90)? is about 50% of F given 
in Table III. No estimate of the contribution from AE, 
to F can be made because there is no information 


available for 
0 ft? 
Cz and — (—). 
0g 250 


For irrotational -collective flow?! the moment of 
inertia is related to the mass parameter B, by 


h?/B, ini 3h?/ Firrot- 


Some calculations of Tamura and Udagawa” suggest 
that this relation may also be approximately true 
without making the assumption of irrotational flow. 
However, insgsting the experimental values obtained 
for Jo and B,, we find that 


(3h?/50)/ (h2/By)~3.5; 


a value considerably different from the expected value 
of 5 

A striking feature of the 2+ y-vibrational excitation 
is the rapid decrease in energy of this state with the 
decrease in the equilibrium deformation 8» (see Fig. 4 
and Table III). In this transition region of decreasing 
deformation, the ratio E.:,)/8o is remarkably constant 
(3.47+0.18 Mev) for W'™*, W'*6, Os!88, and Os™. The 
same may be true for the region near thorium (E2;7)/fo 
= 3.26 Mev for Th”). 

214. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952). 

2 T. Tamura and T. Udagawa, Nuclear Phys. 16, 460 (1960). 


B(E2, 2’ — 2)/B(E2, 2’ 0) 


B(E2, 2’ — 0)/B(£2, 2 — 0) 
Theory Exp 


0.051 
0.061 
0.071 
0.067 
0.042 


0.038+0.012 
0.048+0.010 
0.070+0.022 
0.071+0.017 
0.102+0.023 
0.004+0.001 











The spectrum of the low-lying levels of the other 
nuclei (Os, Pt, and Pt) suggests a possible 
interpretation as “near harmonic” motion of spherical 
nuclei. In this case the vibrational parameters B, and 
C. for quadrupole vibrations about the spherical shape 
are obtained from the B(E2).x. and the E2, for the 
first 2+ state.!® The values for C2 and B2/(Be)irrot are 
listed in Table IV. 

The “shape unstable” model* has also been proposed 
to account for the “near harmonic” spectra. The 
parameters appropriate to this model are 8 and 
B2/(Bz)irrot. The values for 8 are listed in Table IV. 
The values of the parameters are similar to those 
observed for medium weight even-even nuclei.’ 

The B(£2) values for the crossover transition from 
the second 2+ state to the ground state exhibit some 
uniformity for the even-even nuclei of tungsten and 
osmium, being about 6 times B(E2),,. This is in 
qualitative agreement with the prediction of the 
collective model for vibrations of spheroidal nuclei. 


Wie wilt wi 5106 Og'88 0.190 0,192 py192  py!94 py 196 
Fic. 4. Low-lying levels for even-even nuclei in the transition 
region from spheroidal to spherical shape. 


3 L. Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 
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The B(M1) values for the 2’—2 transition are 
exceedingly small compared to the single-particle 
estimate. These small values are in qualitative agree- 
ment with the collective models, i.e., M1 radiation is 
forbidden in the decay of vibrational excitations. 

In Table V the ratios of B(E2) are compared with 
the predictions of the various collective models. The 
strong coupling model for axial symmetric nuclei 
predicts that B(E2, 2’ — 2)/B(E2, 2’ — 0) is 1.43. The 
observed values for W'™ and W'* are appreciably 
larger. The models for vibrations of spherical nuclei 
and “shape unstable” nuclei predict (in the simplest 
approximation) that B(E2, 2’—2)/B(E2, 2-0) 


should be 2. The observed values for Pt™ and Os! 
are somewhat less than 2. 

The predictions of the asymmetric rotor model of 
Davydov and Filippov‘ are particularly interesting 
since this model offers a possible quantitative interpre- 
tation of collective motion in a transition region such 
as that represented by the osmium nuclei. The positions 
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of the first and second 2+ states and the first 4+ state 
are shown in Fig. 4 for the even-A nuclei of wolfram, 
osmium, and platinum. According to the Davydov- 
Filippov model the parameter y, which measures the 
departure from axial symmetry, can be obtained from 
the ratio of the energies of the first and second 2+ 
states. When one has the value for y and the energy 
of the first 2+ state, one can then predict the expected 
positions of the first 4+ state. The expected locations 
of the 4+ state are indicated by arrows in Fig. 4. There 
is rather good agreement between predicted 
locations and the observed locations of the first 4+ 
state. 

The Davydov-Filippov model also makes quanti- 
tative predictions for the ratios of B(£2) for these 
nuclei. In Table V we have compared our results with 
the predictions of this model. The model predicts 
quite well the observed trends in the ratios of the 
B(E2)’s and, in fact, there is considerable quantitative 
agreement. 


the 
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Fast Neutron Activation Cross Section of Au’’’} 


S. A. Cox 
Argonne National Laboratory, Argonne , Illinois 
(Received November 3, 1960) 


The neutron activation cross section of gold was measured in the neutron range from 30-1500 kev. The 
absolute value of the cross section was based on the U™* fast fission cross section which was used for absolute 
neutron flux measurements from 200-1500 kev. For measurements below 200 kev, the B'°(,«) cross section 
was used for monitoring the neutron flux. The relative cross section from 30-200 kev was then normalized 
at 200 kev to the absolute measurement. The results agree well with recent measurements, except for some 


pulsed beam 
much lower cross section values. 


INTRODUCTION 


KNOWLEDGE of the absolute value and energy 

dependence of neutron capture cross sections is 
important to the design of nuclear reactors. Previously 
there has been considerable disagreement between meas- 
urements made by different groups in both the absolute 
value and energy dependence of capture cross sections. 
To a large degree, the disagreement in the absolute value 
of the capture cross section has been removed in the 
region of incident neutron energy above approximately 
200 kev. However, disagreement in the shape and abso- 
lute value of the cross section below 200 kev still exists. 
This measurement is presented to give additional in- 
formation on both points for the gold activation cross 
section. 


+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. 


liquid scintillator measurements and spherical shell transmission measurements which 


yield 


EXPERIMENTAL PROCEDURE 


The analyzed proton beam from the Argonne 3-Mev 
Van de Graaff accelerator was used to produce neutrons 
from the Li’(p,z)Be’ reaction. The lithium films were 
evaporated in vacuum onto tantalum target cups. For 
gold irradiations in the neutron energy range from 20- 
200 kev, the lithium targets were 10-20 kev thick to the 
incident protons. For irradiations with neutron energies 
above 200 kev, the lithium targets were approximately 
50 kev thick to the incident protons. The gold was 
irradiated for approximately one-half hour and then was 
immediately transferred to a shielded NaI(TI) scintilla- 
tion spectrometer where the gamma ray activity was 
measured. All gold samples were counted within a few 
minutes after irradiation. The activation cross section 
was calculated from the known integrated neutron flux, 
the known gamma-ray efficiency of the scintillation 





FAST NEUTRON 
spectrometer, the known mass of the gold sample, and 
the known decay constant of the gold beta activity. 
The U*® fission cross section was chosen as the most 
suitable cross section for use with an absolute neutron 
flux monitor.! The U** fission cross section was known 
to approximately +5% above an incident neutron 
energy of 200 kev. For incident neutron energies below 
200 kev the known shape of the B'°(n,a)Li’? cross sec- 
tion was used, and the gold activation cross section 
determined relative to this reaction was normalized to 
the absolute activation cross section as determined from 
the U** fission cross section. Both the U*** and B” were 
deposited as thin films. The mass of the U**® deposit 
was determined from absolute alpha counting and mass 
spectrographic analysis. The estimated total error in the 
mass determination was +3%. Most of the error was 
due to uncertainty in the half-life for alpha decay of 
U**®3 The fission fragments from the U**(n/f,) reaction 
and the alpha particles from the B'(n,a) reaction were 
detected by a parallel plate electron collection chamber 
in 27 geometry. Irradiations were made at 0° with 
respect to the incident proton beam for neutron energies 
from 200-1500 kev ,and at 60° with respect to the inci- 
dent proton beam for neutron energies from 30-200 kev. 
Irradiations were also made at 135° with respect to the 
incident proton beam with a long counter used as a 
neutron monitor. The agreement between the 60° and 
135° measurements was approximately +5%. The sen- 
sitivity of the long counter as a function of neutron 
energy was measured relative to the sensitivity of a 


LITHIUM TARGET— —— GOLD DISK 


>” .025 cm THICK 


- 2.38 cm DIA, 
~~ | 


5 
u®* FISSION SOURCE 


° _GOLO ANNULUS 
yy _— .050 cm THICK 
PROTONS —>— —1__ ~ 7.62 cm 0.0. 


aa 5,08 cm 1.0. 
b 


"ANNULAR BORON FILM 





GOLD ANNULUS ——~___ \ _-—— TO LONG COUNTER 122 cm FROM 
“ } “; 


SOURCE 
queatiges 135° 
PROTONS ———e— = we 


c 


Fic. 1. The experimental arrangement for activation measure- 
nents from £,=200 kev to E,=1500 kev is shown in Fig. 1 (a). 
Fig. 1(b) and 1(c) show the experimental arrangements for activa- 
tion measurements from E,,=30 kev to E,=200 kev. 


1W. D. Allen and R. L. Henkel, Progress in Nuclear Energy, 
Ser. I—Physics and Mathematics, (Pergamon Press, New York, 
1958), Vol. IT. 

? Hans Bichsel and T. W. Bonner, Phys. Rev. 108, 1025 (1957). 

* E. H. Fleming, Jr., A. Ghiorso, and B. B. Cunningham, Phys. 
Rev. 88, 642 (1952); E. Wurger, K. P. Meyer, and P. Huber, 
Helv. Phys. Acta 30, 157 (1957). 


ACTIVATION 


CROSS SECTION OF Au!??? 


TABLE I. Gold activation cross section. 





o activation 
(barns) 


0.172 
0.137 
0.124 
0.110 
0.102 
0.095 
0.083 
0.091 
0.082 
0.077 
0.078 


o activation 

E, (kev) (barns) 
30 1.129 500 
50 0.855 600 
60 0.729 700 
77.5 0.655 800 
100 0.556 900 
150 0.403 1000 
200 0.345 1100 
250 0.320 1200 
300 0.284 1300 
400 0.214 1400 
1500 


Ey (kev) 











cadmium-covered BF; counter. The geometry for each 
of the three methods used is shown in Fig. 1. The figures 
are self-explanatory. 

The efficiency of the gamma ray counter was meas- 
ured by standard beta-gamma coincident counting 
techniques‘ and by comparison of the gamma activity 
with absolute beta counting in a 4a beta counter. A 
gold leaf, cut to the same diameter as the gold disks 
used in the 0° activations, was irradiated in the isotope 
tray of the Argonne research reactor. The active gold 
leaf was beta-gamma counted in the same geometry as 
the gold disks used in the 0° irradiations. Both the 
gamma detector and the beta detector were sufficiently 
close to 2x geometry that a beta-gamma correlation 
would not have affected the measurement appreciably. 
The efficiency of the gamma counter was 13.2%+0.4%. 

The following corrections were made to the data: For 
neutron energies in excess of approximately 560 kev in 
the forward direction, the Li’(p,) reaction yielded two 
monoergic neutron groups. The relative intensity versus 
proton energy of the two neutron groups was measured 
at this laboratory, and a correction was made for the 
presence of the low-energy group. The correction did 
not exceed 5%. In the 60° irradiations, the neutron 
monitor had a solid angle of only 27 steradians for alpha 
particle collection; thus, a correction for the angular 
distribution of the alpha particles from the B"(n,qa) 
reaction was necessary. The effect of the angular dis- 
tribution on the measurement was determined from a 
measurement of the alpha particle yield with the boron 
deposit first facing away from the neutron source and 
then with the monitor rotated 180° so that the boron 
deposit was facing toward the neutron source. The angu- 
lar distribution correction did not exceed 8%. 


EXPERIMENTAL RESULTS 


The results for the gold activation cross section are 
given in Table I. The low-energy and high-energy 
measurements are normalized at 200-kev neutron 
energy. The estimated error in the cross section above 
200-kev neutron energy is +10%, and is due primarily 


4 J. Barmothy and M. Forro, Rev. Sci. Instr. 22, 415 (1951). 
5 A. B. Smith (private communication). 
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Fic. 2. Comparison of gold neutron capture 
cross-section measurements. 


to the uncertainty in the U** fission cross section and 
the uncertainty in the efficiency of the gamma-ray de- 
tector. The shape of the cross section below 200-kev 
neutron energy is dependent on the shape of the 
B"™(n,a) cross section used, and on the angular distribu- 
tion correction described previously. It is difficult to 
estimate the error in shape for the low energy cross 
section ; however, it should not be large, particularly in 


cox 


the region below,100-kev neutron energy where the 
B'(n,a) cross section presumably follows the well known 
1/v law. For comparison, the results of other investi- 
gators*"’ are shown in Fig. 2 along with the present 
results. The agreement between the results of this ex- 
periment and the activation measurements of Johnsrud 
et al. is good for neutron energies above 400 kev. Below 
400 kev the cross sections diverge, with our measure- 
ments remaining somewhat higher than those of 
Johnsrud e¢ al. Activation measurements reported by 
Macklin ef al. at 27 kev,’ and by Lyon and Macklin at 
195 kev® are in good agreement with our results. 
Measurements utilizing the pulsed beam liquid scintil- 
lator technique are reported by Diven, and Gibbons 
et al. The agreement with Diven’s results? is excellent 
except for the one measurement at 250 kev where 
Diven’s value is much lower than ours. However, some 
recent results are reported by Terrell ef al."° which indi- 
cate much better agreement with our measurements. 
The agreement between our results and those of Gibbons 
et al." is not good. The cross section reported by 
Gibbons ef al. is approximately one-half of ours, and 
there is a significant difference in the shape of the cross 
section between 100 and 170 kev. The difference in 
shape may be explained by some systematic error in 
neutron monitoring techniques; but the reason for the 
large difference in absolute value of the cross section is 
not understood. In this connection it should be noted 
that the cross section as obtained by Gibbons e/ al. was 
normalized to the results of Schmitt and Cook"™ who 
used the spherical shell transmission method. 
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Cross sections have been measured radiochemically for the reactions Ce!(a,an)Ce™ and Cel*(a,2pn)Ce'™ 
in the helium-ion energy range 16.8-40.1 Mev. The cross section for the (a,am) reaction begins to rise sharply 
at about 25 Mev and reaches a value of 69-+-+5 mb at 40.1 Mev. The cross section for the (a,2pm) reaction 
begins to rise at about 32 Mev and reaches a value of 2.5+-0.4 mb at 40.1 Mev. An upper limit of ~0.1 mb 
for the cross section for the reaction Ce™*(a,ap)La™ in the energy range covered by this study has also been 
obtained. The results for the (a,am) and (a,ap) reactions are discussed in terms of these possible mechanisms: 
compound nucleus formation and decay, knock-on, and direct inelastic scattering followed by neutron 
evaporation. The results seem to be most consistent with the last mechanism. The existence of a measurable 
cross section for the (a,2pm) reaction in this energy region suggests that the reaction proceeds mainly by 
He’ emission, probably by a stripping mechanism. The data reported are consistent with the hypothesis 
that in this energy range at most one particle is emitted as a result of direct interaction. 





INTRODUCTION 


AIRLY large cross sections for the (a,an) reaction 
have been observed in the heavy element region at 
bombarding energies below 50 Mev.'~* Of the possible 
mechanisms for this reaction, the following seem to be 
the most likely: (1) compound nucleus formation and 
decay, (2) a “knock-on” process in which the incident 
helium ion strikes a neutron and both collision partners 
escape from the nucleus, or (3) direct inelastic scattering 
of the incident helium ion followed by evaporation of a 
neutron from the resulting excited residual nucleus. 
Some evidence regarding the mechanism can be ob- 
tained by comparison of the values of the (a,am) cross 
section with the predictions of the compound nucleus 
theory and with the values of the (a,ap) cross sections. 
The distinction between mechanisms (2) and (3) can be 
made on the following basis: a knock-on process like (2) 
would be expected to result in the emission of a proton 
almost as often as a neutron because of the high energy 
of the emitted particles, whereas the excited residual 
nucleus resulting after helium-ion scattering in process 
(3) would not be expected to evaporate protons as 
readily as neutrons because of the high Coulomb barriers 
occurring in the heavy-element region. Thus, for case 
(2), the (a,an) and (a,ep) cross sections should be about 
the same size, whereas for case (3), the (a,am) cross sec- 
tion should be much larger than the (a@,@P) cross section. 
This work was undertaken to determine the mecha- 
nism of the (a,an) and (a,ap) reactions by measurement 
of the excitation function for the (a,an) and (a,ap) re- 
actions on Ce at incident helium-ion energies up to 
40 Mev. The excitation function for the (@,2pm) reaction 
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was also measured and the mechanism of that reaction 
is discussed. 


EXPERIMENTAL PROCEDURES 


Targets of enriched (90.08%) Ce were prepared by 
painting onto 0,001-in. aluminum foil, using a modifica- 
tion of a technique developed by Dodson e¢ al. These 
targets were bombarded in the external beam of the 
Brookhaven 60-in. cyclotron at helium-ion energies up 
to 40 Mev, using a foil-wheel and Faraday cup assembly 
previously described.’ The energy of the helium ions 
striking the target was adjusted by means of interposed 
aluminum degrading foils. The range-energy data of 
Bichsel® were used to calculate the final energy. The 
irradiated targets were dissolved in concentrated hydro- 
chloric acid with a few drops of 30% hydrogen peroxide 
to ensure that the cerium was present in the (IIT) state, 
lanthanum carrier was added, and the rare-earth hy- 
droxides were precipitated with 6M sodium hydroxide. 
The precipitate was dissolved in 8M nitric acid with a 
few drops of 30% hydrogen peroxide. The cerium was 
then oxidized to Ce(IV) by the addition of solid 
ammonium peroxydisulfate with a little silver nitrate 
as catalyst. The Ce(IV) was extracted into a solution 
of 30% tributyl phosphate (TBP) and 70% carbon 
tetrachloride. This step was performed five times with 
fresh portions of the organic phase. The cerium was 
then back-extracted into 1M hydrochloric acid by re- 
duction with sodium bisulfite. Cerous oxalate was then 
precipitated and mounted on filter paper for counting. 

Two days were allowed for the decay of 3.8-hr La™, 


4R. W. Dodson, A. C. Graves, L. Helmholz, D. L. Halford, 
R. M. Potter, and J. G. Povelites, Miscellaneous Physical and 
Chemical Techniques of the Los Alamos Project, edited by A. C. 
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which was not extracted by the TBP, into Ce. Then 
cerium carrier was added, the extraction was repeated, 
and a cerium oxalate source was prepared as before. 

The radioactivity of the samples resulting from the 
above procedure was measured with end-window pro- 
portional counters, and the decay curves were followed 
for several months. The 145-kev gamma ray’ from the 
decay of Ce! was measured with a sodium-iodide 
scintillation spectrometer. 

The (a@,an) cross section and an upper limit to the 
(a,ap) cross section were determined from the counting 
rate of the gamma ray, and the (a,2pm) cross section 
was determined from the beta-particle counting rate of? 
33-hr Ce'* as found by resolution of the decay curve. 

In one experiment, the (a,@p) cross section was meas- 
ured directly. The La™ product was separated from the 
Ce target by ion exchange and the decay of the beta 
activity was followed. 


RESULTS 


The cross sections for the reactions Ce™?(a,an)Ce™! 
and Ce'(a,2pn)Ce' are listed in Table I and plotted 
in Figs. 1 and 2. The limits of error were estimated to be 
7% and 15%, respectively, at all energies except 39.3 
Mev, where the chemical yield was more uncertain than 
in the other bombardments. The limits of error for the 
(a,2pn) cross section do not include an estimated un- 
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Fic. 1. Excitation function for the reaction Ce'®(a,an)Ce™. 
Circles, experimental values; squares, results of the Monte Carlo 
calculation. 
7K. Way, et al., Nuclear Data Sheets (National Academy of 
Sciences, National Research Council). 
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certainty of about 20% in the counting efficiency of the 
proportional counter, a possible source of a systematic 
error in the cross sections. 

The cross sections at 33.9 Mev are upper limits only, 
because not all the helium-ion beam current was col- 
lected during the bombardment at this energy. An 
estimate of the (a,2pm) cross section at this energy was 
obtained by a normalization procedure based on the 
smooth curve of Fig. 1 and the measured upper limit 
for the (a,an) cross section. The value thus calculated 
is indicated by a triangle in Fig. 2. 

An upper limit to the (a,ap) cross section of 0.1 mb 
was obtained at all energies. A value of 0.16-+0.04 mb 
was measured (limits of error estimated) for the cross 
section for this reaction at 38.0 Mev. In view of the fact 
that the decay curve of the lanthanum fraction from 
this bombardment shows large components from im- 
purities, this is considered satisfactory agreement with 
the measured upper limit. 


DISCUSSION 


Since the upper limit for the (a,ap) cross section is so 
much smaller than the measured (a,am) cross section, 
it appears for the reasons mentioned in the Introduction 


TABLE I. Cross sections for the reactions Ce™®(a,an)Ce™! 
and Ce! (a,2pn)Ce™, 


oa (mb) 


(a,an ) (a,2pn) 


0.088+0.013 
0.11+0.02 
6.4+0.4 0.096+0.014 
2542 0.15+0.02 
< 45 <0.62 (0.49)* 
4+3 0.79+0.12 
87+13 
69+5 


0.81+0.06 
1.65+0.12 


2.5+0.4 


® Estimated as described in text. 


that the two reactions do not proceed by a knock-on 
mechanism. These reactions, therefore, probably result 
from inelastic scattering of the alpha particle followed 
by nucleon evaporation. 

To obtain further information as to the mechanism 
of the inelastic scattering preceding nucleon evapora- 
tion, Monte Carlo calculations were performed accord- 
ing to the statistical model of Dostrovsky, Fraenkel, and 
Friedlander® with the level density parameter a= A/20, 
which gives fair agreement with experimental results in 
a lighter mass region.’ The pairing energies used were 
those given by Cameron.’ The results of the calculation 
of the (a,an) cross section are represented by the dashed 
curve in Fig. 1. The error bars on the points represent 
statistical standard deviations. It can be seen that the 
calculated results disagree with the experimental data 
as regards both the magnitude of the cross section and 

8I. Dostrovsky, Z. Fraenkel, and G. Friedlander, Phys. Rev. 
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9A. G. W. Cameron, Can. J. Phys. 36, 1040 (1958). 
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Fic. 2. Excitation function for the reaction Ce™*(a,2pn)Ce'. 
Circles, experimental values; triangle, value estimated as described 
in text. 


its energy dependence. This disagreement indicates that 


either the mechanism is not one of compound nucleus 
formation and decay, or the calculation does not repre- 
sent accurately the consequences of the compound 
nucleus model. In the former case, the mechanism indi- 
cated would be number (3) of the Introduction, i.e., 


direct inelastic scattering followed by nucleon 
evaporation. 

The Monte Carlo calculation shows no production of 
the (a,2pn) product, Ce, by any path. The calculation 
also contains no case of successive emission of two 
charged particles. Evaporated particles generally have 


lower kinetic energy and thus leave the residual nucleus 


REACTIONS ON Ce!#? 


1285 


in a more highly excited state than do particles emitted 
in direct interactions. Hence, if proton emission is not 
probable after a proton has been evaporated from a 
compound nucleus (as the Monte Carlo calculations 
indicate), then it is surely even less probable after a 
proton has been emitted in a direct interaction. Hence, 
if the Monte Carlo calculation is valid, the observed 
Ce’ production apparently does not arise from proc- 
esses in which two successive protons are emitted. This 
implies that both protons are emitted simultaneously, 
probably bound together in a He? particle. Evaporation 
of He* from the compound nucleus is a possibility, but 
no cases of He® evaporation were found in the Monte 
Carlo calculation. Because, in these calculations, 1000 
events were followed for each of six excitation energies, 
this implies an upper limit for the (a,He*) cross section 
of about 0.1% of the compound nucleus formation 
cross section at each energy. Although the observed 
(a,2pn) cross section is smaller than this upper limit up 
to a helium ion energy of about 37 Mev, it rapidly 
becomes larger above that energy. Therefore, the most 
plausible mechanism for the (a,He*) reaction would 
appear to be one of direct interaction, probably 
stripping. 

The results presented in this paper are consistent with 
the hypothesis previously proposed? that below 50 Mev 
no appreciable amount of direct interaction occurs in 
which more than one particle is emitted. 
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Neutrons in the resonance energy region from a nuclear explosion were resolved by time-of-flight and 
used to induce fissions in U™** attached to a revolving wheel. The symmetry of fission at individual reso 
nances from approximately 10 to 60 ev was examined by radiochemical means. As measured by the ratio 
Ag" /Mo™, the probability of symmetric fission decreased at some resonances by a maximum of 10% com 


pared to thermal fission of U™* and at other resonances increased by a maximum of 40% 


With varying 


degrees of assurance, nine resonances are identified with an increase in symmetry; five more regions of 
increased symmetry are associated with resonances or a background effect. Twenty resonances are identified 
with a decrease in symmetry. In a sample containing 500 levels in the resonance region, there was no level 
with a Ag yield even one-thirtieth as great as Mo™. It is thus very improbable that there are any neutron 
resonances in U** that lead to predominantly symmetric fission. 





INTRODUCTION 


HE possibility of variations in the fission yield of 

various mass chains as a function of incident 
neutron energy in the low-energy fission of heavy ele- 
ments is of interest for a combination of practical and 
scientific reasons. The question arises practically, for 
instance, when radiochemical analysis for a few fission 
products is used to infer the total number of fissions in 
a heavy element. If a thermal reactor is operated close 
to 3000°C, which is conceivable in terms of present-day 
technology, it would be unwarranted to assume that 
the yield of a given fission product is the same as at 
room temperature since a large number of fissions 
would occur in the resonance region. A more basic 
scientific question arises from some of the present 
theories'~* concerning the fission process which hypo- 
thesize that the compound nucleus undergoing fission 
may be relatively “‘cold” due to conversion of excita- 
tion energy to potential energy of deformation, and 
thus this deformed nucleus can exist only in a relatively 
small number of well-defined rotational and vibrational 
collective quantum states. In this case, low-energy 
neutron-induced fission might occur preponderantly 
through a transition state of a unique total angular 
momentum and parity. Depending on whether the spin 
of the incident neutron adds or subtracts from the spin 
of the nucleus, the relative symmetry of fission induced 


by neutrons in the resonance energy region might 

*Work performed under the auspices of the U. S. Atomic 
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vary from level to level.‘ Quite apart from detailed 
theoretical arguments concerning the nature of the 
fission process, it would be of interest to determine 
whether each has characteristic 
fission pattern or whether all resonances show a common 
or a very limited number of patterns. Until the question 
is examined experimentally, there is always the possi- 
bility of finding highly symmetric modes of fission in 
the resonance region. 

The details of the symmetry of the fission process can 
be most sensitively studied by radiochemical examina- 
tion of the mass distribution of the fission products. A 
convenient gross indicator of the mass distribution in 
fission is the ratio of the yield of a symmetric fission 
product to that of an asymmetric fission product 
(e.g., Ag'/Mo” for U* fission). 

The first attempt to obtain even very general infor- 
mation on this question, by the Los Alamos Radiochem- 
istry Group,® demonstrated that the average yield of 
symmetric fission products in U*® fission induced by 
pile neutrons above the cadmium cutoff (energies 
>0.1 ev) was 10%-15% less than for fission by thermal 
neutrons. This experiment was repeated in another 
laboratory with substantially the same results.® 

Another group’ reported that fission induced in U*® 
by neutrons from a crystal spectrometer at 1.1, 3.1, 
and 9 ev was comparable in symmetry frequency with 
fission induced by thermalized pile neutrons. However, 
the experimental error was about +20% and the ex- 
periment was not very sensitive to a decrease in sym- 
metric fission yields due to a large background effect. 
Still the data do preclude the possibility of any large 
increase in symmetric yields at these resonances. 

The group at the Idaho Materials Testing Reactor,*® 


33 


in a similar experiment with U™*, reported that the 


resonance its own 
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SYMMETRY OF 
Cd'"'°/Mo™ ratios indicate decreases in frequency of 
symmetric fission of 21.74+3.8% and 41.5+10.3% 
(relative to thermal fission) at the 1.8 and 2.3 ev reso- 
nances, respectively. At the 4.7 ev resonance, sym- 
metry appeared to be the same as at thermal enérgies 
within a rather large experimental error. Symmetry 
decreased approximately 20% averaged over the epi- 
cadmium resonances. These investigators also reported® 
a greater than fivefold decrease in symmetry of Pu 
fission at the 0.297 ev resonance compared to thermal 
fission. The yield ratios in the epi-Sm fission of Pu! 
were approximately the same as are observed in thermal 
fission. 

An Argonne National Laboratory group” has used a 
double ionization chamber method of measuring the 
yields of different types of fission. Neutron filters were 
used to accentuate the proportion of resonance neu- 
trons in a beam emerging from a pile. This group has 
reported an increased symmetry of fission of U**® when 
such resonance neutrons were used. These results appear 
to be in direct contradiction to those reported by the 
other groups cited above. 

Progress in this field has been definitely handicapped 
by the lack of neutron sources providing suitable in- 
tensities in the resonance region. Radiochemical in- 
vestigations, despite their excellent mass resolution, 
require fluxes which are orders of magnitude higher 
than are required in physical measurements of reso- 
nance effects. Since our calculations made it seem 
probable that the flux intensities at energies above a 
few electron volts from a small nuclear explosion were 
orders of magnitude greater than were available from 
any other known laboratory source, the Los Alamos 
Radiochemistry Group proposed to make use of these 
neutrons to study the symmetry of fission in the reso- 
nance energy region. The fluxes were calculated to be 
high enough to make the use of radiochemistry practical 
in conjunction with energy resolution by time-of-flight 
methods. 

A nuclear fission explosion releases approximately 
1.510" neutrons per kiloton of energy over a time 
interval of much less than 1 usec. The neutrons can be 
completely moderated in nearby hydrogenous material 
in times of the order of a few ysec. Ordinarily, this 
moderator will be heated by prompt gamma radiation, 
x rays, and fast neutrons to a very high temperature 
and the neutrons will tend to moderate to a thermal 
distribution in the resonance region. This temperature 
can, in principle, be controlled by varying the amount 
of shielding between the moderator and the explosion. 
The amount of moderation and average time delay for 
moderation can be controlled by varying the thickness 
of moderator. The moderated neutrons are released 

°R. B. Regier, W. H. Burgus, R. L. Tromp, and B. H. Sorensen, 
Phys. Rev. 119, 2017 (1960). 
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when the blast wave from the explosion passes through 
the material. 

Because of the uniquely large source available from 
a one kiloton device, the flight path can be hundreds 
of meters, with correspondingly high resolution of 
energy by time-of-flight. For physical measurements, 
where intensity can be sacrificed for energy resolution, 
resolutions of the order of 10-*ysec/m should be 
practically achievable over a flight path of 500 m at 
energies above 10 ev. For radiochemical work, intensity 
is an important consideration and requires some com- 
promise of resolution. 

In the experiment to be described in this paper a 
wheel faced with U*® was rotated in front of a slit 
defining the beam of neutrons from the explosion. The 
fission products from fission produced by neutrons at 
various energies were therefore to be found in different 
parts of the wheel and could be examined radiochemi- 
cally after recovery of the apparatus. 


EXPERIMENTAL PROCEDURES 

The experiment was first attempted in May, 1958, 
at Eniwetok. Although the results obtained were com- 
paratively poor due to insufficient neutron shielding 
around the target, the flux of resonance neutrons 
reaching the target was in the range predicted. A 
similar experiment was performed in October, 1958, in 
Nevada. The nuclear device utilized had an energy 
yield corresponding to 84 tons of TNT. The geometry 
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ELECTRIC MOTOR 
CONCRETE 


Fic. 1. Schematic arrangement of apparatus for time-of-flight 
separation of resonance neutrons from a nuclear explosion as used 
in Nevada in October, 1958. The essential components and their 
relative orientation are indicated, but the dimensions are not to 
scale. The position of the nuclear device and surrounding modera- 
tor was above the apparatus (not shown). The tapered pipe was 
evacuated with the ends closed by thin aluminum. 
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Fic. 2. Cross section of wheel 











STAINLESS / 
STEEL , 


and equipment are shown schematically in Fig. 1. The 
distance from the explosion source to the target was 
3.13 10° cm. A doubly tapered collimating slit 10 cm 
long and 0.10 cm wide through a 5-ft thick steel mask 
defined a beam of neutrons which impinged on 93% 
U**> metal fastened to the outer rim of a 2-ft diam 
wheel. The outer radius of the metal was 29.21 cm; 
the portion of the metal exposed to neutrons extended 
from a radius of 21.0 to 28.5 cm. The wheel was re- 
volving with a precisely measured speed of 67.68 rps 
when the nuclear device exploded. It is shown in detail 
in Fig. 2. A very heavily shielded bunker protected the 
target from extraneous neutrons and blast. Most of the 
neutron flight path was contained in a tapered evacu- 
ated pipe which reached a 3-ft diam at the source end. 
Further collimation of neutrons was achieved by sur- 
rounding the pipe midway between source and target 
with boron-loaded plastic. The bunker was lined with 
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Fic. 3. Contact radioautograph of topmost 2-mil U™* foil on 
wheel in 1958 experiment. The light features in the figure corre- 
spond to blackening of the photographic plate. The motion of the 
wheel was from left to right. The bright line at the extreme left is 
due to fissions from prompt neutrons, (fo). The structure to the 
right of this shows the variation in fission activation of the wheel 
due to resonances in the fission cross section of U5, The positions 
of known maxima in this cross section are indicated by the 
figures above the radioautograph. : 


assembly for time-of-flight experi- 
ment. The U™ layer was actually 
composed of six foils, as described 
in text 


boral to absorb epicadmium neutrons. The wheel was 
enclosed in a cadmium metal box with a slit in it to 
permit the beam to reach the wheel. After the explo- 
sion, the exposure of the wheel to neutrons was termi- 
nated by a cadmium-covered steel shutter which was 
moved by explosive squibs across the collimating slit. 
This shutter was closed after the wheel had turned a 
half-revolution following the instant of the explosion. 
The shutter stopped neutrons below the cadmium cut- 
off from reaching the wheel and also intercepted debris 
that might come down the pipe. 

The beam width actually defined by the collimating 
slit on the wheel was somewhat greater than the 0.10 
cm width of the slit. The wheel was 11.4 cm from the 
defining slit. At this distance the maximum width of 
the beam defined by the 0.10 cm slit for a diffuse 
source uniformly filling the field of view at the source 
end is 0.24 cm. The actual source did not uniformly 
fill the field of view. The sharpest structure observed 
in the resonance region of the radioautograph was 
approximately 0.15 cm wide. 

The U*® metal portion of the wheel consisted of a 
sandwiched set of six foils with a total thickness of 
0.248 cm. The top foil was 0.00551 cm thick (nominally 
2 mils), the second 0.0258 cm (10 mils), and the next 
four foils 0.0542 cm thick (20 mils), respectively. The 
density of this metal was 18.82 g/cm* corresponding 
to 4.8210” atoms of uranium per cm*. The top 
uranium foil was covered with 0.125-in. aluminum 
sheet and the whole sandwich was backed with 0.016-in. 
cadmium metal, all clamped to an approximately }-in. 
thick stainless steel wheel. 

The neutrons were moderated in a hydrogenous 
material close to the fissioning core and escaped over 
a time interval of the order of 1 usec. The time interval 
for moderation corresponds to a maximum uncertainty 
of about 0.01 cm in the position of neutrons of a given 
energy on the wheel. Unmoderated neutrons with 
fission spectrum energies defined a line on the wheel 
at a position So, at an almost instantaneous time fo. 
Neutrons in the resonance region required times of the 
order of a millisecond to arrive at the wheel. The dis- 
tance from S» on the perimeter of the wheel as a func- 
tion of neutron energy is given by 


S= V wnD/ VE, 


where Vwn=velocity of wheel at rim, D=distance be- 
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Taste I. Representative sample schedule and experimental results (30-45 ev). 
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Distance on wheel (cm) 


Sample no. Si Se § E, (ev) 


Ay.®/mg U5 Ang™/Ayo™ 


Mass (mg) (in counts/min) (in units of 10-8) Age!*/Ayo™ 





62 4.11 4.20 
63 4.20 4.29 
64 4.29 4.38 
65 4.38 4.47 
66 4.47 4.57 
67 4.57 4.66 
68 4.66 4.78 
69 4.78 4.89 
70 4.89 4.98 
71 4.98 5.07 
72 5.07 5.16 


45.6 
43.7 
41.9 
40.2 
38.6 
37.0 
35.4 
33.8 


384.6 
362.0 
358.4 
367.7 
383.1 
353.0 
493.7 
433.7 
362.3 
375.5 
358.4 


147.5 1.11 0.429 
146.8 1.06 
139.5 1.08 
137.2 1.15 
132.5 1.36 
109.5 1.31 
164.5 1.36 
173.0 1.14 
132.5 0.99 
111.2 0.91 
94.8 1.06 





tween source and target, V,,= velocity of 1-ev neutron, 
and £,,=energy of neutron in ev. 

Under the conditions of this experiment the com- 
bined factors give 


S(cm) = 28.08/E,}, 


and dS/dE=—14.04/E! at the rim or —11.7/E! at the 
average cut radius. 

Thus, for example, a 10-ev neutron struck the wheel 
rim at a distance of 8.88 cm from So; the linear separa- 
tion of neutrons at the rim of the wheel at 10 ev was 
0.44 cm/ev. The 1-mm slit gave a theoretical resolution 
of 0.27 ev at the middle of a cut at the 10-ev position 
and 17.3 ev at the 160-ev position. 

After recovery, delayed for almost a week by collapse 
of the bunker roof, the top foil was removed and used 
to make an autoradiograph. This is reproduced in Fig. 3. 
The structure in this picture is due to variations in 
fission product density corresponding to resonances in 
the epithermal energy region. The time ¢o is defined by 
a sharp line due to fissions induced by fast neutrons 
arriving within a few usec after explosion time. 

With the aid of this picture, the regions of interest 
on the next two foils were cut into radial slices, for the 
most part 0.1 cm wide at the rim. Time and available 
analytical effort limited the number of analyses, par- 
ticularly on the 20-mil foil. These samples were first 
counted for gross fission product activity by a Nal 
gamma scintillation counter and then dissolved and 
analyzed for several fission products by standard radio- 
chemical methods." The schedule of cuts is illustrated 
in Table I. The first column of Table I gives the sample 
number designation of the radial slices. The next three 
columns establish the position of the slice relative to 
the prompt neutron line on the wheel. The distances 
were measured along the perimeter of the uranium 
facing of the wheel. The fifth column, labeled E£,, 
gives the average energy of the neutrons impinging on 
the slice. The sixth column indicates the weight of 
uranium represented by the slice. Space limitations do 
not permit the complete tabulation of these data for 


J. Kleinberg et al., Los Alamos Scientific Laboratory Report, 


LA-1721, (unpublished) 2nd ed. (1958). 


approximately 175 samples but they are summarized 
in Fig. 4. 

It was not attempted in this experiment to determine 
the absolute fission yield of any fission product. Al- 
though it was assumed that the high-yield fission 
products are produced in nearly constant yield through- 
out the resonance region, an effort was made to par- 
tially check the assumption by measuring both Ba!” 
and Mo”. It was expected that if the ratio Ba!/Mo™” 
corresponded to that observed for thermal neutron 
fission, it would be reasonable to conclude that the 
individual fission yields had probably not changed. 

The yield of Ag" was measured to determine the 
symmetry of fission. Changes in the value of the ratio 
of Ag™ to that of Mo” relative to that observed in the 
thermal neutron fission of U*® are interpreted as 
changes in fission symmetry relative to the known 
characteristics in thermal neutron fission. An effort was 
made to determine changes in the light-mass wing of 
the yield distribution by analysis for As” but the very 
poor statistics make the data inconclusive. Because of 
the delay in recovery of the wheel, several interesting 
short-lived fission product activities could not be used. 
A few results on Cd"® in general corroborated the re- 
sults from Ag". 

Resolution was lost in the mechanical cutting of the 
wheel due partly to the improbability of including all 
of a particular resonance in a single cut and excluding 
the neighboring valley region, and partly to the diffi- 
culty of cutting each metal strip exactly on a radius. 


EXPERIMENTAL RESULTS 


Results for Mo”, Ag™, and Ba™ are illustrated in 
Table I. The seventh column of Table I gives the Mo” 
activity in each slice of the wheel in counts per minute 
per milligram of U™* at the time of the explosion under 
standard counting conditions and corrected for chemical 
recovery. The eighth column gives the ratio of Ag™ to 
Mo® radioactivity in the slice under the counting con- 
ditions used. This ratio, under the same conditions, 
for the thermal neutron fission of U™*, is 1.0X10-. 
Finally, the last column gives the ratio of Ba to Mo” 
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radioactivity in the slice. The corresponding value in 
thermal neutron fission is 0.42. 

The experimentally measured values for Mo” spe- 
cific activity as a function of distance on wheel (i.e., 
neutron energy) are presented graphically in curve a 
of Fig. 4. Actual counting rates varied from a few 
hundred counts per minute of Mo” to 10 counts/min 
of Ag™ in a given sample. Although the specific activi- 
ties are for cuts of finite width, they are plotted as a 
continuous distribution since the cuts are generally so 
narrow that a histogram would approximate a smoothed 
curve 

Background fissions were produced by neutrons which 
penetrated the shielding and by fission neutrons pro- 
duced in the wheel. These fissions were measured by 
analysis of samples taken from the wheel rim adjacent 
to the slit image. In addition, analyses were made of 
U** from a portion of the wheel which was never ex- 
posed to the open collimating slit. Unfortunately, the 
analyses for Ag" were not useful due to insufficient 
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Experimental results on fis 
sion density and Ag"!'/Mo” activity 
ratios from tin flight experiment. 
Che ordinates are the distance on the 
wheel rim on the bottom and the 
corresponding energy of the neutrons 
hitting the wheel at this point (top 
ordinate). The arrows just below the 
top ordinate indicate the position of 
strong maxima in the fission cross sec- 
tion of U5, The section A shows 
the position of all known maxima 
in the fission cross section of U™®, 
Section B shows the observed regions 
of high fission density on the radio- 
autograph. These are carried down 
through the rest of the figure by ver- 
tical lines to facilitate comparison 
of structure in the curves with ob- 
served levels. Curve a is a plot of 
the fission density (as measured by 
the Mo” activity) in the 
10-mil U foil as a function of perimeter 
distance in the wheel. The units are 
arbitrary. The lower curve, in the 
region 4-7 cm the data 
on the 20-mil piece. Also indicated, 
by the approximately horizontal 
dashed line, is the background level 
~: fissions outside the area illuminated 
by the slit. Curves d and e are ob 
served Ag/Mo® activity ratios in 
the 10- and 20-mil U** foils, re- 
spectively, as a function of distance on 
the wheel. Curves b, c, and f are the 
calculated fission densities and the 
Ag™/Mo” activity ratios in the 10- 
and 20-mil U™** foils 
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activity for good statistics. However, the Mo” specific 
activity indicates the contribution of general back- 
ground to observed signal and is indicated in curve a of 
Fig. 4 by a dotted line. 

background fissions were rather 
a small part 
30 ev but 


It is seen that these 
uniform over the wheel. 
of the signal recorded 
were the main effect below about 18 ev. 


They were only 


in the region above 
In the topmost part of Fig. 1 above the graph of the 
experimental results, there are indicated the positions 
of known strong fission resonances (shown by arrows 
on the figure). energies are taken primarily 
from the Brookhaven compilations.” Also at the level 
A of the figure there are given the positions of all 
known resonance levels in the fission cross section of 


These 


12 Neutron Cross Sections, compiled by D. J. Hughes and J 
Harvey, Brookhaven National Laboratory Report BNL-3 
(U. S. Government Printing Office, Washington, D. C., 1957 a 
1958), Suppl. No. 1 and 2nd ed. 
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U** as tabulated primarily by Havens ef al.*.4 Finally, 
at the level B at the top of Fig. 4, there are shown the 
regions of blackening on the radioautograph. 

It should be noted that the radioautograph shows 
more features of the wheel activation than the chemical 
analyses, partly for reasons that have already been 
discussed as causing loss of resolution in the cutting of 
the wheel. In addition, the radioautograph can be ex- 
amined at the rim, where the resolution is highest; it 
was made from the uppermost foil, before scattering 
and absorption occurred; and the eye is extremely 
sensitive to small relative differences of intensity on a 
photographic plate. 


DISCUSSION 


It seems quite clear that fissions induced in U** by 
neutrons of various energies in the resonance region 
have been isolated. Not only are the variations in 
fission density as a function of distance on the wheel 
strongly suggestive of cross section variations but the 
plot of the radiochemically measured fission density 
structure (curve a, Fig. 4) corresponds, over the energy 
region from 8.8 ev to ~500 ev, to most of the known 
macroscopic features of the U™® fission cross section 
(arrows at the top of Fig. 4 and curve b, Fig. 4). In 
particular, the last discernible feature on the radio- 
autograph, which is barely visible on Fig. 3, is the well- 
isolated line at 9.45 cm from So which corresponds 
precisely to the expected position of the 8.8-ev reso- 
nance, confirming the validity of the wheel equation. 
Moreover, in the regions where analysis of the 20-mil 
foil were performed (20 to 50 ev), the variation ob- 
served in fission density as a function of distance on 
the 10-mil foil were confirmed (curve identified with 
square data points, curve a Fig. 4). 

A plot of the measured Ag™ specific activity would 
also show structure but not in exactly constant ratio 
to Mo”. As a result, plots of the Ag™'/Mo™ ratio 
(curves d and e, Fig. 4) show structure as a function 
of neutron energy. This ratio varies from 0.9 10~ to 
1.4X10~* in the resonance region. 

The larger variations in the Ag'™!/Mo™ ratios corre- 
spond sufficiently in the region where two foils were 
analyzed so that they may be accepted for the most 
part as physically real and not merely the result of 
statistical fluctuation and analytical error. As men- 
tioned above, experimental error in the determination 
of these ratios may be estimated from previous ex- 
perience as of the order of +5%, somewhat less for 
the highest counting samples and somewhat more for 
the lowest counting samples. Although the data on the 
third foil (20 mil) show significantly higher ratios and 
less peak-to-valley variation than are observed in the 


13 W. W. Havens & al. Columbia University Progress Report, 
January-March, 1958 (unpublished). 

4 W. W. Havens, ;E. Melkonian, L. J. Rainwater, and J. L. 
Rosen, Phys. Rev. 116, 1538 (1959). 
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second foil (10 mil), the maxima and minima in the 
two foils are definitely related. 

Whereas there is, in general, good correlation be- 
tween positions of high-fission density and calculated 
positions of high-fission cross section, the correlation 
of extrema in the Ag"™'/Mo® ratios with positions of 
high-fission cross section is somewhat less marked. For 
example, of the five highest Ag''!/Mo® ratios, four 
occur (at approximately 14, 25, 35, and 39 ev) where 
there are known maxima in the fission cross sections. 
On the other hand there are other peaks and minima 
which are not related to known cross section maxima. 

It is clear from examination of the top part of Fig. 4 
that the most intensity in this experiment was in the 
region above 20 ev where the resolution did not clearly 
separate individual resonances with their average spac- 
ing of 0.7 ev. On the other hand both the gross fission 
activity (as measured by Mo”) and the Ag™/Mo” 
ratios show structure in this region. The simplest 
hypothesis to adopt, in an effort to explain these varia- 
tions, is that each resonance is characterized not only 
by the usual parameters of fission width, neutron 
width, etc., but also by one of two fission product 
yield distributions. In order to establish whether such 
a hypothesis would explain the observed variations of 
the Ag"/Mo®* ratios, a series of calculations were made 
using an IBM 704 EDPM. In the calculation reasonable 
resonance parameters for levels with energy less than 
60 ev were combined with instrument resolution pa- 
rameters to calculate the expected fission density in the 
wheel in a flux having uniform density per unit energy. 

The calculations have been performed in the follow- 
ing way: 

The cross sections associated with each resonance 
were calculated from the Breit-Wigner single-level 
formula for neutron absorption and for fission. The 
values used for Ep at each resonance and the resonance 
parameters are an eclectic set coming, in large part, 
from the authors interpretation of some data reported 
by Havens et al. and from BNL-325. The values used 
do not agree exactly with any other published set. 
They are not represented as “best” values but only as 
consistent with the recently published Columbia values“ 
and with the indications of our own data. The principal 
differences have to do with the assignment, for purposes 
of this calculation, of energies and widths to levels 
which are elsewhere reported as not resolved. Notice- 
able differences between our data and those of Havens 
exist at 14.1, 18.7, and 22.1 ev which were assigned 
resonances in this paper. Otherwise, Ag'/Mo” curves 
computed with input data taken entirely from Havens 
et al.4 do not differ significantly from those presented 
in this report. The input data are presented in Table IT. 

In this table the second and third columns give the 
assumed values of the fission width (fy) and the neu- 
tron width (I'y) in millivolts for the resonances whose 
neutron energy characteristics in electron volts are 
listed in the first column. The gamma width (Py) was 
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Assigned 
Ag"! /Mo” 
(in units 
of 107%) 


Resonance Ip T's 
energy (ev in units (ev in units So 
Eo of 107%) of 107%) (cm) 
0.0037 
0.0147 
0.0066 
0.0025 
0.0284 
0.0532 
0.0550 
0.0210 
0.0160 
0.0272 
0.296 
0.109 
1.28 
0.122 
0.0405 
0.0638 
0.683 
1.374 
0.0507 
0.0987 
0.149 
0.199 
0.153 
0.232 
0.338 
0.275 
0.341 
0.199 
2.91 
0.363 
0.500 
1.10 
0.0893 
0.671 
1.60 
0.494 
0.382 
0.608 
0.407 
0.510 
0.110 
0.740 
0.374 
0.380 
0.386 
0.669 
1.70 
2.09 
3.56 
5.94 
0.161 
2.52 
2.27 
0.992 
1.81 
1.24 
0.523 





0.282 98 
1.14 107 
2.04 120 
2.82 6 
3.14 115 
3.60 45 
4.85 
5.45 6 
5.83 6 
6.10 6 
6.39 
7.10 
8.78 
9.26 
9.73 
10.15 
11.65 
12.40 
12.80 
13.35 
13.80 
14.10 
14.65 
15.5 
16.2 
16.8 
18.2 
18.7 
19.4 
20.6 
20.9 
21.1 
22.1 
23.0 
23.6 
24.4 


52.9 
26.3 
19.7 
16.7 
15.8 
14.8 
12.8 
12.0 
11.6 
11.4 
11.1 
10.5 
9.48 
9,23 
9.00 
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1.40 
0.95 
8.81 0.95 
8.23 1.40 
7.97 0.95 
85 0.95 
69 0.95 
56 0.95 
48 1.40 
34 0.95 
7.13 1.40 
6.98 0.95 
6.85 0.95 
0.95 
1.40 
0.95 
1.40 
0.95 
0.95 
1.40 
0.95 
0.95 
0.95 
1.40 
1.40 
0.95 
1.40 
0.95 
0.95 
1.40 
1.40 
1.40 
0.95 
0.95 
0.95 
1.40 
1.40 
0.95 
1.40 
0.95 
0.95 
1.40 
1.40 
0.95 
0.95 
1.40 
0.95 
0.95 
0.95 
0.95 
0.95 
1.40 
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taken constant at 0.033 ev. The fourth column gives 
the distance of the resonance on the wheel from the 
prompt neutron line. 
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The energy resolution was assumed to be limited by 
the width of the collimating slit and was calculated for 
a uniform distribution of neutrons in a slit 0.16 cm 
wide (60% greater than the actual slit). Activations 
were calculated over this distribution in 0.008-cm in- 
tervals at energy intervals corresponding to every 0.01 
cm on the wheel. Summations were made for actual 
cut intervals over the energy region from approxi- 
mately 8 to 65 ev. At higher energies resonance pa- 
rameters for single levels are no longer available. The 
neutron flux was treated as constant with energy. No 
correction was made for background attributable to 
the various sources discussed elsewhere in this report. 

The results of the 
versus wheel position and neutron energy are shown 
in curve b of Fig. 4. Since the calculation presents a 
fission probability per incident neutron, it 
reproduce the flux variation on the wheel. It is seen, 
however, that the main features of the excitation func- 
tion and of the observed wheel activation in the region 
studied are reproduced in the calculation. The observed 
Mo” activity at the position corresponding to 35 ev 
indicates a time-integrated neutron flux of about 10 
n/cm? ev incident at this point. 


calculation for fission density 


does not 


The assumption was then made that at each level 
the ratio of Ag" activity to Mo” activity was either 
0.95 or 1.4 (X10 
assumed for resonances from 0.3 to 6.4 ev. 
of one or another value for the characteristic Ag™!/ Mo” 
ratio at each level was varied until the structure in the 
computed Ag'"'/Mo” curve qualitatively fitted the ob- 


) except that an average value was 
Che choice 


served structure. The final ‘‘best’”’ assignment of levels 
is listed in column five of Table II. These assignments 
are not unique in all cases since, for many very weak 
and questionable levels, no noticeable difference is 
made in the fit if the assignment is changed. The com- 
puted curves are shown in curves c and f of Fig. 4. 

The agreement between the calculated and observed 
Ag"!/Mo® ratio is fair. There is satisfactory reproduc- 
tion of even fine details in the 10-mil foil data between 
35 and 20 ev, and also below 15 ev. In the other regions 
the representation is only qualitatively satisfactory. 
The agreement between calculated and observed ratios 
in the 20-mil piece is similar, except that here the 
damping effect of increased background in the experi- 
mental data is clearly visible. 

The observed data could obviously be fitted more 
closely by assuming more than two Ag"'/Mo” values 
or by making this ratio arbitrarily variable. However, 
because very small differences in the actual position of 
the cuts change the resolution from resonance to reso- 
nance in an unknown way and because the background 
corrections are not well known, the assumption of more 
than two values for the Ag"!!/Mo” not 
appear to be justified. A background correction, if 
applied, would lead to assignment of more extreme 
values of the Ag''/Mo™” ratios than were assumed in 
the calculation. 


ratios does 
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Attention has already been directed to the existence 
of a general neutroh background which produced fissions 
outside the region: illuminated by the collimating slit. 
The level of this background could be determined and 
is indicated by ths Seton line below curve a of Fig. 4. 
There is some evidence that the actual background in 
the illuminated region may have been higher than this 
although the precise level cannot be estimated. This is 
suggested by the fact that the intensity variation in 
this region is not as great as predicted from calculations 
based on the cross sections (compare curve b of Fig. 4 
with curve a). In addition, the Ag'/ Mo ratios in the 
20-mil foil, averaged over 1 cm distances, run 5 to 8% 
higher than in the corresponding region of the 10-mil 
foil. Since the specific fission activity in the 20-mil foil 
was systematically lower than in the 10-mil foil, this 
indicates a background with a higher Ag™/Mo” ratio 
than that characteristic in general of resonance fission. 
Unfortunately, this higher Ag'™'/Mo™® ratio in the 20- 
mil foil could also be due to the greater importance of 
laboratory contamination to the Ag™ analyses of this 
foil. The analyses of this foil were performed later and 
so were more subjdct to such contamination. The pres- 
ence of some laboratory contamination at this stage was 
demonstrated although its constancy and exact time of 
appearance are in doubt. 

Thus, although the existence of an enhanced back- 
ground seems likely, its amount cannot be established. 
The two most probable sources of this background are: 
(1) secondary fissions induced in the wheel by neutrons 
born in the wheel, and (2) lack of sufficient shielding 
allowing noncollimated neutrons to hit the wheel. 

In performing the calculation interpreting the re- 
sults, we have ignored the possible effects of this back- 
ground. In doing so we have left out of consideration a 
possible point of view that very broad resonances 
might contribute a background cross section on top 
of which the sharp resonances occur. There is no strong 
evidence in our data to demonstrate that another kind 
of fission is important at gaps between sharp reso- 
nances, but neither can this hypothesis be excluded. 
On the other hand, consideration of these background 
effects cannot affect our general conclusion that varia- 
tion in the Ag"™'/Mo” ratio occurs in the resonance 
region and that this can be moderately satisfactorily 
explained, to within the present state of the data, by 
the assignment of two different Ag''/Mo” ratios to 
individual resonances. 

The final assignments of the 54 levels between 7 and 
61 ev lead to almost twice as many levels having the 
lower Ag''/ Mo” value than have the higher Ag™/ Mo” 
ratio. The value of 0.95 10~* adopted for one of these 
ratios is probably an upper limit due to the effect of 
background (see above) and so the preponderance of 
levels with enhanced asymmetry of fission is consistent 
with published work on the symmetry of fission in the 
resonance region. 
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Although many of the specific assignments made in 
the calculation are somewhat arbitrary, there are 
regions where the assignments cannot be changed 
without drastic disagreement with the experimental 
data. The resonances which we believe have been 
identified with considerable assurance as possessing in- 
creased symmetry, relative to thermal fission, occur at 
approximately 25, 34.4, 35.3, 39.5, and 44.7 ev. With 
somewhat less assurance, we have identified other reso- 
nances with increased symmetry of fission at 11.6 ev, 
approximately 14.1, 15.4, and 51.6 ev. Increased sym- 
metry of fission, related either to resonances or to a 
background effect, is observed at 18.7, 20.7, 22.1, 29, 
and 63.3 ev. The following resonances have been 
identified with decreased symmetry: 18.2, 19.4, 21.1, 
23.6, approximately 26, 32.1, 33.6, 38.4, 41.9, 43.5, and 
48.6 ev. In addition, with less assurance, resonances 
which are identified with decreased symmetry occur at 
12.4, 13.8, 14.6, 16.8, 22.9, 24.4, 27.8, 30.9, and 56.4 ev. 
Thus, in the region from 10 to 63 ev, we have identi- 
fied five resonances which, with reasonable certainty, 
are associated with an increase in fission symmetry, 
another four resonances which are probably associated 
with increased symmetry, and five more regions of in- 
creased symmetry which are related to resonances or 
to a background effect. This background effect, if it 
exists, does not uniformly indicate increased symmetry 
whenever the specific activity is low. In addition, 
eleven resonances are identified which, with reasonable 
certainty, are associated with a decrease in symmetry, 
and nine more resonances are identified which are 
probably associated with a decrease in symmetry. 

At energies above 63 ev there are no published de- 
tailed data on the parameters of individual resonances. 
Our data indicate regions of decreased symmetry at 
71+2 ev, 10343 ev, 16346 ev, 216+12 ev, and 
369+ 20 ev. All of these features coincide with more or 
well-defined structure in the fission excitation 
function for U5 as presented in BNL-325, 2nd ed. In 
addition there are regions of increased symmetry at 
79+2 ev and 110+4 ev which appear to coincide with 
low-specific fission activity although neighboring sam- 
ples of equally low specific activity do not show equally 
high Ag™/Mo*” values. 

The Ba'/Mo” values show no systematic or re- 
peated structure which would indicate that the fission 
yield of one of them changed with respect to the other 
as a function of neutron energy. A rather large spread 
of values for this ratio is due mostly to errors in the 
Ba! analysis arising from contamination by uranium 
daughter products in the heavy metal samples taken 
for analysis. 

The upper limit for symmetry of fission at any single 
level in the energy region from 10 to 400 ev can be 
estimated by assuming that, in the region of 400 ev, 
where a cut 0.096 cm wide was taken, about 100 levels 


less 
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could have been included. For one of these levels to 
increase the average yield of Ag'" in the piece by 10% 
would require that it have a fission yield of ~0.1% if 
the average yield of the other levels were the same as 
at thermal, or ~0.2% if the average yield of the other 
levels were 10% lower than thermal. Since this is the 
upper limit to the change observed in this region, it 
may be said that in a sample of about 500 levels, there 
was no level which produced fission so highly sym- 
metric that the Ag"! yield was increased twenty-fold 
over that found in thermal-neutron-induced fission. 
Since even this limit would lead to a Ag™ yield of only 
0.2%, we can confidently conclude that none of the 


9 


first 500 resonances of U™® gives rise to symmetrical 


fission. 
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Er'” has been produced by double neutron capture in enriched Er'”, The beta decay of 50.4-hr Er'? and 
its daughter, 63.7-hr Tm'”, has been studied with a solenoidal beta spectrometer and beta and gamma 
scintillation spectrometers. The highest energy group of the Tm!” beta spectrum has an end-point energy 
of 1.83 Mev; this group represents the Tm'” — Yb'” ground-state beta transition. The beta decay of Tm'” 
is accompanied by gamma rays of the following energies: 0.079, 0.180, 0.422, 0.495, 0.915, 1.095, 1.29, 1.39, 
1.41, 1.47, 1.51, and 1.59 Mev. A decay scheme for Tm!” is proposed with excited states in Yb'” at 0.079, 
0.259, 1.174, 1.47, 1.55, 1.59, and 1.67 Mev. The beta decay of Er'” is accompanied by gamma rays of the 
following energies: 0.050 (Tm K x ray), 0.108, 0.126, 0.408, and 0.610 Mev, the last of which represents a 
transition to the Tm!” ground state. The beta spectrum measured in coincidence with the 0.610-Mev 
gamma ray has an end-point energy of ~0.26 Mev, which establishes a decay energy of 0.87 Mev for Er'”. 


INTRODUCTION 


ROM the products of high-energy proton fission of 
uranium, Folger, Stevenson, and Seaborg! isolated 

a 2- to 3-day thulium activity which they tentatively 
assigned to Tm!” on the basis of its decay properties. 
Nethaway, Michel, and Nervick? observed a new 
erbium activity after exposure of normal erbium to an 
intense neutron flux for several days. By separating the 
thulium daughter activities with a mass separator, they 
were able to assign a 63.6+-0.3-hr half-life to Tm!”. By 
periodic chemical separation of the Tm!” activity from 
the erbium fraction, they deduced a half-life of 49.8+ 1 


hr for Er'”*, They found associated with the beta decay 
of Tm!” the following gamma rays: 0.076, 0.18, 0.40, 
1.09, 1.44, and 1.78 Mev. From aluminum absorption 
measurements, the Tm!” beta end-point energy was 
found to be 1.5 Mev. 


Recently Helmer and Burson* have studied the decay 
of Tm!” with a 180° magnetic spectrometer and by 
scintillation spectrometry techniques. They reported 
the existence of 17 gamma-ray transitions and five beta 
components of the following end-point energies: 1.83, 
1.65, ~0.74, ~0.46, and ~0.33 Mev. They proposed a 
level scheme for Yb!” having excited states at 0.079, 
0.260, 1.17, ~1.45, ~1.53, ~1.59, ~1.63, and ~1.71 
Mev. 

Mihelich, Harmatz, and Handley,‘ by measurement 
of the conversion electron lines associated with the 
orbital electron capture decay of Lu'”, were able to 
establish that the 181.5- and 78.7-kev gamma transitions 
are the 4+ — 2+ and 2+ -—0+ transitions in the 
ground-state rotational band of Yb!72, Coulomb excita- 


+t Work done under the auspices of the U. 
Commission 

1R. L. Folger, P. C. Stevenson, and G. T. Seaborg, University 
of California Radiation Laboratory Report UCRL-1195, revised 

May, 1951 (unpublished). 
.. Nethaway, M. C. 

3, 147 (1956). 

G. Helmer and S. B. Burson, Bull. Am. Phys. Soc. 5, 425 


S. Atomic Energy 


Michel, and W. E. Nervik, Phys 


108, 989 (1957). 


tion of Yb!” further confirmed® the 2+ rotational level 
at 78.7 kev. 

Wilson and Pool® have examined the decay of Lu'™ by 
gamma scintillation spectrometry and have established 
levels above 260 kev in Yb!”. 

The present study was undertaken to obtain more 
detailed information on the decay of Tm'” and its 
predecessor Er'”’, 


SOURCE PREPARATION 


Er'? was produced by double neutron capture in 
Er'”. Samples containing about 30 mg of enriched Er'” 
(87.5%)? were irradiated in the Los Alamos Omega 
West reactor in a thermal neutron flux of about 7X 10" 
cm~* sec for periods of 50 to 60 hr. 

About four days after the end of irradiation, the 
erbium was purified of thulium, ytterbium, scandium, 
and other contaminants by selective elution from a 
Dowex-50 resin column at 20°C with 0.5 M a-hydroxy- 
isobutyric acid (a-HIB) at pH 3.10. Four days after the 
purification, when Tm!” had grown into near equi- 
librium with its Er'” parent, a thulium-erbium separa- 
tion was again made. 

Tm'” sources for beta-ray spectrometer measure- 
ments were prepared by destroying the a-HIB in the 
thulium solution with hot nitric and perchloric acids, 
evaporating to dryness, taking the activity up in a few 
drops of 0.1M HCl, and evaporating to dryness small 
droplets of this solution on a backing of 1.0-mg cm~* 
aluminized Mylar. Although supposedly “carrier-free,” 
the final source, 3 mm in diameter, contained enough 
residue to make it an estimated 1 mg cm~ thick. For 4r 
counting, a small aliquot of this same stock solution was 
diluted ~100-fold and small droplets of this solution 
were evaporated to dryness on an ~20-ug cm~* Zapon 
film. Small droplets of the freshly separated erbium and 


5 E. L. Chupp, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and H. Mark, Phys. Rev. 112, 518 (1958). 

6 R. G. Wilson and M. L. Pool, Phys. Rev. 118, 1067 (1960). 

7 Enriched Er!” was made available by the Isotopes Division 
of the Oak Ridge National Laboratory. 
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Fic. 1. Fermi-Kurie (F-K) plot of the Tm'” beta spectrum. 
@ Uncorrected F-K plot (left-hand scale). @ F-K plot corrected 
by the AJ =2, yes, shape factor, a;=g*2o+9Z; (right-hand scale). 
A Points resulting from subtraction of the corrected plot. 


thulium solutions were evaporated to dryness on glazed 
cardboard plates for the scintillation measurements. 


INSTRUMENTATION 


The beta-ray spectrum of Tm!” was measured with a 
uniform-field, ring-focusing solenoidal spectrometer pat- 
terned after the design of Schmidt.’ The baffle system 
was set to give a nominal transmission of 1%; at this 
setting, a momentum resolution of ~1.2% would be 
expected for a 3-mm diam source. Decay corrections and 
Fermi-Kurie analyses of the spectrometer data were 
performed with an IBM-704 computer. 

Beta-ray spectra of Er'” and Tm’, in coincidence 
with gamma rays, were measured with a ;-in. thick 
X 13-in. diam trans-stilbene scintillator unit. 

Gamma spectra were obtained with a 3 in.X3 in. 
NalI(TI) scintillator unit. Singles spectra were measured 
with the source at 10 cm distance in order to minimize 
summing. Pulse height analysis was accomplished with 
a fast 100-channel pulse height analyzer (average dead- 
time ~72 usec). For gamma-gamma coincidence meas- 
urements, a second scintillator unit using a 14-in. X 14-in. 
NalI(T!) crystal was placed at 90° to the axis of the 
large scintillator. A }-in.“lead (Pb) adsorber was placed 
between the two crystals to minimize scattering effects. 
The source was usually mounted ~5 cm from the face 
of each crystal. The resolving time of the coincidence 
circuit was 2r=4X10~’ sec for all coincidence measure- 
ments. The absolute beta-disintegration rate of a 
“carrier-free” Tm'” was determined with a 
methane-flow 42 8-proportional counter. 


source 


THULIUM-172 
Experimental Measurements 


The decay of a sample of Tm!” was followed for about 
three weeks with a beta-proportional counter and the 
8’ F. H. Schmidt, Rev. Sci. Instr. 23, 361 (1952). 
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TABLE I. Tm!” gamma transition data. 


Observed in 
coincidence with 
the following 
gamma rays 


0.180, 0.422, 0.495, 
0.915, 1.095, 1.29 
1.39, 1.41, 1.51 

0.079, 0.422, 0.495, 
0.915, 1.29, 1.41 

0.079, 0.180, 0.915, 
1.095 

0.079, 0.180, 0.915, 
1.095 

0.079, 0.180, 0.422, 
0.495 

0.079, 0.422, 0.495 

0.079, 0.180 

0.079 

0.079, 0.180 


Total 
transitions 
per 100 


betas 


Relative 
photon 
intensity 


Gamma-ray 
energy 
(Mev) 


0.079-+0.062 100 1445 


0.180+0.003 
0.422+0.005 
0.495+0.005 
0.915+0.005 


1.095+0.005 
1.29+0.02 
1.39+0.02 
1.41+0.03 
1.47+0.02 
1.51+0.02 
1.59+0.02 


0.079 


data were then submitted to least-squares analysis on 
an IBM-704 computer. The Tm'” half-life so obtained 
was 63.7+0.5 hr, in good agreement with the previously 
reported 63.6+0.3-hr period.’ 

The Tm'” beta spectrum as measured with the mag- 
netic spectrometer and analyzed in the form of a Fermi- 
Kurie plot is shown in Fig. 1. The high-energy region 
clearly shows the ‘‘a” shape associated with “unique,” 
first-forbidden transitions. Application of the AJ=2, 
yes, spectral shape correction factor a;= q@’Lo+9Li gave 
a linear plot with an end-point energy of 1.830.03 
Mev. The 1.83-Mev end-point energy of the Tm!” beta 
spectrum is in agreement with the measurement by 
Helmer and Burson.’ The subsequent beta-gamma co- 
incidence data provided evidence that this high-energy 
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Fic. 2. Gamma-scintillation spectra of Tm!”, measured with 
3 in.X3 in. NaI(Tl) crystal. (a) Low-energy region; (b) high 
energy region. 
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component was a composite of three beta groups, of 
which the highest-energy “unique” group was strongest. 
Subtraction of this composite high-energy component 
from the gross spectrum gave a complex spectrum with 
an end point at ~0.66 Mev. Due to the complexity of 
the high-energy component, little, if any, significance 
could be attached to a breakdown of the beta spectrum 
below the ~0.66-Mev group. 

The singles gamma-ray spectra of Tm'”, shown in 
Fig. 2, exhibited photopeaks at 0.052 (Yb K x ray), 
0.079, 0.180, 0.422, 0.495, 0.915, 1.095, 1.39, 1.47, 1.51, 
and 1.59 Mev. There is also evidence of a low-intensity 
gamma ray at about 0.14 Mev. Gamma-ray energies, 
intensities, and coincidence data are presented in 
Table I. The number of 0.079-Mev gamma rays per 
Tm!” beta disintegration was determined by compari- 
son with the similar 0,084-Mev gamma rays from a 
Tm!'” source whose disintegration rate was also deter- 
mined by 4x 8 counting. The Tm'” branching ratio to 
the 0,084-Mev level in Yb!” was taken to be 22%"! 
and the conversion coefficients of Rose” were used to 
correct for the difference in conversion coefficients be- 
tween the 0.079 and 0.084-Mev £2 gamma transitions. 

The resolution of possible multiplets, and the posi- 
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Fic. 3. Gamma-gamma coincidence spectra of ‘T'm'”?, measured 
with 3 in.X3 in. NaI(T]) crystal and gated by photopeak pulses 
from a 14 in. X1} in. crystal. 

®*R. L. Graham, J. L. Wolfson, and R. E. Bell, Can. J. Phys. 
30, 459 (1952). 

1 A. V. Pohm, W. E. Lewis, J. H. Talboy, and E. N. Jensen, 
Phys. Rev. 95, 1523 (1954). 

iT. D. Nainan, H. G. Deware, and A. Murkerji, Proc. Indian 
Acad. Sci. 44A, 111 (1956). 

12M. E. Rose, International Conversion Coefficients (North- 
Holland Publishing Company, Amsterdam, 1958). 
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Fic. 4. Low-energy region of the Tm!” gamma-ray spectrum 
in coincidence with the high-energy regions of the beta spectrum, 
measured with scintillation crystals. 


tions of the corresponding gamma transitions in the 
Yb'” level scheme were investigated by a series of 
gamma-gamma coincidence measurements. 


Gamma-Gamma Coincidences 


The 79- and 180-kev photopeaks were used to provide 
gating pulses to establish the transitions populating the 
first two excited members of the ground-state rotational 
band. The results are plotted in Figs. 3(c) and 3(d). 
The spectrum gated by the 79-kev gamma rays [Fig. 
3(c) | exhibits peaks at 0.915, 1.095, 1.39, and 1.51 Mev. 
Comparison of this spectrum with the singles spectrum 
in Fig. 2(b) discloses the disappearance of the 1.47-Mev 
peak and most of the 1.59-Mev peak. 

The important features of the spectrum gated by 
180-kev gamma rays [ Fig. 3(d) ] are the peaks at 0.915 
and 1,29 Mev. The intense 1.095-Mev peak is strongly 
attenuated and the 1.39-, 1.51-, and 1.59-Mev peaks 
have completely disappeared, although a broadening of 
the high-energy side of the 1.29-Mev peak suggests the 
possible presence of a higher-energy transition. 

An examination of the low-energy portion of the 
gamma spectrum gated by high-energy gamma rays 
produced the results shown in Figs. 3(a) and 3(b). The 
spectrum gated by the 0.915-Mev gamma ray [Fig. 
3(a) ] exhibits a decided increase in the 180-kev peak 
area over that of the 79-kev peak as observed in the 
singles spectrum [Fig. 2(a) ]. 

A typical low-energy gamma spectrum gated by either 
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lic. 5. Decay scheme proposed for Tm!” anc 
the 1,095, 1.39, or 1.51-Mev gamma rays is presented 
in Fig. 3(b). The absence of a 180-kev peak should be 
noted. Although not shown, the 422- and 495-kev 
gamma rays were found to be in coincidence with 1.095- 
Mev gamma rays but not with higher-energy gamma 
rays. 


Beta-Gamma Coincidences 


Additional information regarding the direct beta de- 
cay to the 2+ and 4+ ground-state rotational levels 
was obtained by beta-gamma coincidence studies. When 
the gamma-ray spectrometer is gated by that portion 
of the beta-spectrum between 1.5 and 1.8 Mev, both 
the 79- and 180-kev peaks are observed as shown in 
Fig. 4(a). When the gate pulses include only the beta 
spectrum region from 1.7 to 1.8 Mev, the 180-kev peak 
disappears, leaving only the 79-kev peak shown in 
Fig. 4(b). It is therefore concluded that both the 2+ and 
4+ levels are directly populated by beta transitions. 


| Er'?. Energy levels and gamma transitions based o 
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n dashed 
The fraction of all beta disintegrations leading directly 
to the Yb!” ground state was determined by comparison 


of the Tm!” disintegration rate (49% 8 counts) with 
gamma-ray intensity data. The complexity of the low 
energy beta spectrum was demonstrated by gating the 
beta spectrum with the high energy gamma rays. The 
beta 1.095-Mev 


gamma ray was found to have an end-point energy of 


spectrum in coincidence with the 
0.66+0.05 Mev, in agreement with the magnetic spec- 
trometer The beta 


cidence with the 1.39-Mev region of the gamma spec- 


measurements. spectrum in coin- 
trum was found to have an end-point energy of ~0.3 
Mev while the spectrum gated by the 1.51-, 1.59-Mev 
composite gamma-ray pulses ended at ~0.2 Mev. 

The beta transitions involved in the decay of Tm'” 
and computed on the basis of magnetic spectrometer 
data, 4% 8-proportional counter measurements, beta- 
gamma coincidence data, and gamma-ray intensity 
measurements are presented in Table II. 
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raBLe Ii. Tm'” beta transition data. 


End-point 
energy 
(Mev) 


Method of 
determination 


Intensity Log 
(%) it 


1 46+10 8.7 a, b 
1.75+0.0: 16+5 b 
2 0: 2.4+1 b 
0.66+0.03 9+3 7.6 a, b 
0.36+0.03 13+4 6.7 b 
0.28+0.03 21 s b 
0.24+0.03 12+4 b 
0.16+0.03 b 


* Fermi-Kurie analysis of magnetic spectrometer data. 
6 From beta-gamma coincidence evidence or from analysis of gamma-ray 
itensity data. 


DISCUSSION OF THULIUM-172 RESULTS 


\ decay scheme for Tm!” consistent with the pre- 
ceding measurements is presented in Fig. 5. The exist- 
ence of the ground-state rotational levels in Yb!” at 
0,079(2+) and 0.259(4+) Mev has been previously 
established by Coulomb excitation® and by studies of 
Lu'” electron-capture decay.‘ 

Cm!” can be assigned a spin of 2 and odd parity on 
the basis of its beta decay to the first three members of 
the Yb'” ground-state rotational band. The “unique” 
shape (AJ =2, yes) observed for the 1.83-Mev ground- 
state beta transition confirms the 2— spin and parity 
assignment. This assignment is consistent with the 
log ft values of the beta groups feeding the 0+ (8.7), 
2+ (9.0), and 4+ (9.5) levels of the Yb'” ground-state 
rotational band. The large log ft (9.0) of the first- 
forbidden beta transition to the Yb'”* 2+, 0(/z,K) state 
is consistent with theory if one makes the reasonable 
assumption of a K=2 ground state for Tm'”, since the 
transition violates the K selection rule AJ=> AK. 

A 2—, 2 assignment for 63.7-hr Tm!” is also consistent 
with theoretical predictions based on the rules of Gal- 
lagher and Moszkowski' for coupling of the Nilsson" 
orbitals of the odd proton to the odd neutron in a de- 
formed nucleus such as Tm'”, The 69th proton has been 
designated as being in the Nilsson orbital }+[411 ] in 
the ground states of Tm!®!*" and Tm!7!89 The 

-(512 ] designation has been proposed for the 103rd 
neutron in the ground states of Er'” and Yb!”,!5.20.2! 

The Yb!” level at 1.174 Mev, which has been pre- 


18 C. J. Gallagher, Jr., and S. A. Moszkowski, Phys. Rev. 111, 
1282 (1958). 

‘S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

16 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

16 E. N. Hatch, F. Boehm, P. Marmier, and J. W. M. DuMond, 
Phys. Rev. 104, 745 (1956). 

17 J. W. Mihelich, T. J. Ward, and K. P. Jacob, Phys. Rev. 
103, 1285 (1956). 

*W. G. Smith, R. L. Robinson, J. H. Hamilton, and L. M. 
Langer, Phys. Rev. 107, 1314 (1957). 

18 F, P. Cranston, M. E. Bunker, and J. W. Starner, Phys. Rev. 
110, 1427 (1958). 

A. H. Cooke and J. G. 
A69, 282 (1956). 

21K. Krebs and H. Nelkowski, Ann. Physik 15, 124 (1954). 


Park, Proc. Phys. Soc. (London) 
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viously established by the study of Lu'” decay®** and 
Tm!” decay* can have a spin of 1, 2, or 3, based on the 
log ft (7.6) of the 0.66-Mev beta group populating it. 
Of the three choices, a spin of 3 is preferred, since the 
state de-excites by gamma transition to the 44+ and 2+ 
levels and not to the ground state. Whether the 1.174- 
Mev level is an intrinsic state or possibly the second 
member of a y-vibrational band with K = 2 is not known. 
Assuming the latter possibility, the 2+, 2 intrinsic state 
should be fed by the decay of Tm'” and would be ex- 
pected to lie at 1.10 Mev, about 79 kev below the 1.174- 
Mev level. The experimental value for the ratio of the 
reduced transition probabilities for de-excitation of the 
2+, 2 state to the 2+,0 and 0+, 0 levels in a similar 
nucleus, Er'®, was found” to be 


B(E2; 2+ — 0+)/B(E2; 2+ — 2+)=14. 


If such a 2+, 2 state in Yb'” at 1.10 Mev is fed by 
Tm'” decay, the gamma spectrum should show 1.02- 
and 1.10-Mev gamma rays resulting from de-excitation 
to the 2+, 0 and 0+, 0 levels, respectively. The de- 
generate 1.10-Mev gamma ray would be very difficult 
to distinguish from the 1.095-Mev gamma ray from the 
1.174-Mev level; however, a 1.02-Mev gamma peak 
should be noticed in coincidence-gamma spectra gated 
by the 79-kev gamma ray. Inspection of Fig. 3(c) re- 
veals the absence of a 1.02-Mev gamma ray, suggesting 
that a 2+, 2 level is either weakly fed or absent 
altogether. 

Assuming pure quadrupole de-excitation of the 1.174- 
Mev level to the 2+, 0 and 4+, 0 levels by 1.095- and 
0.915-Mev gamma transitions, the experimental ratio 
of the reduced transition probabilities is 


B(E2; 3 2+)/B(E2; 3-3 4+) =1.53. 


The value measured experimentally” for this ratio in the 
study of Lu'” decay was 1.2. The difference probably 
lies in the errors involved in the present measurement 
of gamma ray intensities. 

The level at 1.47 Mev can be assigned a spin of 1 or 2 
on the basis of the log ft (6.7) of the beta branch to it 
and the fact that it de-excites by gamma transitions to 
0+, 0 and 2+, 0 levels. This level and the weakly 
populated level at 1.55 Mev which were also observed 
by Helmer and Burson‘ possibly form a y-vibrational 
band of spins 2 and 3 (K=2). If indeed such a 
band exists in Yb'” aty1.23 Mev as postulated by 
Harmatz, Handley, and Mihelich,”* this state could be 
expected at ~1.47 Mev in the more highly deformed 
Yb'” nucleus. Assuming pure quadrupole de-excitation 
of the 1.47-Mev level to the ground-state band, the 
experimental ratio of the reduced transition proba- 
bilities is 


B(E2; 2+ — 0+)/B(E2; 2+ > 2+) 0.44. 


2 K.P. Jacob, J. W. Mihelich, B. Harmatz, and T. H. Handley, 
Phys. Rev. 117, 1102 (1960). 

*3.B. Harmatz, T. H. Handley, and J. W. Mihelich, Phys. Rev. 
119, 1345 (1960). 
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ase III. Er!” gamma transition data. 


Observed in coincidence 
with the following 
photons 


Photon 
intensity 


Tm L x rays (21) 50, 108, 408 
50+3 ~2 L x rays, 408 
108+5 ~0.06 Lx rays, 408 
126+5 ~).09 408 
408+5 1.00 L x rays, 50, 108, 126 
610+5 0.80+-0.10 nyt 


The ratio is considered to be an upper limit since part 
of the 1.47-Mev gamma-ray intensity may result from 
de-excitation of the 1.55-Mev level to the 2+, 0 state. 
This ratio for de-excitation of the 1.23-Mev state” in 
Yb'” is 0.49. Intense high-energy gamma rays from 
other levels render it impossible to make a similar com- 
parison with the weakly populated 1.55-Mev level. 
The previously established* level at 1.59 Mev is 
assigned a spin and parity of 1— on the basis of the 
log ft (6.0) of the beta group populating it and the fact 
that it de-excites by gamma transitions to the 0+, 0 and 
2+, 0 levels of the ground-state band. This level could 
correspond to an octupole-vibrational state with K=0 
or 1. If K=0, the theoretical value* for the ratio of the 
reduced transition probabilities of the gamma-ray tran- 
sitions to the 0+ and 2+ states is calculated to be: 


B(F1; 1 > 0+ )/B(E1; 1— — 24 0.5. 

For K=1, this ratio is 2. The present experimental 
measurements give a value of 0.44 for the ratio of the 
reduced transition probabilities. The level at 1.59 Mev 
is therefore assigned as 1—, 0. 

A 1.67-Mev level is postulated on the basis of the 
0.495-Mev gamma ray found in coincidence with the 
0.915- and 1,095-Mev gamma rays which de-excite the 
1.174-Mev level. Beta feeding, gamma de-excitation and 
energy spacing above the 1.59-Mev level are all con- 
sistent with a 3—, 0 assignment for the 1.67-Mev state. 
This assignment is also consistent with an earlier one 
made by Wilson and Pool.® 

The weak 0.422- and possible 0.14-Mev gamma rays 
have been omitted from the decay scheme, since their 
position cannot be reliably established. Weak 1.41- and 
1.59-Mev gamma transitions from the 1.67-Mev level 
based upon scanty information are shown dashed in 
Fig. 5. 


ERBIUM-172 
Experimental Measurements 


The singles gamma-ray spectrum of Er'” shown in 
Fig. 6 contains prominent peaks at 50, 408, and 610 
kev. The 50-kev peak is probably mostly, if not all, 
due to thulium K x rays. 

4G. Alaga, K. Alder, A. Bohr, and B. R. Mottelson, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 


DROPESKY 


The decay of the 610-kev photopeak was followed for 
two weeks and gave an Er'” half-life of 50.4+1.0 hr, in 
good agreement with the previously reported? 49.8+ 1-hr 
period. 

Although not resolved in singles gamma spectra, weak 
108- and 126-kev gamma rays are apparent in the co- 
incidence spectra. The presence of intense L x rays was 
observed with a thin-beryllium window scintillator unit. 
Gamma-ray data for Er'” are presented in Table III. 

Coincidence measurements show that the 610-kev 
gamma ray is not in coincidence with other Er'” gamma 
or x rays. Coincidence gamma spectra gated by L x rays 
show peaks at 50, 108, and 408 kev [ Figs. 7(a) and 7(b) ]}. 
Figure 7(c) shows that the 50-kev peak is in coincidence 
with itself. Figure 7(d) shows that the intense 50-kev 
and weaker 108- and 126-kev peaks are in coincidence 
with the 408-kev gamma ray. 

Information concerning the Er!” 
lating levels in Tm'” 
gamma coincidence measurements. The intense 0.33- 
Mev beta group from the Er'® present precluded any 
attempt at direct measurement of the beta spectrum or 
conversion electron lines associated with Er'” decay. 
Coincidence beta spectra gated by the 0.610-Mev 
gamma rays yielded a 0.26+0.05-Mev end-point energy, 
while beta spectra gated by the 0.408-Mev gamma rays 
gave ~0.34-Mev end-point energy. The existence of 
beta rays of higher energy than 0.34 Mev was not 
firmly established; however, such groups of moderate 
or low intensity cannot be ruled out by the present 
measurements. 


beta groups popu- 
was obtained by a series of beta- 


DISCUSSION OF Er'® RESULTS 


A partial decay scheme for Er'” is presented in Fig. 5 
on the basis of the above measurements. Due to the 
absence of conversion electron data and to the com- 
plexity of the level structure of odd-odd nuclei, little 
can be stated with certainty; therefore the scheme is 
presented chiefly as a guide for future studies. 
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Fic. 7. Typical gamma-gamma coincidence spectra of Er'”. Singles 
spectra (dashed curves) are presented for comparison. 


The 0,610-Mev gamma ray which was shown to 
represent a ground-state gamma transition from a 
Tm!” excited state at 0.610-Mev, plus the ~0.26-Mev 
beta group feeding this level, establish an Er'” decay 
energy of 0.87+0.05 Mev. 

The 2—, 2 Tm'” ground-state assignment was dis- 
cussed earlier. A Tm!'” excited state is proposed at 
0.534 Mev since the 0.408-Mev gamma ray is in coin- 
cidence with a 0.126-Mev gamma ray and a beta group 
of ~0.34-Mev end-point energy. Although not shown in 


Erit? 
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the decay scheme, the 0.108-Mev gamma transition 
probably lies below the 0.126-Mev level. Since the rela- 
tive intensity data in Table III indicate that the Tm K 
and L x rays are too intense to be accounted for entirely 
by the gamma cascade from the proposed 0.534-Mev 
level, direct beta feeding of one or more of the lower 
Tm!” levels is indicated; the existence of such beta 
branching is shown as a dashed line in the scheme. 

The 0.610-Mev level and the proposed level at 0.534 
Mev can be assigned a spin of 0 or 1 with even parity on 
the basis of the log ff values of the beta groups popu- 
lating them. Even allowing for considerable beta feeding 
of the lower levels the log ft values of the beta branches 
to the 0.610- and 0.534-Mev states would still be <6. 
A 1+, K=0, 1 assignment is proposed for the 0.610-Mev 
level since it de-excites directly to the 2— ground state 
A 0+, 0 assignment is suggested for the 0.534-Mev 
level since it does not de-excite to the 2— ground state; 
instead, the 0.534-Mev level is considered to de-excite to 
the proposed 0.126-Mev level. A possible excited state 
shown dashed at 20.050 Mev is suggested on the basis 
of the gamma-gamma coincidence measurements. This 
level is designated at 20.050 Mev since it is not known 
if it de-excites by a 0.050-Mev gamma transition or by a 
highly converted gamma transition whose energy 
slightly exceeds that of the Tm K electron binding 
energy (59.4 kev). 
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Hyperfine structure in the ‘Sy ground state of the radioactive atom As’® has been investigated by thi 
method of magnetic resonance in an atomic beam produced by microwave discharge dissociation of arsenic 


vapor. AF =0 resonances were observed within both the F= 
magnetic field up to about 5 oe, indicating that the spin of the As’* nucleus is 2. 


atomic levels at several values of 


An analysis of n 


§ and F=} 
ultiple 


quantum transition spectra within the same F states gave a measurement for two of the hfs intervals 


Avzjo,5= + (11744) Mc/sec and Avy y= + (69416) Mc/sec, with the same sign for both. From the 


value of 


the hfs constant A, the magnitude of the magnetic field at the arsenic nucleus is (1.33-40.15) 10° o¢ 


reasonable agreement with the variation in this field among similar atoms. The value o has been found 


to be 1.994+0.003 for arsenic. 


INTRODUCTION 


S part of a continuing program to determine the 
spins and moments of various radioactive nuclei, 
particularly the odd-odd nuclei, we have investigated 
the hyperfine structure (hfs) in the atomic ground state 
of 27-hr As’®. The technique employed was atomic beam 
magnetic resonance! with heavy emphasis placed on 
investigation of multiple quantum transitions which 
facilitated identification of resonances and, because of 
the larger associated high-field moment change, per- 
mitted better use to be made of the atom-optics in the 
machine. Measurements of the spin of As’® have been 
reported briefly by us,’ using this technique, and by 
Pipkin and Culvahouse,* using double resonance tech- 
niques in arsenic-doped silicon. The experiment of these 
latter authors also gave the magnetic moment of this 
nucleus, as well as the hfs separation of the °S, ground 
state for the donor arsenic atom in the silicon lattice. 
We report here on the details of our determination 
of the spin and on the extension of this experiment to 
include the measurement of the hfs interaction constants 
in the free whose ground state* (in the LS 
coupling approximation) is 4S;. The measurement of 


atom, 


+ Based in part on a thesis submitted in 1957 by one of the 
authors (R.L.C.) to the faculty of Princeton University in partial 
fulfillment of the requirements for the degree of Doctor of Phi 
losophy. 

* This work was supported by the U. S. Atomic Energy Com 
mission and the Higgins Scientific Trust Fund. Further details 
may be found in Atomic Energy Commission Technical Report 
NYO-8016, by R. L. Christensen, August, 1957 (unpublished). 

t General Electric Coffin and Swope Fellow, 1955-1957. Now at 
IBM Research Center, Yorktown, New York. 

§ Visiting Deutsche Forschungsgemeinschaft Fellow, 1956-1957 
Permanent address: University of Bonn, Bonn, Germany 

| Now at the Department of Physics, Washington University, 
St. Louis, Missouri. 

{| Now at the Department of Physics, Massachusetts Institute 
of Technology, Cambridge, Massachusetts. 

1 The fundamentals of the technique have been described in such 
books as N. F. Ramsey, Molecular Beams (Oxford University 
Press,. New York, 1956) 

?R. L. Christensen, H. G. Bennewitz, D. R. Hamilton, J. B 
Reynolds, and H. H. Stroke, Phys. Rev. 107, 633 (1957). 

3F. M. Pipkin and J. W. Culvahouse, Phys. Rev. 106, 1102 
(1957); 109, 1423 (1958) 

4W. F. Meggers, A. G. Shenstone, and C. E. Moore, J. Research 
Nat!. Bur. Standards 45, 346 (1950). 


the magnetic dipole interaction constant A leads to a 
value of the magnitude of the magnetic field at the 
arsenic nucleus, when use is made of the As’® nuclear 
dipole moment. Unfortunately, the precision attained in 
the measurement here reported of the quadrupole con- 
stant B does not permit the drawing of conclusions 
about the nuclear quadrupole moment of great signi- 
ficance. Our results do, however, indicate a value for 
the gy value of the free arsenic atom. 


TECHNIQUE AND PROCEDURE 


The measurements here reported were made using 
the atomic beam magnetic resonance apparatus with 
six-pole focusing magnets which has previously been 
described.’ Among the modifications to this machine, 
as described below, a lengthened C magnet 
the 5 cm of the original) had been installed. This per- 
mitted the observation of a ke 
200 kc/sec) resonance line, due to the improved homo- 
geneity of the static magnetic field. 

The value of the static field was determined by the 
occasional observation of resonances in an atomic beam 
of K® produced by an auxiliary oven and detected by 
the usual hot-wire detector. This beam, in addition, was 
useful in calibrating the strengt] 
field Hy for the 
quantum 
later. Values of rf magnetic field strength up to about 


(25 cm vs 


narrower (25 sec VS 


rf oscillating 
multiple 
described 


or the 


purpose Of analysis or the 


transition spectrum in arsenic, 
0.1 oe, useful for such transitions, were produced from a 
Rohde and Schwarz type SMLR power signal generator, 
with output capability of about one watt. | requencies 
were determined to the hundred 


Hewlett-Packard 524B electronic counter. 


nearest cps by a 


Production and Detection of Atomic 
Beam of Arsenic 


Arsenic in the vapor state exists primarily as the 
polymers Ase and Asy, which are inappropriate for an 
atomic beam experiment; thus a method of dissociation 
is required. The method chosen, on the basis of an ap- 
® A. Lemonick, | 
Instr. 26, 1112 (1955) 


M. Pipkin, ar 


Rev. Sci 
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parently high resulting fractional dissociation and pos- 
sible applicability to other elements, was a 3000-Mc/sec 
microwave discharge. This was similar to the system 
developed by the M.I.T. atomic beam group.® 


This system consisted essentially of an open circuit 
of about } in. gap length at the end of a coaxial trans- 
mission line which was bridged by a discharge tube con- 
taining arsenic vapor. A power level of about 50 w was 
generated by a QK-61 magnetron; the S-band coaxial 
plumbing was conventional’ except for the right-angle 
bend, or inverted “tee,” at the load end of the line. 
This was designed especially for the arsenic work where 
we require an elevated temperature (300-350°C) to 
obtain sufficient vapor pressure to support the dis- 
charge. Thus, the outer wall of the tee was of sufficient 
thickness to contain, in holes drilled parallel to the axes 
of the transmission line and atomic beam machine, 
several molybdenum spiral heaters. The arsenic sample 
(about 200 mg) was contained in an 8-X0.6-cm diam 
quartz tube, sealed at one end and with a 0.07-cm orifice 
drawn at the other, or “snout,” end. Because the central 
conductor of the tee was drilled through, this tube could 
be inserted from the back and positioned with the snout 
protruding slightly from the front of the tee. Care was 
taken that the arsenic crystals were located at the back 
of the tube to preclude their being strongly heated by 
the discharge. 

After high enough temperature was attained in the 
tee, the discharge was initiated by application of a 
spark coil to a lead running down to the vicinity of the 
snout. This lead was also useful as a probe to sample the 
charged particle flux while the discharge was running 
and so to provide an indication of discharge stability. 
After breakdown, the tee assembly was moved slightly, 
over greased O rings, to locate the orifice directly in 
front of the circular stop at the entrance to the A 
magnet. This was verified by looking down the axis of 
the machine, from detector to source ends, with a tele- 
scope permanently aligned with the machine axis. After 
the initial adjustments, resonance experiments were 
performed in the usual way and as described below, until 
the arsenic charge was exhausted (some 10 hr). 

In an auxiliary experiment an approximate value 
was measured for the fractional dissociation effected by 
the microwave discharge. This was a form of Stern- 
Gerlach experiment in which the atoms, by virtue of 
their possessing magnetic moments of the order of Bohr 
magnetons, were deflected, or focused, and the mole- 
cules were not. Similar experiments on other elements 
have been performed by others.* We used a permanent, 


6 J. G. King and J. Zacharias, Advances in Electronics and Elec- 
tron Physics, edited by L. Marton (Academic Press, Inc., New 
York, 1956), Vol. 8, p. 1. 

7G. L. Ragan, Microwave Transmission Circuits (McGraw-Hill 
Book Company, Inc., New York, 1948). 

8 J. M. Hendrie, J. Chem. Phys. 22, 1503 (1954); B. Bederson, 
H. Malamud, and J. Hammer, Bull. Am. Phys. Soc. 2, 172 (1957). 
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six-pole focusing magnet? of length 11 cm, gap diameter 
0.3 cm, and pole-tip {field strength 8000 oe. The dis- 
sociation was determined from the comparison of rela- 
tive beam intensities at an axial point at the exit from 
the magnet, when the magnet was, effectively, turned 
“on” or “off.” This was done by moving the magnet on 
or off the beam axis; in the latter position a dummy 
brass tube reproduced the magnet dimensions in so far 
as the beam was concerned. These measurements indi- 
cated a fractional dissociation (ratio of number of atoms 
to number of atoms plus molecules) of 0.25 with a 
probable error of 0.13. 

The radioactive As’* was produced by neutron irradi- 
ation of the single stable isotope, As”, in the Brook- 
haven reactor. The container during this process was 
the same quartz tube (with the orifice temporarily 
closed with aluminum foil) subsequently used as the 
discharge tube, which facilitated handling of the hot 
samples. The initial strength of each sample was about 
40 Mc. Sample purity was assured by using arsenic of 
99.99% (supplier’s spectroscopic value) purity. The 
decay rates of the radioactivity on a number of beam 
targets, described below, were found to be pure with 
a half-life of 26.30.1 hr, which compares favorably 
with the average reported value” of 26} hr for this 
nuclide. 

Radioactive beam detection was performed in the 
usual manner of deposition followed by counting. The 
substrate was copper which had been cleaned mechanic- 
ally and by solvents, although such treatment was not 
obviously necessary. It was found, however, that the 
collection efficiency (i.e., sticking probability) was tem- 
perature-dependent above about — 90°C; it was vanish- 
ingly small at room temperature. Therefore, the copper 
disk was maintained at a temperature below — 140°C 
during exposure to the beam. This cooling was effected 
by clamping the disk to an auxiliary, “backing” disk 
which in turn was firmly pressed against a cold trap 
charged with liquid nitrogen. The purpose of the auxil- 
iary disk was to prevent the contamination of the 
detector disk with the stray arsenic with which the 
trap became coated over the course of a run. 

The intensity of the beam was determined by remov- 
ing the substrates from the vacuum, and sealing them 
in a matrix of moisture-absorbing paper with Scotch 
tape. They were then mounted on holders and placed 
next to 27 scintillation 8 counters with conventional 
electronics, as previously described." 


Beam Fluctuations and the Rotating-Disk 
“Flop-Out”’ Procedure 


The beam of arsenic atoms produced by the micro- 
wave discharge was seldom as steady as required to 


°R. L. Christensen and D. R. Hamilton, Rev. Sci. Instr. 30, 356 
(1959). 

10D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

J. B. Reynolds, R. L. Christensen, D. R. Hamilton, W. M. 
Hooke, and H. H. Stroke, Phys. Rev. 109, 465 (1958). 
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permit taking runs in the customary fashion. That 
would entail exposing successive collector disks one at 
a time, each for a period of about five minutes.” Thus, 
stability would be required for about an hour to com- 
plete a run of about eight datum points. 

However, an averaging scheme was devised whereby 
the discharge fluctuations affected each exposed sub- 
strate to approximately the same degree; this was based 
on converting the machine from flop-in to flop-out 
operation. At the plane of detection in this focusing 
machine, i.e., immediately after the B magnet, those 
atoms which have undergone an rf-induced transition 
are located within an annulus between diameters of 
0.3 and 1.0 in. The unflopped atoms are, by and large, 
focused to a small region of about } in. diameter on the 
axis. A resonance may therefore be observed either as 
an increase in atoms deposited in the former region 
(flop-in) or as a decrease at the latter position (flop-out). 
Stops can be suitably arranged so that only one portion 
is detected. 

The advantage of the flop-out technique (which, in 
this experiment, overweighed the usual disadvantage of 
inherently lower signal-to-noise ratio) arose from the 
smaller substrate required for beam detection. This 
permitted dividing the 1-in. diam copper disk into 
eight sectors and offsetting the disk holder slightly 

7s in.) from the machine axis so one sector at a time 
could be rotated onto that axis for beam condensation 
purposes. This permitted the frequent change at fixed 
time intervals from sector to sector, with each of which 
was associated a particular rf frequency applied to the 
transition region (including two sectors for which no 
rf field was used, for beam normalization). In this way 
the radioactive condensate was accumulated to the 
desired level in many small increments. A typical 
schedule called for 20-sec exposures and 15 rotations of 
the disk, thereby providing 5-min exposure for each 
sector over a total elapsed time of about an hour. The 
exposure of any particular sector many times and only 
shortly after that of any other provided the desired 
averaging. The application of this technique in the case 
of short-lived atoms effusing from ovens whose tempera- 
ture was inconstant has been described elsewhere." 


HYPERFINE STRUCTURE ENERGY LEVELS 
FOR J=}j, [=2 


Hyperfine structure interaction energy in an atom, 
caused by the electromagnetic interaction between 
nucleus and electrons, can be expressed as a sum of 
magnetic dipole, electric quadrupole, magnetic octupole, 
etc. contributions.'* To sufficient exactness for this 
experiment, only the first two terms need be considered, 
such refinements as hfs anomalies are neglected, and 


2R. L. Christensen, D. R. Hamilton, A. Lemonick, F. M. 
Pipkin, J. B. Reynolds, and H. H. Stroke, Phys. Rev. 101, 1389 
(1956). 

13H. Kopfermann, Nuclear Moments (Academic Press, Inc., 
New York, 1956), 2nd ed. 


CHRISTENSEN et al. 


other atomic energy levels are far enough removed from 
the ground state (‘S;) to be ignored in our analysis. 

Under these conditions, the hfs energy levels at zero 
external field are describable in terms of the nuclear 
spin J, the atomic quantum number J, and the hfs 
constants A and B, which are given by 


1 vw, (0) 
— —_, (1) 
az J 


A=-— 


and 
B=egQ/h. (2) 


In these equations, H() is the magnetic field produced 
at the nucleus by the electrons, g is the s component of 
the electric field gradient so produced, and Q is the 
nuclear quadrupole moment. The other symbols have 
their usual meanings. One of the interesting results of 
the present experiment is the deduction of a value of 
H(0) for As and the comparison of the value with those 
for other elements in the same group of the periodic 
table. 

For a given atom, the zero-field energy levels depend 
only on the total angular momentum quantum number 
F, and not on its z component m; hence, the levels are 
(2F+1)-fold degenerate. For an atom with J= $ and 
I=2, such as As”, these levels are given by 


Ex)2=3hA+4hB, 

Es2= —3hA—8hB, 

E3;2= —3hA, 

E\j2= — (9/2)hA+(7/8)hB, 


where the subscripts indicate the possible values of F 
which derive from these values of J and J. Our experi- 
ment deals with the magnetic sublevels of the first two 
levels and with the two intervals between the first three 
levels. Application of an external magnetic field (static, 
or “C” field), assumed to define the z direction, removes 
the degeneracy by adding the perturbation term to the 
Hamiltonian: 

K(mag)=xhAJ,, (4) 


where x is the customary dimensionless parameter 
indicating the strength of the C field: 


x=gypollc/hA. (5) 


We have neglected a similar, but much smaller, term 
involving the nuclear g value, which, it turns out, is 
entirely satisfactory in these experiments. 

The energy values corresponding to the various states 
may be determined in the usual fashion by solution of 
the secular equations. In general (and for the As” 
atom) these will be of order higher than two and so 
recourse is customarily made to numerical methods and 
machine computation for exact solutions. However, 
another approach is to treat the external field as a 
perturbation on the zero-field levels; this is appropriate 
in the so-called Zeeman region. 
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Sufficient accuracy for our purposes is provided by a 
perturbation calculation" carried to third order: 


E! (Fm) = E’ p+-Rmx 

QF —m) — PL(F-+1)'—m] 

+| mae : |= 
E! p—E' py E! pyi— E’ p 








O(F*—m?) 

+| 
(E' p— E' pa)*(F—1)F(F +1) 
PL(F +1)?~m*] | 
(EB bese yr) F (F-+1)(F +2) 





XLJ (J +1)—T (+1) mx’. (6) 


Here the prime indicates reduction to dimensionless 
form by division by 4A. The first term on the right is 
given by Eq. (3). The functions P, Q (obviously not 
to be confused with nuclear quadrupole moment), and 
R are given by 


_(PHI-JEI)PH4I-DIFIFFH2)HI-P) 
—— A(F+1)2(2F +1) (2F +3) 

+ J-DU+IFIFR\U+I+I-P) 

4F*(2F —1)(2F +1) 

M+) +R (RH) 

2F(F+1) 





? 


F J+ 





I (J+1)— 


Figure 1 shows the dependence of the hfs energy 
levels upon externa! field for an atom with J=$ and 
I=2. The region from 0<x<1 represents the results 
of an exact computer solution for the energy values to 
which the values given by Eq. (6) are an approximation. 
The points at «=10 are the result of a strong-field 
perturbation theory solution. The transition from the 
Zeeman region (where «<1 and F, m are good quantum 
numbers) to the Back-Goudsmit region (where «>1 
and m;, my, and m=m;+my are the good quantum 
numbers) is indicated schematically. Figure 1 is drawn 
for A>0, B=0; the corresponding diagram for A <0, 
B=0 can be obtained by reflecting the figure in a hori- 
zontal line and reversing the sign of the m, mr, my 
quantum numbers associated with a given energy level 
line in the diagram. 

This figure illustrates the fact that for J/= there are, 
to first approximation, four different possible strong 
field moments as given by u.= —gymypo. It is also ap- 
parent from the figure, and is true for arbitrary J (as 
may be verified by using the relation m=m;+my to 
construct the connection between the Zeeman and 
Back-Goudsmit states), that only for the two largest 


14 We use the angular momentum commutation rules of E. l 
Condon and G. H. Shortley, Theory of Atomic Spectra (Cambridge 
University Press, New York, 1935). 
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oY) Os 08 
J=3/2, I=2, A>0, B=0 


Fic. 1. Dimensionless hyperfine energy level diagram for 
an atom with J=$, J=2, A>0O, and B=0. The magnetic field 
parameter x is given by x= gsuo/1c/hA. The solid lines indicate the 
result of an exact computer solution; the dashed lines indicate 
schematically the transition to the values obtained by a high-field 
perturbation calculation at x=10. Note change of both vertical 
and horizontal scales between x=1 and 10. 


values of F will any transitions with AF =0 (to which we 
limit our attention throughout this paper) connect 
states with opposite signs of strong-field moment. In 
this apparatus only the states m;>0 will be focused by 
the A magnet and enter the B magnet with appreciable 
intensity; a strong resonance is to be expected only 
when an atom in a state my>0 makes a transition to 
m <0. Thus at weak static fields (x1) resonances are 
to be expected for AF=0 transitions at two frequencies 
which are linear in H¢ and which correspond to F= 1+, 
+4, as can be shown from Eq. (8) (below) carried only 
through the linear term. 

Measurement of either or both of these frequencies, 
made at several values of Hc, determines J but not 
the intervals between zero-field levels. For the latter 
purpose, and short of going to AF=1 transitions, one 
desires to go to a high enough «x (i.e., static field) to 
observe nonlinearities in the dependence of frequency 
on field. But now one must live with, and if possible 
capitalize upon, the availability of multiple-quantum 
transitions,» of multiplicity N, for which AF=0, 


18 M. N. Hack, Phys. Rev. 104, 84 (1956). 
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|Amry|=N>1. From Eq. (6) the frequency vy cor- 
responding to the energy difference in an V-quantum 
transition for arbitrary J and J is given by 


P QO 
ry= Rgake| — —-—-— 
Avrii,p Avr,r-1 


]oov+-2m ce 
Q F?— 3m?—3mN— N? 
+ 
(Avp.p-1)?> (F—1)F(F +1) 
P (F+1)?—3m?—3mN — N? 
‘(F HIi(F + 2) | 


xl (J+1)- 


(Avryi,r)* 
I(T+1) ](gsk)®. (8) 


To allow writing this as a single equation applicable 
to either sign of A (hence the + on the quadratic term), 
the value of m which is to be used is selected by the 
following convention : If A >0, m is the quantum number 
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which characterizes the final state 
transition; for A <0, m is the 
for the initial level. 


in the V-quantum 
negative of the m value 


The linear term in this equation provides an important 
reference point in any given multiple-quantum spectrum 
and is denoted by 


Niin=Regvk. (9) 
In the above we have defined 


Avr. r (Ey : Er 


Ax/gy=poll o/h. (11) 


It will be seen from Eq. (8) that the term in vy which 
is linear in & is independent of .V, but that the nonlinear 
terms are dependent on both V and m. The multiple- 


quantum resonances cluster around », and are sepa- 


rated from each other by a spacing dv which is given to 


f 


3 


Fic. 2. Theoretical multiple 
quantum spectrum for AF =0 tran- 
sitions among F={ levels of a 
J=%, I=2 atom. Abscissa indi- 
cates frequency separation, in units 
of dv calculated to second order, be- 
tween transitions; ordinate indi- 
cates initial - final values of my, 
and sign of A. The bold number 
over ei - h tr peak we is the multi- 
plicity NW. The significance of the 
other numbers is indicated by the 
key. They were calculated for the 
values of static field and of rf 
power parameter (V?=100) actu- 
ally used in the experimental runs 
of Fig. 6, and for early, approxi- 
mate values of the hfs intervals. 
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bv=vn— N41 
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at he fe 
remy 


— t(gsk)? 
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Q 1 
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og 1 
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(12) 


where again the + option corresponds to A>O or 
A<0O, 

The second-order spectrum, whose spacing does not 
depend on m and N, of resonance frequencies for J=2, 
J =} expected from these relations is displayed in Fig. 2 
for F= and in Fig. 3 for F=$, together with further 
information which will be discussed shortly. It will be 
observed that: (a) the quantum multiplicity N is 
indicated for each transition and that the frequencies 
are grouped in accordance with the initial and final 
high-field quantum number values m, and m’;; (b) only 
positive initial my are listed which corresponds to the 


2 
Vv 
N 

Bay 


Fic. 3. Theoretical multiple 
quantum spectrum for AF =0 tran- 
sitions among F=§ levels of a 
J =}, 1=2 atom. Otherwise similar 
to Fig. 3, except parameters here 
calculated for the values of static 
field and rf power (V?=0.115) 
actually used in the runs of Fig. 7. 
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fact that atoms with negative m, are defocused by the 
A magnet; (c) values are included corresponding to 
transitions between the states my= 3} and 4. This last 
action might be thought inappropriate from the point 
of view of atom optics in the machine. Thus, for example, 
ms=-+% atoms are focused by the A magnet, but 
whether their likelihood of reaching the detector is in- 
creased or decreased by transition in the C field to a 
state my;=} is not apparent and undoubtedly differs 
from velocity to velocity; in any case, the possibility of 
observation of such a resonance needs to be taken into 
account, 

The “third-order frequency shift” recorded in Figs. 
2 and 3, calculated from Eq. (8), refers to the specific 
value of Hc or k to which the principal experimental 
data (Figs. 6 and 7) correspond, and further is calculated 
on the basis of approximate values for the Ay’s in the 
cited equation. 

The ‘theoretical frequency pulling” indicated in 
Figs. 2 and 3 has been calculated under similar condi- 
tions by means of Hack’s theory” of multiple-quantum 
transitions, and first-order wave functions. This pulling, 
which goes to zero in the limit of zero-order wave func- 
tions, is proportional to terms in the square of the matrix 
elements given in Eq. (14) below and to the square of 
the rf field strength. 
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RADIO-FREQUENCY POWER REQUIREMENTS IN 
MULTIPLE-QUANTUM TRANSITIONS 


As quantum multiplicity increases, the rf field re- 
quired to produce the transition also increases. The 
interpretation of the multiple-quantum spectra observed 
in this work requires some knowledge of the transition 
probability associated with a given resonance at a given 
applied rf power; this will now be discussed, with par- 
ticular reference to Hack’s theory." 

At the frequency appropriate to maximizing a given 
N-quantum transition, the transition probability accord- 
ing to Hack (and in his notation) is equal to sin*(¢ 6). 
Here / is the time spent within the oscillating rf mag- 
netic field, which has amplitude Ho. This field is assumed 
to drop abruptly to zero at the boundaries of the transi- 
tion-inducing region. 

The numerator of 6 is the product of N matrix ele- 
ments of the rf perturbation between the adjacent states 
lying between the initial and final states of the AF=0, 
| Am| =WN transition. The denominator of 6 is a product 
of (N—1) resonance (frequency difference) terms. 
Through the product of the resonance denominators, 
5 depends on the static magnetic field since this deter- 
mines the departure from uniformity of the intermediate 
level spacings. This dependence on the static field is 
most easily expressed.to first (and suitable) approxi- 
mation in terms of the quantity 6y, given by Eq. (12) 
and carried to second order. That is, it is sufficiently 
accurate here to use the approximation in which the 
multiple-quantum spectrum is one of uniform spacing. 
A straightforward calculation then yields 


gspolly ” A’ ina A’ sans 
= ¢ —) —aaeeees, =| 
4h J) (2nsv)¥[(N—1)!P 
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Fic. 4. Observed values of rf magnetic field, in arbitrary units 
(Ho in text), which causes saturation of 1, 2, 3, or 4-quantum 
transition in K®, as a function of the linear (in static field) term 
for the resonant frequency. The significance of the relative heights 
and slopes of the straight lines drawn through the empirical points 
is described in the text. 
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in which the initial final states are denoted by 
subscripts i, i—1---f+1, f. The normalized matrix 
elements are given by 

A'is= Wil J4+J_|¥2), (14) 
in which J, is the usual angular momentum operator 
J ti, 

From Eq. (13) it will be noted that 6« Ho” and so, 
for small values of Ho, i.e., for small values of sin*(#), 
the transition probability varies as Hy’. This de- 
pendence was used in earlier flop-in experiments” on 
Au" and Au™ to determine the multiplicity of observed 
transitions. However, in the present flop-out experi- 
ments where the resonances were relatively small, it 
was necessary to attempt for some transitions to maxi- 
mize the transition probability, i.e., to adjust Ho so that 
the product /6 approximated $7; and for all transitions 
it was important to know the relation between applied 
and optimum rf power. 

For ¢, we use the value given by the uncertainty 
principle: ‘= 1/5’y, where 6’y is the intrinsic (i.e., ex- 
clusive of field inhomogeneity) linewidth of a single- 
quantum transition. The optimum value of rf field is 
then given by 


2h 
(L(V — 1) rp2"-2y9 


£sHo 
8’ uN 
x( - ) (6v)4%-D/N, (15) 
’ ’ 
A i,t 1°°°A f+1,f 


Before this expression could be used in the arsenic 
experiments a value of 6’v had to be obtained and some 
method of measuring Hy devised. Auxiliary experiments 
with a beam of potassium atoms provided these tools as 
well as a verification of the general multiple-quantum 
relations here under discussion. The results of such ex- 
periments are shown in Fig. 4. By means of a pickup 
loop near the rf field and a calibrated almost-square-law 
crystal detector, Ho) was measured in arbitrary units 
and its optimum value determined for values of Pin 
ranging from 3 to 10 Mc/sec. (At low frequencies the 
multiple-quantum peaks are not resolved; at higher 
frequencies the assumption of uniform spacing of 
multiple-quantum resonances becomes increasingly less 
valid.) 

Both the slopes and the relative heights (i.e., inter- 
cepts of the two-, three-, and four-quantum lines with 
the one-quantum) are significant. Because 5y varies as 
the square of He, hence of in, Eq. (15) predicts that 
the slopes vary as 2(N—1)/N and should equal 0, 1, 
4, and 3 for N =1, 2, 3, and 4, respectively. The observed 
slopes are 0, 0.91, 1.32, and 1.53 in the same order, in 
good agreement. The static-field independent optimum 
value of Hy for V = 1 also provides a means of converting 
the arbitrary units of the observed rf field parameter to 
absolute units. In turn, calculated absolute units for 


Hy= 





SPIN AND 
arsenic can be related to this parameter. For example, 
Eq. (15), when the value of 6’v determined below was 
inserted, showed that 0.3 units of the ordinate in Fig. 4 
corresponded to Hy=0.01 oe. 

The values of vj, at which Hp for the three multiple 
quantum transitions of Fig. 4 equal that for the single 
quantum can be used to determine 6’ for potassium. 
The ratio of the expressions [Eq. (15) ] for Ho for N 
quantum and for single quantum is set equal to 1. 
This equation is then solved for dy (hence, vin) in terms 
of 4’y and calculable matrix elements and the known 
hfs interval for K*, The data of Fig. 4 show intercepts 
at values of vj, of 1.25, 1.03, and 0.75 Mc/sec for VN=2, 
3, and 4. A good fit to the data (1.36, 0.96, 0.72 Mc/sec, 
respectively) is provided by the indicated equation if 
we take 5’y=13 kc/sec. This agrees well with an esti- 
mate provided by the most probable (kinetic theory) 
velocity in the beam and the dimensions of the loop. 
The observed linewidth at this time was 25 kc/sec. It 
seems most likely that the excess of observed over in- 
directly deduced (intrinsic) linewidths is due to slight 
static-field inhomogeneities. 

The predictions of Hack’s theory with respect to 
optimum rf power for a multiple quantum transition 
are thus well verified. An estimate of 6’y for potassium 
has been obtained by combining the theory and the 
potassium observations; and the potassium results may 
be used to provide a calibration of rf power indicators 
in terms of rf field in the transition region. 

To apply these results to beams of other elements, 
we must provide for the possibility that they may have 
most probable speeds, hence 6’ values, different from 
that of the potassium beam. The desired relation is 
provided by the fact that a given atom orbit through 
the machine is characterized by »H/Mv*, where yu is 
the high-field moment, —gymsuo, H is some fixed 
fraction of the maximum value of the A and B focusing 
fields, and M is the mass of the atom. Because 6’y« 2, 
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we then have the proportion 


5’v(X) r on ga(X) | 
8’v(K) ; 








(16) 
my(K) gs(K) M(X) 


For arsenic gy~2, as for potassium; m,, which is 
4 for focused potassium atoms, has the values $ and $ 
for arsenic. Thus, from the observed value of 13 kc/sec 
for potassium, we calculate values of 16 and 9 kc/sec 
for 6’y in the arsenic states my= 3 and 3, respectively. 

We are now able to calculate optimum values of Ho 
for the various arsenic multiple-quantum transitions 
from Eq. (15). These values, in absolute units, can then 
be converted to arbitrary units as indicated above. The 
results [obtained by use of first-order perturbed wave 
functions in Eq. (14) ] are shown in Figs. 2 and 3, in 
which the tabulated unit is V*. This is the square of an 
arbitrary unit, the voltage at the input to the rf loop, 
which is proportional to H», Thus, V? is proportional to 
the optimum rf power for the indicated transition. 


EXPERIMENTAL RESULTS 
Determination of the Spin of As”® 


Using the apparatus and techniques described above, 
hfs resonances were observed in As” at several values 
of static field up to about 5 oe. Some of these are 
shown in Figs. 5, 6, and 7. The counting rates involved 
were in the neighborhood of 3000 cpm; with 5-min 
counts the probable errors in relative intensity were 
somewhat less than 1% as indicated by the error flags. 

Figure 5 shows a scan taken at a low field at the fre- 
quencies at which one would expect the resonances as- 
sociated with transitions within the F=$ and F= } 
states for /= 3, J=2; these frequencies, calculated from 
Eq. (9) with the assumption that gy;=2, are indicated 
by arrows and the symbol 7jjn. 

In the vicinity of the F= 3 frequency, data were taken 





Fic. 5. Hyperfine structure tran- 
sitions in F=§ and F=§ states of 
As?®, Positions of resonances pre- 
dicted under assumptions that 
I =2, g;~2, and multiple quantum 
splitting unresolved at this value of 
field, are indicated by arrows. Shift 
of F=} resonance to lower fre- 
quency as rf amplitude (Hp) is 
increased is ascribed to increasing 
influence of higher multiplicity 
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Fic. 6. Multiple quantum spec 
trum observed among the F= } 
levels of As’® in a static field of 
4.682 oe. The data were taken in 
four different runs, hence, the dif- 
ferent symbols. The large arrow in- 
dicates the position of the transi- 
tion occurring at the frequency rin 
(i.e., dependent only to first order 
on the static field) predicted on the 
assumption that J=2 and gy=2. 
One value of rf power (V?=100 
in terminology of text) used 
throughout 
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at three different rf powers, as indicated in the figure; 
it is seen that the resonance shifts to lower frequencies 
as power is increased. This is to be expected in conse- 
quence of the increasing relative intensity, at higher 
powers, of the higher quantum-multiplicity transitions ; 
increasing quantum multiplicity is associated with a 
decrease in resonance frequency to approximately Pin 
as shown in Fig. 2. At the value of the static field used 
here, the several multiple quantum transitions are not 
resolved. 

The F=% resonance was also observed at 1.482 
Mc/sec at a static field of 1.223 oe (nin calculated, 
as above, to be 1.468 Mc/sec, suggesting that quadratic 
terms are now beginning to enter). 

We note at this stage that the assignment /=2 is 
already strongly indicated. The most nearly tolerable 
alternative would be J=3; for this assignment the two 
resonances just ascribed to F=} would correspond to 
F=9/2. The corresponding values of i, would be 
0.585 Mc/sec and 1.142 Mc/sec; the two resonances of 
Fig. 5 would have to be adjacent multiple quantum 
resonances, both associated with F=9/2, and to give 
this large a multiple-quantum splitting (approximately 
100 kc/sec) in the indicated static field, one would 
require the zero-field splitting Avg/2,7/2 to have a value 
of approximately 5 Mc/sec. This value would be sur- 
prisingly small; nevertheless, /=3 is not absolutely ex- 
cluded by the data so far discussed. 

The extensive data of Figs. 6 and 7 which correspond 
to the frequencies for AF =0 transitions for F= 7 and 3, 
respectively, were taken at static fields of 4.682 and 
1.540 oe, respectively, at which the multiple quantum 
resonances are found to be resolved. We note imme- 
diately that the data of either of these figures confirm 
the assignment J=2. The existence of a more or less 
uniform multiple-quantum splitting of about 60 kc/sec 
in Fig. 6 would not be possible at this field if J=3; for 
as just seen, if J=3, then 6v~ 100 kc/sec for F=9/2 at 
a static field of 0.6 guass (Fig. 5) and from this one would 
deduce 5v~6000 kc/sec [év~ He*; see Eq. (12)], or 


100 times the observed splitting at a static field of 4.7 
oe (Fig. 6). 


Detailed Multiple-Quantum Spectra 
for F=$ and F=; 


Deductions of g; and of the hyperfine structure inter- 
vals Avz/2,, and Avs from the data require a more de- 
iailed analysis of Figs. 6 and 7. The intervals can be 
obtained from the experimental values of the multiple 
quantum-splittings 6v, and Eq. (12). We note that 
Avz/2,4 can be determined from the data of the F= 
resonances alone. However, to obtain Avs; (both in- 
tervals are necessary to calculate A and B; see below) 
data from the F= § resonances are also required. Obser- 
vation of the latter resonances was more difficult and 
the resulting data much less good than for F=4. The 
basic reasons for this relate to the strong-field atomic 
moments associated with the F = } states, and to related 
questions of atom optics. From Fig. 1 it will be seen that 
the F= states have strong-field moments 3 yo, uo, — po, 
—3 0, whereas for F=$ the only moments are +3 po, 
+o, and yo for A <0 or A>O. Thus, for the central 
five AF=0 transitions for F=4, one sees that at suffi- 
cient multiple-quantum power m, changes from +} to 
— 3, or the moment from —3 yuo to +3 wo, giving maxi- 
mum flop-out effect. But for F= $ there are available 
no transitions for which the moment changes from —3 yo 
to +3 wo. The F=} resonances are therefore expected 
to be less intense than for F= 4; in Fig. 5 the difference 
is a factor of 3. 

For the resonances with less than maximum moment 
change, there will enter to some degree an effect ob- 
served'® with rubidium in this apparatus (adjusted for 
flop-out operation). For Rb* (because of its large Av) 
some atoms make transitions between states with A- 
magnet moment —yo and B-magnet moment in the 
range —0.3 yo to —0.7 yo; the result is observed to be a 
small signal which may be either flop-in or flop-out and 
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Fic. 7. Three separate runs through the F=} 


multiple quantum spectra at a static field of 1.540 oe, with rf power parameter at 


0.115 vt “Boxes along horizontal axes indicate locations and uncertainties of resonance frequencies suggested by all three runs. Arrow 
again indicates expected position of v)\, transition if 7=2 and g;=2. Different symbols for datum points serve merely to differentiate 


between disks used to collect the beam. 


which is very sensitive to alignment. (This effect can be 
understood in terms of atoms which are brought to a 
focus before they reach the detector.) For J=} (e.g., 
rubidium) such relative moment changes occur only 
for a few combinations of Av and of A- and B-magnet 
strength; but for J> (i.e., arsenic), they are common. 
Thus the F= § resonances and the other F= 3 resonances 
are expected, by comparison with the five central F=} 
resonances, to be weaker and (because of alignment 
sensitivity) to be less reproducible. 

The points just made are borne out by a comparison 
of the F=} resonances (Fig. 6) and the F=§ resonances 
(Fig. 7). For F=4, resonances are seen at the following 


frequencies (in Mc/sec) at a static field of 4.682 oe: 


5.555-£0,005, 
5.608-+0.005, 
5.674+0.004, 
5.735-£0.004, 


5.795-+0.007, 
5.867+0.007, 
5.910-+0.007, 


For F=$ three runs, each taken at 1.540 oe, are shown 
separately; on the 0.90 relative intensity base line for 
each run the horizontal boxes indicate the frequency 
ranges which correspond to each of five resonances 
the presence of which is suggested by the data, as 
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follows (in Mc/sec) : 
1.6730.007, 
1.705+0.006. 


1.593-+40.006, 
1.622+0.006, 
1.653+0.007, 


It is apparent, however, that without great difficulty 
one could regard Fig. 7 as representing four resonances, 
say at frequencies 1.593, 1.622, 1.663, and 1.705 Mc/sec. 
The effects of this possibility are included in the sub- 
sequent discussion. 


Identification of v);,, and Determination of g, 


The procedure for interpretation of the multiple 
quantum data is to match the observed spectra of Figs. 
6 and 7 with the predictions contained in their theoreti- 
cal counterparts, Figs. 2 and 3. Strictly speaking, this 
would involve a process of successive approximation 
because the corrections (for third-order perturbation 
and frequency pulling) to the observed frequencies 
depend on the identification of individual resonances. 
However, such corrections are not large enough to 
change the matching of observed with theoretical 
spectra. We note that such matching supplies the con- 
clusive evidence that the spin of As” is 2. 

The first step in interpretation of the data is to deter- 
mine which of the empirical resonances in each spectrum 
corresponds to vin. This will provide an origin from 
which the other resonances may be identified. We note, 
however, from Figs. 2 and 3, that most observed 
resonances may consist of two multiple quantum tran- 
sitions (even three for F=}, A>0O if my=$— 3 tran- 
sitions are observable). Thus, the relative weights of 
each transition need to be considered. This is dealt 
with below, but has only insignificant effect on our 
determination of rin. 

Another important consequence of a measurement 
of vi, is the fact that this yields directly the value of 
gz; see Eq. (9). 

A comparison of theory (Fig. 2) and experiment 
(Fig. 6) for F= } shows that the applied rf power 
(V?=100 v’) is sufficient to excite at least one of the 
contributing transitions at the frequency of each mul- 
tiple quantum resonance; and since seven resonances 
are observed, vi, must be one of the three lowest 
frequency resonances in Fig. 6. For vj,=5.555, 5.608, 
and 5.674, with probable errors as stated above and 
with corrections for third order and pulling as indicated 
in Fig. 2, the corresponding values of gy are 1.977+0.002, 
1,996+0.002, 2.020+0.002. For F=$ the applied rf 
power (V?=0.115 v*) is not sufficient to excite the pre- 
dicted four-quantum resonance of lowest frequency. As 
shown in the previous discussion [see Eq. (13) ], the 
transition probability for grossly underpowered JN- 
quantum transitions is proportional to (applied power/ 
optimum power)’. A detailed analysis shows that at 
V?=0.115 v’, the lowest frequency transition in question 
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has transition probability well below 10-*. Thus, a 
comparison of theory (Fig. 3) and experiment (Fig. 7) 
shows that in the five-resonance interpretation of Fig. 7 
we must have A <0 and that the lowest observed fre- 
quency is vin, corrected as indicated in Fig. 3 to 
1.594+0.003 Mc/sec; this gives gy=1.990+-0,004. On 
the four-resonance interpretation, vj, is either the 
lowest observed frequency (again, gy=1.990+0.004) 
or a diatance dv below the lowest frequency; if dy is 
taken to be 29+3 kc/sec, this latter alternative gives 
gz= 1.954+0.006. 

The assignments of vin in the F=$ and F=$ spectra 
must, of course, be consistent with each other. It is 
seen from the above that the only possible value of 
gz which is consistent with both these spectra is 


g7=1.9940,003, 


arid that »;, is the second lowest frequency resonance 
in the F=4$ spectrum and the lowest for the F=} 
spectrum. It will be noted that this value of g, does not 
depend on a choice between the four-resonance or the 
five-resonance interpretation of Fig. 7 and is consistent 
with either sign of A. It should also be noted that the 
theoretical frequency pulling by the rf power is so small 
that if this frequency pulling were to be ignored com- 
pletely the above value of gy would not be changed. 

It should finally be noted that the optimum power 
calculation is not an irreplaceable step in the deduction 
of the above gy. Without the optimum power calcula- 
tion, one would be forced to consider the following 
possibility: A>0O, vin the second lowest resonance for 
F= and third lowest for F=$, gy=2.021+0.002. But 
this interpretation is untenable for two reasons, aside 
from optimum power considerations: first, it requires 
that the m, transition } —-—# be invisible and } ~—} 
be visible, which is completely unreasonable as a matter 
of atom optics. Second, and most conclusively, in the 
F=} Zeeman resonance of Fig. 5, this gy would give 
Y1\in=0.756 Mc/sec which is not consistent with the 
deduction from this figure that »;,<0.750 Mc/sec. 

In our derivation of the expression for multiple- 
quantum resonance frequencies in general and for vin 
in particular, we have omitted terms in g;. This omission 
leads to a fractional inaccuracy in our value of gy 
roughly equal to the ratio g;/gz. However, from the 
known value’ of g; this is found to be about one-tenth 
the fractional uncertainty we quote above for gz; hence, 
our neglect of gy is justified. 


Relative Frequency Pulling of Transitions 


In theory,’® frequency pulling is proportional to rf 
power. The rf power used in obtaining the F= $ data 
of Fig. 6 (V?= 100 v?) was optimum for a six-quantum 
transition; correspondingly, the calculated pulling in- 
dicated in Fig. 2 for the low-multiplicity transitions is 
much greater than for those with N>4, for which it 
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is at most several kc/sec. As Kusch"’ has shown, theoret- 
ical calculations of frequency pulling and of linewidth 
cannot be relied on in the case of gross overpowering 
of a transition; and the actual pulling is sensitive to the 
geometry of the rf field. He has also shown that, at 
optimum power for a high-multiplicity transition, the 
linewidth increases when one examines transitions of 
lower multiplicity, although, again, the variation is 
not as marked as theory predicts. The qualitative con- 
clusions, however, are clear: at optimum power for 
six-quantum transitions, as used in Fig. 6, the predic- 
tions in Fig. 2 of the not over several-kilocycles-fre- 
quency pulling for N>4 should be reliable at least to 
better than a kilocycle; the predicted larger frequency 
pullings for V=1, 2, 3 are not to be trusted in quantita- 
tive detail. Also, the lower the quantum multiplicity of 
a given transition, the broader the resonance. For F = 3, 
we shall therefore draw quantitative conclusions con- 
cerning frequencies from only the four lowest frequency 
(i.e., highest multiplicity) resonances. 

For the F=§ resonances (Fig. 7) the applied rf power 
(V?=0.115 v?) was much lower than for F=3, being 
slightly less than the optimum for VN=3 at this fre- 
quency. The calculated frequency pulling is small and 
represents no significant problems for F= 3. 


Determination of 6v;,;. and dv; 


We have thus concluded that for F= } we shall 
draw quantitative frequency conclusions from the four 
lowest frequency resonances. We now note further that 
consideration of the relative intensity of the several 
components of these resonances, as given in the Ap- 
pendix, indicates that we should ascribe to the strongest 
associated component the frequency of the observed 
resonance. Correspondingly, we use for each resonance 
the correction for theoretical frequency pulling and 
third-order shift which, according to the Appendix, is 
associated in Fig. 2 with the strongest component. Thus, 
we have for the relevant second-order frequencies of 
the F=} spectrum: 5.555+0.005, 5.608+0.005 (= vin), 
5.673+0.004, 5.736+0.004 Mc/sec, giving for 6v7,/2 the 
three respective differences 5347, 6547, and 636 
kc/sec. Taking one-third the splitting of the extremes, 
we have finally 

5v7/2= 60+2 kc/sec. 


The determination of 5vg is made relatively imprecise 
by the scatter among the data of Fig. 7. The separation 
of the first two resonances gives 6vy~29+6 kc/sec. A 
four-resonance interpretation in which one interprets 
the nominal third and fourth resonances as a single one 
gives 6vs~37+3 kc/sec, Finally, we take an all-inclusive 
value 

dvy= 3149 kc/sec. 


with which is associated a value of »j;, of 1.593 Mc/sec. 


17 P. Kusch, Phys. Rev. 101, 627 (1956). 
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Not only is the magnitude of the 6v’s significant, but 
so is the sign, as shown in the next section. The positive 
signs follow from the definition of 6v and the observa- 
tion that the multiple-quantum spectra extend from 


viin towards higher frequencies. 


INTERPRETATION OF RESULTS 
Shell Mode! Considerations of Spin 


The first result of this experiment is a determination 
that the spin of As”¢ is 2. Beta decay systematics!* have 
indicated a spin-parity assignment of 2—. This value 
of spin agrees with a simple prediction of the nuclear 
shell model. Arsenic has 33 protons, In the region from 
Z=28 to 38 there is competition between p; and fy 
levels for the ground state. The fact that such nuclei 
with odd mass usually are in the p; state (As”* is in this 
category) is ascribed to a “pairing energy” which tends 
to cause nucleons to fill the /; level in pairs, permitting 
the odd proton to be in the py, state. The same effect 
obtains in the case of odd-neutron nuclei with V between 
38 and 50, except here the competition is between p; 
and go/2 levels. The measured spins of odd-neutron, 
even-proton nuclei in this region indicate that the com- 
petition is quite close. 

Of the four possible combinations of the two proton 
and two neutron states in question, (xfs) (vgo/2) is 
chosen as the most likely odd proton, odd neutron con- 
figuration. This is the only one of the four which agrees 
with Nordheim’s rules” in giving a spin of 2. However, 
the observed’ magnetic moment, —0.90 uy, does not 
agree with the value (teaic= — 1.43 uw) associated with 
this assignment using empirical neutron and proton 
moments from adjacent nuclei. 

The most plausible shell-model state which has the 
correct spin and parity and which, if mixed with the 
above state, would provide a fit to the magnetic moment, 
is”? (a f)(vgo/2*)2y2 (Meate= —0.52 un). 


Hfs Intervals and Constants 


Having determined the second-order multiple quan- 
tum frequency intervals, 5v, above, we can now deter- 
mine the two uppermost zero-field hfs intervals, Avz/2,5 
and Avs, by means of Eq. (12). It is to be emphasized 
that the values of 5v obtained above have already been 
corrected for third-order terms, so we neglect the last 
term in the cited equation. 

For the F= } spectrum, Eq. (12) simplifies to 


va Av7/2,4= (2/9) rin? (67/2). (17) 


18 J. D. Kurbatov, B. B. Murray, and M. Sakai, Phys. Rev. 98, 
674 (1955); F. T. Kokoszka, D. R. Cartwright, and J. D. 
Kurbatov, Bull. Am. Phys. Soc. 3, 207 (1958). 

19 |. A. Nordheim, Revs. Modern Phys. 23, 322 (1951). 

2 A. M. Bernstein (private communication), see also M. H. 
Brennan and A. M. Bernstein, Phys. Rev. 120, 927 (1960). 





1314 


Similarly, for the F=} spectrum, we have 


l 
fon 
Viin? 169 | Avzyo,s| 


343 / bvyy = 50 1 
Avyyy=t ( = 


338 

Inserting the measured 6v’s and »n’s gives 
Avz/2,4= +(11744) Mc/sec, 
Av; 4= + (69416) Mc/sec. 


In the foregoing, the sign is to be chosen to agree with 
that of A. Thus, we have not determined whether the 
hfs is “normal” or “inverted,” but only that the energy 
levels F=4$, $, 3 are in monotonic order, either from 
higher to lower energies or vice versa. 

The intervals between the F=§, $, and 3 levels are 
related to A and B as shown in Eqs. (3) which are 
solved to give 


A==+(30.5+3.5) Mc/sec, 
B=+(12+14) Mc/sec. 


Magnetic Field at Arsenic Nucleus 


In principle it is possible to calculate the value of 
H(0) from various atomic spectroscopic data by the 
techniques described by Breit and Wills.*! This would 
permit determination of u; from A via Eq. (1). How- 
ever, it turns out that we cannot rely on this approach 
to calculate the magnetic interaction for this atom. 
For example, a straightforward application of the theory 
does not agree with experiment in the case of the similar 
atom Bi**. There, simple theory predicts A and y; to 
have the same sign, whereas it has been observed that A 
is negative” and yu; positive.** One cause of this dis- 
crepancy is the assumptions which must be made about 
the contribution of each valence (p) electron when in 
either of the states j= $ or }. A more refined, phenom- 
enological estimate of these contributions was made for 
this atom by Breit and Wills by means of Goudsmit’s 
sum rule. This approach is not feasible for As because 
the required input data (the values of A in the 7D, and 
2P, terms arising from the same configuration) are not 
available. 

One important origin of the hfs interaction in these 
4S, atoms, hence of the discrepancy between experiment 
and the cited theory which does not consider this point, 
is configuration interaction. The ground state configura- 
tion of As is 4s*4p*; the paired s electrons contribute 
nothing to the hfs. However, unpaired s electrons, 
because of their close approach to the nucleus, contribute 
strongly to this interaction, i.e., produce a large mag- 
netic field at the nucleus. From parity considerations, 
the most probable configuration to be so considered 
is 4s4p*5s. From Kopfermann’s® Sec. 26 (and using the 
energy levels for As given in the NBS Tables) we may 

1G. Breit and L. A. Wills, Phys. Rev. 44, 470 (1933). 


22S. Mrozowski, Phys. Rev. 62, 526 (1942). 
% W. G. Proctor and F. C. Yu, Phys. Rev. 78, 471 (1950). 
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Fic. 8. Magnetic field at nucleus for atoms of column 5—A of 
periodic table calculated from nuclear spins and moments and 
magnetic hfs interaction constants as described in text. Sign of H 
is relative to that of J; single electron atoms have H <0. Signs of 
hfs interactions in phosphorous and arsenic have not yet been 
an a smooth variation requires that A be positive for the 
atter. 








derive the a values for those two s electrons: a4, 300 
Mc/sec; ds. 100 Mc/sec. Thus, only a small admixture 
of that configuration is needed to contribute sufficient 
field to produce the value of A we have observed. 
From the available spectroscopic information we are 
not able to calculate H(0); thus, we cannot calculate 
ur from A. Furthermore, A has not been measured 
for the ground state of the stable isotope (As’°) (but 
see below) which precludes a Fermi-Segré comparison! 
of moments and hfs intervals. However, we may work 
backwards, using the value of uy = —0.9028(+0.005) uy 
recently determined for As’* by Pipkin and Culvahouse,' 
and our value of A, to determine H(0) from Eq. (1): 


H(0)=+(1.33+0.15) X 105 oe. 


Optical hfs spectroscopy of As” by Hults and Mro- 
zowski™ has indicated that the total splitting in the 
ground state is about 0.010 or 0.015 cm™. This cor- 
responds to A75 of about 50 to 75 Mc/sec and thus, 
H (0) of about 1.0 to 1.5 10° oe in excellent agreement 
with the above magnitude. 

It is interesting to calculate H(0) for the other atoms 
of this column of the periodic table. This we have done, 
using the data of the following references: N' *5; P*! 6; 

*4S. Mrozowski (private communication) 

25 L. W. Anderson, F. M. Pipkin, and J. C 


116, 87 (1959). 
26H. G. Dehmelt, Phys. Rev. 99, 527 (1954). 


Baird, Phys. Rev. 
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TABLE I. Measured values of gy for atoms of column 5-A elements. 





Atom gu References 


N 2.0021 a 
4 2.0019 b 
this paper 
c 





As 1.994 
Sb 1.9705 
Bi 1.6433 d 








®M. A. Heald and R, Beringer, Vays. a. 96, 645 (1954). 
>H. G. Dehmelt, Phys. Rev. 99, 527 (1954). 
¢P. C. B, Fernando, G. K. Roc he sster, I. x Spalding, and K. F. 
P hil. Mag. 5, 1291 (1960). 
1R. S. Title and K. F. Smith, Phil. Mag. 5, 1281 (1960). 


Smith, 


Sb"! 27; Bi2*.22.28 The results are shown in Fig. 8. A 
smooth variation of H(0) with atomic number Z is 
indicated, regardless of the sign of A in phosphorus, 
but providing A is positive for As’®, 


Relation between B and Q 


The electric quadrupole moment of the As’* nucleus 
can be determined from B by means of Eq. (2) if the 
factor g is calculated. (From our value of B only an 
upper limit can be placed on the magnitude of Q.) That 
factor is given by™ 


qg= —e(r-*(3 cos*@—1)) yy, 


where the subscripts indicate the expectation value of 
the indicated electron coordinates is to be taken over 
the state /= $= my. This expectation value is calculated 
for our p* configuration as shown by Schiiler and 
Schmidt” with intermediate coupling wave functions.”!:° 
The result is that for the ground state of atomic arsenic, 


QO(barn) = —0.58B(Mc/sec). (19) 
Our measured value of B therefore indicates 


QOre= F (748) barn. 


Comparison of g,-Values of Column 5-A Atoms 


We have previously indicated that the value of gy 
for As is 1.994+0.003. This agrees reasonably with a 
value calculated by Inglis and Johnson* of 1.988. There 
are now measured values of gy for all the atoms in 
column 5-A of the periodic table; these are shown in 
Table I. The monotonic decrease in gy values from 
lighter to heavier atoms is in agreement with the well- 
known trend from LS coupling toward 77 coupling. The 
?® electron configuration of these atoms has a ground 
S state in pure LS coupling, which would be expected 
to have the g, value of a single s electron, 2.0023. In 
the other extreme (pure jj coupling), the gy value would 
be 1.333. 


27 P. C. B. Fernando, G. K. Rochester, I. J. Spalding, and K. 
*. Smith, Phil. Mag. 5, 1291 (1960). 

28 R. S. Title and K. F. Smith, Phil. Mag. 5, 1281 (1960). 

29 H. Schiiler and T. Schmidt, Z. Physik 99, 717 (1936). 

2% TD). R. Inglis, Phys. Rev. 38, 862 (1931). 

311). R. Inglis and M. H. Johnson, Jr., 
(1931). 


Phys. Rev. 38, 1642 
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Trees® has shown that in the case of nonrelativistic 
LS coupling there is no hfs for S states not made up 
of s electrons. The apparent slight deviation of As away 
from pure LS coupling, evidenced by the gy value, 
correlates with the presence of nonzero but modest 
values for the hfs energy separations found in this 


experiment. 
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APPENDIX 


At the values of external field of Figs. 6 and 7, a 
given resonance has, in general, several components, 
i.e., corresponds to several different transitions at 
closely the same frequency, differing in fact only by the 
third-order and pulling effects. We here consider the 
question, “What is the relative intensity of these 
several components of a given resonance?,” in order to 
apply the appropriate frequency corrections for pulling 
and third-order shift to each experimental resonance. 

We note first of all by comparison with Fig. 2 that 
no resonance in Fig. 6 can correspond to more than two 
transitions. If transitions between states with m;=3 
and 3 were observable (as is not expected) and if A 
were positive we could have three transitions for certain 
resonances; but this probability is eliminated by the 
absence of a resonance at (yin—26v). 

Also from Fig. 2, we note that at optimum power for 
N=6, the one V=7 transition is underpowered by a 
factor of 2.2; but any deductions of exact reduction in 
intensity from this fact alone will be very sensitive to 
velocity-distribution assumptions and had best be 
avoided. 

Further conclusions concerning the relative weight 
of the transitions which are listed in Fig. 2 must depend 
on a detailed analysis of the intensities of the observed 
resonances, and this analysis depends in turn on an 
assumption concerning the effect of overpowering on 
intensity. For this purpose we assume the overpowered 
transition to have an intensity (0.60.1) times the 
optimum-powered transition. The deduction of this 
factor has two ingredients. The first is 0.5 (the average 
of a sine-squared transition probability), which for a 
beam of any velocity distribution having nonzero 
velocity spread should give the reduction for a grossly 
overpowered resonance as compared to the same reso- 
nance when optimum-powered for a monoenergetic 
beam. The second is 0.7 which gives the reduction in 
going, at optimum power, from a monoenergetic to a 
Maxwellian velocity distribution. Thus, for a grossly 
overpowered resonance as compared to an optimum- 
powered one, the reduction factor should lie between 
0.5/0.7=0.7 for a Maxwellian distribution and 0.5/1 


#2 R. E. Trees, Phys. Rev. 92, 308 (1953). 
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Fic. 9. Relative depth of resonance as a function of rf power for 
three resonances (numbered from lower to higher frequency) of 
the F =} spectrum, Fig. 6. Cross-hatched areas represent expected 
values based on assignment of m, values as discussed in text. 
Points are experimental values, with their uncertainties. 


=0.5 for a comparatively (but not completely) mono- 
energetic beam; hence, we use 0.60.1. 

We now summarize below the principal results of 
of this analysis of the observed resonances of Figs. 6 
and 7. Here we denote by D(m,,m’;) the depth of 
resonance of a given transition at optimum power; the 
D(m ,m';) depend primarily upon the velocity distri- 
bution provided by the microwave discharge source 
and upon the atom optics of the beam apparatus. 

The D(mj,m';) are largest for the my transitions 
which correspond to reversal of sign, without change 
in magnitude, of the initial high-field moment. More 
specifically, we find D($,—$)=0.09+0.02 and D(},—} 
=0.10-++0.03. On the other hand, the my, transitions 
4 to —3 and 3 to —} are comparatively weak; the 
deduced D(m,,m’;) are slightly dependent on the sign 
of A and on which of the two m, transitions is involved, 
but are in any case all included in the statement 


D(}, —3)=D(8, —})~0.045-40.02. 


Separate comment should be made concerning tran- 
sitions between states having my=} and 3, which 
would be expected, from atom-optical considerations, 
to be even weaker than any of those discussed above. 
(Note that states with either my=}4 to $ are focused; 


note further that a change of my, either from 3 to 3 


or from $ to 4 could conceivably change the focused 
beam intensity and produce an observable result ; hence, 
we have used in the preceding sentence the phrase 
“between $ and 4” rather than the possibly expected 
“from $ to $”.) If A>O then, as already mentioned, 
the 3 to } transition at (»i,—25v) in the F=} spectrum 
indicates D(3,4)=0. If A<0O then a fifth resonance for 
F=§ could only be the $ to 3 transition and conversely 
the existence of a fifth F= $ resonance, the suggestion 
of which in Fig. 7 has already been discussed, would 
prove A <0; but this is the only indication that A <0 


and is not to be relied upon. If A<0, the one $ to 3 
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TABLE II. Relative intensities of the two contributions, identi- 
fied by (m, ,m’z), which can make up the four resonances of Fig. 6 
used to determine dv. 





Resonance 
(Mc/sec) 


5.555 
5.608 
5.674 








transition in the F= 3 spectrum should be so strongly 
pulled as not to have been seen. 

The net result of the above anaylsis of D(m,,m’ ;) 
factors is that the m, transition § to —% (which cannot 
occur in the F= § spectrum) predominates in the central 
five resonances of the F=} spectrum, while } to —} 
(which in the F= spectrum is probably so strongly 
pulled as not to have been seen) predominates in the 
F = § spectrum. In the f=} spectrum the m, transitions 
(; to —$ and $ to —3 provide the two weak extreme- 
frequency resonances, numbers 1 and 7 (in order of 
increasing frequency), and make a minor contribution 
to resonances 2, 3, 4, 5. In the F=§ spectrum, because 
of the level of the applied rf power, these transitions 
should contribute only to a fourth resonance. 

Experimental evidence which is in agreement with 
the results of the considerations concerning power 
dependence used in carrying out the above analysis is 
shown in Fig. 9. We note that the lowest-power point 
in resonance 7 could conceivably correspond to the 
minimum in transition probability which occurs for a 
velocity selected beam and a two-quantum transition 
(like this one) at twice optimum power. Aside from this 
one possibly anomalous point, the dependence of relative 
resonance depth on rf power is seen to agree well with 
the expected dependence. 

We now use the above D(m,,m’;), together with the 
assumed reduction factor of (0.60.1) due to over- 
powering, to deduce the relative intensities given in 
Table II. for the various (m,,m’;) components of 
Fig. 6. In each of the three compound resonances given 
in Table II, the weaker component has the lower quan- 
tum multiplicity, hence a frequency width which is 
greater by an unknown amount of that of the strong 
component, and so an influence in locating the observed 
resonance which is even less than the weights listed 
above. All told, it seems best to ascribe the observed 
frequency to the strongest component of each resonance 
and to make corrections accordingly ; this was the ap- 
proach used in the body of this paper. 
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Field-theoretic calculations of the cross sections for the photoneutrino process, y+e~ — e~+v+3, and 
the pair annihilation process, e++-e~ — r+7, are performed in order to obtain the neutrino luminosity of 
very hot stars (T;>5X108 °K). The energy loss rate which is obtained for the latter process is sufficient 
to determine the rate of evolution of the stellar core when T,22X10° °K. 





I. INTRODUCTION 


F the weak interaction has a term of the form 

(ve) (€v) as predicted by the theory of Feynman and 
Gell-Mann,' then there are a large number of processes 
that result in the production of neutrino-antineutrino 
pairs. The emission of a neutrino pair is clearly less 
probable than the emission of a photon by a factor of 
about 137(m’G)?=10-', and thus is generally unob- 
servable in the laboratory. However, these processes 
will yield significant energy losses in stars due to the 
relation between the neutrino and photon mean-free 
paths: 

A(v)>d>X(y), 


where d is a typical stellar diameter. This relation also 
means that the neutrino luminosity may be determined 
solely from the neutrino production rate. 

Among the important neutrino emission processes 
are: the urca process of Gamow and Schonberg,?"* 


e-+(Z,A) — (Z—1, A)+» 
\(Z,A)+e-+3; (1) 


neutrino bremsstrahlung,‘ 
e-+ (Z,A) — e+ (Z,A) ++); (2) 
the photoneutrino process,*® 
yte — ec t+rt3; (3) 
pair annihilation neutrinos,® 


e-+et — v+); 


*Now at Aeronutronic Division, Ford Motor Company, 
Newport Beach, California. 

1R. P. Feynman and M. Geil-Mann, Phys. Rev. 109, 193 
(1958). 

2G. Gamow and M. Schénberg, Phys. Rev. 59, 539 (1941). 

3H. Y. Chiu, Ann. Phys. (to be published). 

4B. M. Pontecorvo, J. Exptl. Theoret. (U.S.S.R.) Phys. 36, 1615 
(1959) [translation : Soviet Physics—JETP 9, 1148 (1959) ]; G. M. 
Gandel’man and V. S. Pinaev, J. Exptl. Theoret. Phys. (U.S.S.R.) 
37, 1072 (1959) [translation: Soviet Physics—JETP 10, 764 
(1960) J. 

5 R. C. Stabler, thesis, Cornell University (unpublished). 

6 H. Y. Chiu and P. Morrison, Phys. Rev. Letters 5, 573 (1960). 


and photon-photon neutrinos,®™ 
yty— y+v+p. (5) 


These processes are important because under the 
appropriate conditions any one of them may release 
energy comparable with the total thermal energy of a 
star in a time comparable with a characteristic time of 
stellar evolution. This property distinguishes these 
reactions from the ordinary beta decay reactions occur- 
ring in element synthesis. The latter can emit at the 
most about 10% of the released energy in the form of 
neutrinos. Processes (4) and (5) have further signifi- 
cance in that they will result in rapid stellar collapse 
if the temperature reaches 2X 10° °K, and thus may be 
considered to precipitate supernova explosions.® 

The energies of interest in stellar processes are always 
less than 100 Mev, so that interactions involving mesons 
are not important. It is not profitable to give a detailed 
comparison of all the neutrino emission rates until 
those for the photon-photon reactions have been 
calculated. The urca process and the neutrino brems- 
strahlung process have already been discussed in the 
literature.2~ In this paper we will consider the photo- 
neutrino (3) and the pair annihilation (4) processes in 
detail, obtaining cross sections and energy loss rates 
for both degenerate and nondegenerate electrons, and 
in both the relativistic and nonrelativistic limits. 


yt+y7— vt), 


II. PHOTONEUTRINO PROCESS 
A. Matrix Elements and Cross Section 
The universal Fermi interaction current is 
J = (év)+ (vip)+ (fiv)+ (strange particles), 


the transition amplitude involving (ie)(év), (ip)(ér), 
etc. So far in laboratories only the cross terms 
(pn) (@v)(neutron decay), (iu)(év)(u-decay), and 


68 Note added in proof. M. Gell-Mann has recently shown [Phys. 
Rev. Letters 6, 70 (1961)] that the reaction, y+ 7— »+3, is 
forbidden if the weak interaction coupling has the local form 
given in (6) below. 
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Fic. 1. Feynman diagrams for the photoneutrino process. 


(iu) (ip) (u-capture) have been studied and verified by 
experiments. Owing to the smallness of the cross section 
(=10-“ cm?) and difficulties in experimental techniques, 
the existence of square terms such as (ve) (év), etc. has 
not been verified. However, we assume the existence 
of such terms in what follows. 

In particular the weak interaction has the form’ 


(8)'G (Perv uay,) (viv uay.), (6) 


where a2=4(1+7 ys), GM?= (1.01+0.01) 10-5, and M 
is the proton mass. The two Feynman diagrams that 
must be considered are shown in Fig. 1. On introducing 
the electromagnetic interaction ee and the electron 
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(q:-Pa)—(P-q)(P’: Pa) (q- Ps) | 


—€ (q: P3)+2(e- P’) (e- p)|- 


—(P'-q)(P-Ps) 


+(e-Pa)(e-Ps)(P-q)(P’-qg)+(e-P’)(P-q)(e- 
+(e-P)(e-P’)(q-Ps)(P-Pa)—(e-P)(e 
The total cross section is given in terms of | M |? by 


-saay Sime 
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P.)((P’—q)-Ps)—(e-P)(F 
-P’)(q: P.)(P’- Ps)—2(e-F 
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propagator 1/(P—m) the matrix elements may be 


written 


1 
M,=- (8)Ge(aor,at)( wera - eur), 


i—™m 


1 
M2= — (8)'Ge(tay,aug )( uo — raat). 
P.—m 


2E so that the pro- 
Then, sum- 


We normalize the spinors by u'u= 
jection operators have the form (P+m). 
ming over final states, we have 


| M |?=> p01| Mi +M;|? 
=4(8G7e*) Trl y,aPayaPs | 


XTr[Q(P’+m)O(P+m)], (8) 
where 
7,a(Pi+m)e 
O= 


x 


e(P.-+m)y,a 
1 


P?Y—m P2—m? 

and in Q the y’s are to be changed into v’s. The compu- 
tation of the traces is lengthy but may be simplified 
by the expressions in the Appendix. By choosing 
Lorentz gauge we have e-g=0. We finally obtain 


8P-P. 
a 
P’-q 


2(e-P’)? 
(P’- Ps—q- Ps) 
P’-q 


P-q)(P’-q)(Pa* Ps) 


16 
——[(e-P’)(e-P) 


fa) 
(P-4)(P’-4) ae 


\g° P3) 


” 9) (e+ Ps) ((P+9)- Pa) 
Y(e-P’)(P- P..)(P’+ Ps) }. 


@P,dP3 dP’ 


PP +9- PP. Pi) ——-—. 


2Eq 2E, 2E’ 


The integrations over the neutrino momenta may be carried out with the aid of a relation due to Lenard’: 


@P, dP 


J 


2Eq 2Es 


—* —“3(X— P,— P;) Pa"Ps"= 


T 
[2X*X"+ 4 
24 


If we evaluate the resulting expression in the center-of-mass system we have 


eP=0, ¢=-1, |q|=|PI, 


After integration over d*P’, the cross section becomes 


o(ND)= 


((e Pp’? av= 


22 BS; P 5 65/P 1/P\2? 233/P 
“eeti)-2G 
06r° P?|E+PL2 6\N\E 3\E Q9X\E 


5 P?— (P’-q/|q\ )?). 


es aL 


Oi TONOAO-O-G) 4G 


1 We set dig (Boltzmann’s constant) =1. We also define A,B,=A-B=A,)B,)—A-B, A= 


8 A. Lenard, Phys. Rev. 90, 968 (1953). 


, and A?=A-A where appropriate. 





PHOTONEUTRINOS AND PAIR 


In Eq. (13), “ND” refers to the evaluation of the 
cross section for the case of nondegenerate electrons. 

No approximations have been made in obtaining Eq. 
(13). However, it is useful to have simpler expressions 
for the cross section in the low-energy (NR), and 
high-energy (ER) limits. If P/E and In[(P+£)/m] 
are expanded in powers of P/m, the first nonvanishing 
term in o(ND) is proportional to (P/m)’: 


CG E967, P\' 64 ¢Pr\8 
+(ND,NR)=_——— [- (-) + (-) to] 
96° P8L35 105\ m 
(e2/hc) (Gm?) ¢ P 
MMO EN EY, 
35x 


where the latter expression is given in conventional 
units. Feynman has obtained the same formula for the 
cross section in this limit.’ In the extreme relativistic 
limit, 
e*/hc) = E )( h ) 
mc mc 
2E 
X] Inf — 
me? 


In Eq. (15) terms of the order (m/E)? in the brackets 
have been neglected. 


«(ND,ER) > 


‘Oar? 


B. Energy Loss for Nondegenerate Electrons 

To obtain the mean energy loss per event, we weight 
the differential cross section by Ez+Eg=E+q—E’ and 
integrate as before over the outgoing states. We find 


—(-) = 731/P 179/ P\? 
SOS SGr RD 
962° \ P? | 60 6O0OX\E 90XE 
—(-) 13 451 -) 1831/ P\° 
Bs ol gen fy or 
90 \E 900 & 300 NE 
ag P+E 203 / E 
SOMO 
225 P 
(-) 
12\E 
_# vf 21/4 Ps* see 
G)-3) (a ]} 
E 4X\E 


731 187/P 133 f Fh" 
OMOr 
60 6OOX\E 4X\E 
In the NR limit 6(ND) — Po(ND,NR), or, 


&(ND)= 


ii 
S(ND,NR)=_— 


35x 


*R. P. Feynman (private communication). 
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2040) 
On transforming to the laboratory system, the total 
energy loss is given by 


1319 
and in the ER limit we have 
172 


&(ND,ER)=——_E" 
007° 


2E 


ce 


m 


(18) 


1 
fi v|dn(q)dn(P)&(P,q), 


° 
Cr 
p 


(19) 


where dn represents a momentum distribution, v the 


relative velocity (=c here), and p the density. We 
finally have 


&,(ND,NR)=8reG?N .T8/525m%p 
= (8X10-*/u.)T 3° erg/g-sec, (20) 


where p.=(A/Z)ay is the mean molecular weight of the 
electrons and T,=7/10" °K. Equation (20) is correct 
to the lowest order in T/m. 

For T>>m, we obtain 


&.(ND,ER) 


833EG*% (9/2)N T° 2T 9 3131 
Ss fn(22) +00(2)- 224] 
5127'‘p m 2 2040 


= (2 10" /u.)T 10° (logioT 10 +1.6) ergs/g-sec. (21) 
Here ¥(k)= (d/dk) In'(k) is the psi function. 





C. Energy Loss for Degenerate Electrons 


In stellar matter at very high densities, p> 10° g/cc, 
the energy loss from the photoneutrino process will be 
greatly reduced due to the degeneracy of the electrons. 
For simplicity we shall only consider the extreme de- 
generate case (ED). Also, as the loss for this process 
becomes negligible for k7<Er<«Km, where Er is the 
Fermi energy, we shall restrict ourselves to the extreme 
relativistic limit (Er>>m). 

The integration of Eq. (9) over the neutrino and 
antineutrino momenta may be carried out as in the 
non-degenerate case by using Lenard’s result, Eq. (11). 
Averaging over the polarization of the photon should 
not be carried out in the manner indicated by Eq. 
(12), however. Use of the center-of-mass frame is 
inconvenient because the integrals over the initial and 
final electron momenta would involve nonspherical 
Fermi surfaces. After some algebra it may be shown 
that an invariant expression for the average over 
photon polarization is given by 


(e-P)av=0, @=—1, ((e-P)(e-P’))av=0, 


((e = P’)) w= 


1 
-{2(P-q)(P’-q)(P- P’) 
> q)? 


—m[ (P-q)+(P'-q)*}. 
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The resulting differential cross section will vanish for 
P’= P; however, as the low-energy electron states are 
filled, the phase space vanishes unless | P’| =| P’|. 
Therefore we must find an approximation for | P— P’| 
=T. On letting 

A= (P—P’)-q, 


A,=P-P’—m’, (23) 


and expanding | M|* in powers of A; and As, we find 
do(ED) 


8aGe 4(A1—As)d*P’ si 
Ct —— — ————-_—— (4 
3(2m)5(2E) (2g) 2E’{exp[ (Er—E’)/T]+1} 


to lowest order in A; and A, [and hence to lowest order 
in (J/E,p) }. For the phase space factor in Eq. (24) we 
have used the density of unfilled states. 

To obtain the mean energy loss we multiply Eq. (24) 
by (E+ q—E’) and integrate over d*P’. This integration 
and the integration over the initial electron density 
are obtained only to lowest order in T/Epr and m/Er. 
Finally 

5X10°/ m \3 ergs 
&,(ED,ER) =—— ( ) T.'(1+5T2)—, 
Le Er g-sec 


(25) 


where we have put p= MEf*(u,/3n°). 

We summarize the results for the photoneutrino 
process in Figs. 2 and 3. In these graphs we have 
arbitrarily set 4.=3, corresponding to a mixture of 
heavy elements and neutrons. In the semirelativistic 





roo 
nS 


% 


NEUTRINO LUMINOSITY (ERGS/GM - SEC) 
re} 
@ 








i l 
109 i9'0 
TEMPERATURE (°K) 


Fic. 2. The rate of energy loss in the photoneutrino process as a 
function of temperature. 
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region we have joined the extreme relativistic and the 
nonrelativistic forms by a smooth curve. It is estimated 
that the result is accurate to within a factor of 1.5. 


Ill. PAIR ANNIHILATION NEUTRINOS 
A. Density of Electron-Positron Pairs 


When kT becomes comparable to mc*, collisions 
between photons and electrons or nuclei can be accom- 
panied by pair production. Even in vacue at 10° °K, 
where photon-photon collisions will be a source of 
pairs, the relaxation time for equilibrium to be estab- 
lished between radiation and electron-positron pairs is 
less than 10-" sec. Thus the number density of pairs 
may be obtained from statistical considerations alone. 

Following Landau and Lifshitz,’ we have 


B+ = Hy, 


where yu is the chemical potential for the particle con- 
cerned. The chemical potential for the photons is zero. 
Thus p»-=—y,=n. In the absence of interacting 
matter, u-=y,=0 (the same is true for T— «). For 
the general case u~*0, we have 


Sr “y Pdp 
(2eh)*Jo exp[(E—n)/T]+1 


N_=No+n,= 


(26) 

8a “ pPdp 
n= ———____—_—_—. 
(2rh)'Jo exp[ (E+ n) T \+1 


In the nondegenerate case exp[ (E-+-nu)/(RkT) [>1 in the 
region where the maximum of the integrand occurs. 
Thus 
1 = 
sai ali exp(u 1) f exp(— E/T) p'dp, 


(27) 
1 a ae 
oa exp(—y nf exp(—E T) p'dp. 


wh 
The solution is: 
n= — (to/2)+[ (n0/2)?-+n,7}}, 
where 
303 
n=-— fp), 
wh’ 
(29) 


j@y= f exp[ —6(1+2°)! ]a*dx, B=mc?/kT, 
0 


and n, is the value of m, in the limit »— 0 (vacuum). 
On writing x«=sinhé and partially integrating (8), we 


10, D. Landau and E. M. Lifshitz, Statistical Physics (trans- 
lation by R. F. Peierls and E. Peierls, Pergamon Press, New York, 
1958), p. 325 ff. 
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Fic. 3. The rate of energy loss in the photoneutrino process as a 
function of the electron Fermi energy. 


have 
1 a) 
(a)=— f e~8 cosh? cosh20d0 
B Yo 


1 
=-K,(§), (30) 
B 
where K,(8) is the modified Hankel function of second 
order. Tabulated forms of K,2(8) can be found in 
existing literature.'' For 8— © we write, in Eq. (29), 
(1+-2?)!'=1+-42* and obtain 


(31) 


w2\! 
{(6)-> ~( ) e%= f,(8). 
4\6 


For 8 — 0 we write (1-++-2°)!=x, and obtain 


2 
f(8) > —= fo(8). 
B 


Since 1+}2°> (1+2*)!>, we have 
fa(8)< f(8)< fol). (33) 


The degenerate case 4/kT>>1 can be solved in the limit 
no>>n,. Then u — Er, the Fermi energy for degenerate 
electrons. From Eq. (26) we have 


“= en(- )s0=er( =n. (34) 
Ns = exp{ — — }/(8)=exp{ — =) k 
eer ONT T 


It is interesting to note that for the nondegenerate 
case the product m,n_=mn,? is independent of mo, 
although », and m_ each depend on mp. This result 
cannot be extended to the case Er2kT. 


B. Energy Loss Rate 


The transition amplitude for the pair annihilation 
process (4) clearly involves only the weak coupling 


1G. N. Watson, Theory of Bessel Functions (Cambridge 
University Press, 1945), 2nd ed., p. 182 ff. 
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(de) (év). The matrix element thus consists of a single 
term and may be written: 


M= (8)'G( aay ,aus) (pry ,aup) (35) 


in the same notation as Eq. (7) above. The cross section 
is easily obtained and is 


2 


ov [m'+3m*(P-P)+2(P-P)?], (36) 


62 EE’ 
where »v is the relative velocity of the pair. Equation 
(36) reduces to the previously given result® in the c.m. 
system 


ov=1.5X10-“[ (2E/m)?—1] cm. (37) 


The mean energy loss per annihilation is just 6&=(E£ 

+E’)o. Substituting § and the positron and electron 
number densities into Eq. (19), we have 

2G°mr K2(8) 

&(ND)= || ; 


B 


2G2m® K.(8) |= (2mE r+m?)! 
— exp | 
T 


Tp 


(38) 





where Ep is the nonrelativistic Fermi energy. In 
obtaining Eqs. (38) we have approximated the total 
neutrino energy by 2mc? so that Eqs. (38) are valid 
only in the nonrelativistic and semirelativistic regions. 

The extreme relativistic results are obtained by the 
use of Eq. (32) in the integral over the initial momenta 
distributions. We find 


7G*m' 4 T\? 
&.(ND,ER) = (-) : 


(39) 
6xrp \m 
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Fic. 4. The rate of energy loss in the pair annihilation process as 
a function of temperature. 
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Taste I. Summary of photoneutrino and pair annihilation energy loss rates. (p in g/cm*; T,=7/10".) 





Temperature and density region 
(c=k=1) 


Nonrelativistic, nondegenerate (Er < T<m) 
Extreme relativistic, nondegenerate (m<T, Er ST) 
Nonrelativistic, extreme degenerate (T<Er<m) 

Extreme relativistic, extreme degenerate (JT, m<Ep) 


(<10*) 





Photoneutrino energy loss 
(ergs/g-sec) 


Pair annihilation energy loss 
(ergs/g-sec) 
(4.8X 10'8/p) T,8e-2m/T 
(4.3X 10%/p) Ti0? 
(4.5X 10°Ts!/u.) exp[— (2m+Er)/T] 


(8X10°/u.)Ts? 
(2X 10"8/ue) Tio®LlogioT 10+1.6 ] 


(5X 105/p,)(14+5.0792)T9?(m/Er)® (1.4 10"/p,)Ts*(Er/m)? exp(—Ep/T) 





In Fig. 4 we show the pair annihilation energy loss rate 
in ergs/cm* sec for the nondegenerate case and for 
Er=5 Mev. The rates must be divided by p to obtain 
the loss rate per gram of matter. 


IV. CONCLUSIONS 


All the limiting forms for the pair annihilation and 
photo-neutrino luminosities are summarized in Table I. 
It should be noted that the ER-ED results apply for 
the case T<m<E, as well as m<TXEr. Except in 
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Fic. 5. Feynman diagrams for the pair annihilation process, 
é~-+-e* — v+, and the photon-photon process, y+y — v+v.™ 


anomalous cases the pair annihilation energy loss 
greatly exceeds that of the photoneutrino process. 

We will not discuss in detail here the effect of this 
neutrino emission on stellar evolution.” A calculation 
of the rates for the photon-photon processes, y+ — 
v+p™ (see Fig. 5) and y+y— y+v-+7), is necessary 
before the total neutrino energy loss can be determined. 


Present estimates® give contributiors from these 


T. Kinoshita, P. Morrison, E. 


processes of the same order as those from the pair 
annihilation process. The pair annihilation neutrino 
emission alone, however, will greatly accelerate the 
evolution of a stellar core. If we take the ER-ND 
results for &,, and a7‘ for the specific heat per unit 
volume, the cooling time is 

C, 


2X10°T, v) sec, (40) 


. 
Cet 
From Fig. 4 we see that Eq. (40) is accurate for T>2.5 
10° °K providing the electrors are nondegenerate. 
7 may be compared with the time for free-fall 
collapse, 


(41) 


TH (Gerp) 


where G,, is the gravitation constant. On setting r= 77, 
we see that collapse occurs when 


T= 5X 10%pp!, (42) 


where ps=p/10° g-cm~™. This temperature is generally 
higher than the temperature at which the “phase 
change” from iron to helium conversion occurs, or 


5-7 X 10° °K. 
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APPENDIX 


The following identities have been used in the evaluation of the traces for the photoneutrino process: 


Tr[y,Ay,B] Tr[-y,Cy,D]=32[(A -C)(B-D)+(A-D)(B-C)], 


TrlyAy,B] Trly.Cy,Dys]=0, 


TrlyAy,Bys] TrLyv.Cy,Dys}=32[(A -C)(B-D)—(A-D)(B-C)], 
Tr[ ABCDy;] Tr[MNPOys ]=16(A eBsC,Ds€aays) (M,N »P ,Qv€ arpa) 
=16[(A-M)(B-N)(C-P)(D-Q)—(A-M)(B-N)(C-Q)(D-P) 
+(A-M)(B-P)(C-0)(D-N)—(A-M)(B-P)(C-N)(D-Q)+::: 


—(A-QO)(B-P)(C-N)(D-M))}. 


In the last equation there are 24 terms on the right-hand side corresponding to all indicated permutations. €agys 


is the completely antisymmetric unit tensor of rank 4. 


12 See reference 6. 
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Photoproduction of Pions in Carbon* 
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Positive and negative pions were produced by photons on a carbon target and observed at laboratory 
angles of 35°, 73°, and 121°. At each angle the yield of mesons of constant energy was observed by a mag- 
netic spectrometer as a function of peak bremsstrahlung energy. Seven values of the latter ranging from 
205 to 335 Mev were used. Yields and x~/x* ratios corrected for various systematic experimental errors 
are presented. By using a photon difference method the bremsstrahlung spectra were unfolded from the 
yield curves to give meson cross sections versus photon energy at fixed pion energies. These functions are 
compared with predicted yields which consider the internal momentum distribution of the target nucleons; 


the agreement is adequate. 





I, INTRODUCTION 


HE following work was begun primarily as a 
monitoring measurement during an experiment 
to measure the photoproduction of pions from deuterium 
at energies near threshold. We decided to explore the 
photo-pion production from carbon further when it 
became apparent that: (1) Sufficient accuracy was pos- 
sible to allow unfolding the bremsstrahlung spectrum by 
the photon difference method! to obtain the meson yield 
as a function of photon energy; (2) A large fraction of 
the events appeared to correspond to processes in which 
the residual nucleus was left with a large amount of 
excitation energy (i.e., much more energy than the 
nucleus would receive in a simple two-body event). 
This was also observed by Crowe ei al.? Because of (1) 
above, it is possible to explore this point quantitatively 
by comparing the observed yield with that expected 
when the internal momenta of the nucleons in the carbon 
nucleus are considered.’ The strictly two-body process 
from carbon has been observed in another experiment 
at this laboratory by detecting the beta decays of the 
two residual nuclei, B' and N®;* (3) There was a definite 
decrease of the r~/z* ratio (to values less than 1 in some 
cases) as the energy of the photon producing the pion 
decreased. While this ratio for a complex nucleus de- 
pends in a nontrivial way on Coulomb barrier effects, 
nuclear binding, the scattering of outgoing mesons, and 
Pauli principle limitations on final nucleon states, semi- 
quantitative deductions may be possible from this 
information. 
Photomesons from complex nuclei have been detected 
by many workers in a variety of ways.5-* We used a 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

¢ Fulbright Travel Grant recipient from Rijksuniversiteit, 
Utrecht, The Netherlands. 

1A, S. Penfold and J. E. Leiss, University of Illinois Internal 
Report, 1958 (unpublished). 

2K. M. Crowe, R. M. Friedman, and H. Motz, Phys. Rev. 
99, 673 (1955). 

3M. Lax and H. Feshbach, Phys. Rev. 81, 189 (1951). 

4G. W. Tautfest and F. J. Loeffler (private communication). 

5 A rather complete survey of literature pertaining to the photo- 
production of pions up to 1956 is given by Carol M. Newton, 
Stanford University High-Energy Physics Laboratory Report, 
HEPL-100 (unpublished). 


magnetic spectrometer to momentum-analyze the 
mesons produced at angles of 35°, 73° and 121° in the 
laboratory system; these correspond to center-of-mass 
angles of 45°, 90°, and 135° for a two-body reaction. The 
mean meson energy accepted by the spectrometer at 
each angle was chosen to be equal to the energy of pions 
produced from free nucleons by 200-Mev photons. 
Yields of positive and negative pions were measured 
at each angle as a function of peak bremsstrahlung 
energy. Seven values were used covering a range from 
205 to 335 Mev. Since the resolution function of the 
spectrometer is known, and since the photon difference 
method is feasible here, it is possible to obtain the 
absolute cross section for r+ and w~ production from 
carbon as a function of angle and photon energy. 


Il. EXPERIMENTAL ARRANGEMENT 


The bremsstrahlung beam used in this experiment 
was obtained from the Purdue synchrotron, which has 
a peak electron energy of 335 Mev and uses a platinum- 
wire target 0.040-in. thick. It was assumed that the 
photon spectrum was that described by Schiff® for a 
thick target. The energy calibration was based on meas- 
urements of the threshold for the photoproduction of 
mesons in hydrogen, and the use of a “‘Multiar” voltage 
comparator which measured the integral of dB/dt and 
hence B at any time in the magnet gap."® The photon 
yield varied from about 3X10’ to 10° effective quanta 
per second over the range from 200 to 300 Mev. 

The monitor used was a thick-walled ionization 
chamber of the Cornell type. It has been calibrated at 
Purdue and cross checked at the National Bureau of 
Standards Betatron Laboratory." 

The apparatus was arranged as shown in Fig. 1. The 
beam was collimated by a tapered lead collimator whose 
exit dimensions were 3g in.X# in., this being followed 


6 W. R. Hogg and D. Sinclair, Phil. Mag. 1, 466 (1956). 

7™W. S. C. Williams, K. M. Crowe, and R. M. Friedman, Phys. 
Rev. 105, 1840 (1957). 

8 J. R. Waters, Phys. Rev. 113, 1133 (1959). 

*L. I. Schiff, Phys. Rev. 70, 87 (1946). 

10 G. W. Tautfest and R. Fessel (to be published). 

uF. J. Loeffler, T. R. Palfrey, and G. W. Tautfest, Nuclear 
Instr. 5, 50 (1959). 
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by a broom magnet, and an evacuated pipe which en- 
closed the collimated beam to within 14 in. of the target. 
The beam passed through a wall of barite-loaded con- 
crete 20 in. thick which shielded the spectrometer from 
the entire synchrotron, and then struck the target 
mounted on the axis of rotation of the spectrometer. 
Finally came the beam monitor. 

The spectrometer used to deflect the mesons into the 
counter system is a 120° double-focusing, »=0.5 magnet 
with a mean radius of curvature of 18 in., radial aperture 
of 5 in., and mean gap spacing of 2.25 in. It is operated 
with the source position at 18 in. normal to the middle 
of the entrance gap, and with the detector plane 24.5 in. 
straight back from the entrance gap, and normal to 
the mean exit trajectory. The detection plane is thus 
not in the focal plane of the spectrometer, in fact 
lying somewhat within it for all but the lowest 
momentum particles. This configuration was chosen in 
order to make pion range measurements possible, to 
reduce and simplify decay-in-flight and multiple-scatter- 
ing corrections, and to reduce the physical size of the 
counters. 

In this geometry, the resolution of each of the five 
defining counters is about 5% in momentum, The reso- 
lution of the whole system (corresponding to lumping 
the counts from all five momentum channels) is shown 
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Fic. 2. Magnetic spectrometer resolution function. 
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in Fig. 2. This resolution function includes effects of the 
finite size of the source and the energy-dependent parts 
of the decay in flight and multiple-scattering corrections 
described below. It has been obtained by numerical 
integration of orbits through the spectrometer, using the 
known magnetic field and a program written for the 
Purdue Burroughs 205 digital computer. There are two 
additional broadenings of the resolution function in this 
experiment which were not included in the figure. One 
is an increase in the full width of about 10% due to 
finite target thickness, and the other is an additional 
increase of less than 10% due to multiple scattering in 
the first two counters in the detection system. 

The angular resolution of the spectrometer in the 
laboratory was constant at +4°, full width at half 
maximum. 

Seven plastic scintillation counters were used to de- 
tect the x mesons. For meson laboratory angles of 35° 
and 73°, two scintillators ({ in. thick) constituted 
counters C1 and C2 which formed a telescope at the 
exit of the spectrometer. Some pulse-height discrimina- 
tion was possible at this point but the primary purpose 
of the telescope was to insure that particles counted in 
the five rear counters (C3—C7) did indeed come through 
the spectrometer. At the backward angle (121° in the 
lab) C1 was removed because the electron background 
was low enough to make it unnecessary and also because 
the w mesons at this angle had quite low energies 
(~22 Mev) which would have been degraded excessively 
in the two-counter telescope. At this angle, nearly all 
mesons were stopped in the rear counters. 

Five energy bins were defined by counters C3-C7 
placed approximately in the focal plane of the spec- 
trometer. Each counter was 34X34} X# in. thick and 
was viewed by an RCA 6810A photomultiplier. A 
block diagram (Fig. 3) depicts the counters and the 
counting electronics schematically. The pulses from the 
anode of each photomultiplier were clipped by a shorted 
stub to 15 musec. Signals from C1 and C2 were then 
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immediately put into a fast coincidence circuit of 12 
musec resolving time. 

Signals from the rear counters, C3 through C7, were 
fed into discriminators D3 through D7. These units were 
voltage discriminators using a pair of EFP-60’s in the 
trigger circuit and providing a fast (15 mysec rise; 
65 mysec wide) standard pulse-out. The fast discrimina- 
tor outputs were each put in coincidence (C123 through 
C127) with the output of the fast C12 coincidence 
circuit except at the backward angle (121° lab) where 
C1 was not used, and C2 took the place of the double- 
coincidence signal C12. 

The resolving times of the C12n circuits were checked 
by varying the length of cable between the rear counters 
and their discriminators and obtaining delay curves. 
The mesons for these measurements came from a Be 
target which was used as a relatively prolific meson 
source for calibration purposes. All scaling channels 
were gated on only during the 1-5 msec bremsstrahlung 
pulse. 

In order to discriminate against electrons in the back 
counters it was necessary to determine the pulse-height 
distribution in these counters. This was done according 
to the scheme shown in Fig. 4. Pulses to be analyzed 
were taken from the last dynode of the desired photo- 
tube, linearly mixed with a gate generated by any de- 
sired combination of pulses, and pulse-height analyzed. 

The most serious problem in the identification of 
mesons concerned the separation of electron and meson 
pulses. This was especially difficult at the forward angle 
(35° lab) where electrons were abundant. There wasa 
pulse-height difference of approximately 50% in the rear 
counters for electrons and pions of mean momentum. 
The finite momentum and pulse-height resolution of the 
spectrometer and the counters, and the Landau tails in 
the energy loss lead one to expect an overlap of the 
electron and pion pulse-height distributions. 

This indeed was the case and the dashed curve in 
Fig. 5 shows the situation for a Be target and rear 
counter C6 with the discriminator D6 set very low. Two 
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Fic. 4. System for measuring pulse height spectra in 
individual counters. 


distinct bumps are evident in the C6 pulse-height dis- 
tribution (a C126 signature is here required to trigger 
the analyzer) and suggest electron and meson groups. 
In order to verify this, runs were also made with a Cd 
target which would produce relatively many electrons 
compared to mesons. Results are shown by the solid 
curve in Fig. 5. As expected, the supposed electron bump 
became quite large compared to the meson bump, but 
the overlap of electron and meson distributions is also 
quite obvious. 

As a further test Lucite absorbers were placed in front 
of the rear counters. As the absorber thickness was in- 
creased the electron peak remained stationary and the 
meson peak shifted toward larger pulse height, again as 
expected, since the electrons of appropriate momentum 
to get through the spectrometer are minimum ionizing. 
This separation was desirable and as a compromise be- 
tween excessive scattering and effective separation of 
electron and meson peaks, absorbers in the neighbor- 
hood of 1-in. thickness were used in front of all the rear 
counters. Figure 6 shows a typical pulse-height distribu- 
tion obtained in the rear counters (C4 in this case) with 
the Lucite absorber in place. In practice, after a distribu- 
tion of this sort had been obtained, the pulse-height 
discriminator for that counter was set so as to exclude 
electron pulses and pass meson pulses. The arrow 
marked “disk set” in Fig. 6 illustrates the discrimination 
level chosen for counter 4. This determination was done 
by eye, and clearly either a few mesons are lost or a few 
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Fic. 6. Pulse height distribution in C4 for a Be target and 
a Lucite absorber placed in front of C4. 


electrons gained, but we feel confident that the worst 
mistake made for meson detection at the forward angle 
(35° lab) was +2% in the number of mesons counted. 
To first order this mistake cancels in measuring the 
nx~/x* yield, since there are equal numbers of electrons 
and positrons, and of course very nearly equal numbers 
of r~ and w+ mesons produced in the target. The abso- 
lute yields of either x~ or x* will, however, carry this 
error in them. The situation at 73° and 121° was better 
because the separation of electron and meson pulse 
heights was greater. The error in the number of mesons 
counted at these angles was less than 1% because of 
this effect. 

Since C1 and C2 were not used with discriminators 
during the 35° and 73° runs it was necessary to set their 
gains by adjusting the phototube high voltage. As ex- 
pected, a fairly large region or plateau was found where 
the rear counter rate was independent of C1 and C2 
high voltages. In order to keep the single rates in C1 and 
C2 low to reduce the chance coincidence rate, C1 and C2 
high voltages were set near the low end of the plateau 
region. At the backward angle (121° lab) only C2 was 
used ahead of the rear counters and it was provided with 
a discriminator for convenience. The appropriate bias 
level was selected in a manner similar to the one de- 
scribed above. 

After pulse-height distributions were obtained for 
each of the rear counters and all bias levels were selected, 
the counting rates in each counter were observed with a 
ThC” source placed in a standard position. During the 
run, the ThC” rates were checked each day and gains 
adjusted if necessary. Also, pulse-height spectra were 
measured for each rear counter several times during the 
experiment as an extra precaution. 

Between data runs, we took background runs by 
measuring the yield without target. Within statistics, 
the background proved to be independent of the charge 
sign of the pion and of peak bremsstrahlung energy. 
We measured also the m~ yield at 73° at various peak 
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TABLE I. Fraction of the mesons counted in the spectrometer, 
which are actually muons, as a function of angle and peak brems- 
strahlung energy. 





6, (lab) 35° 73° 121° 
ko (Mev) 330 218 330 205 330 205 








Fraction 843% 743% 8.543% 643% 843% 1043% 





bremsstrahlung energies with a 2-in.-diam liquid hydro- 
gen target and the a* yield below threshold with the 
same target. Both yields were, within statistics,"the 
same as the background. 


Ill. CORRECTIONS 
A. =~ Stars 


In the measurement at 121° the pions stopped in the 
scintillator or very close to it in the light pipe of a rear 
counter. Stopped negative pions give rise to stars and 
star particles could give a count in a neighboring 
counter. A 1% effect was measured in agreement with a 
theoretical estimate. The x~ yield curve at 121° was 
corrected for this. 


B. Decay in Flight 


In traveling from the target to the rear counters, an 
appreciable number of mesons decayed. This effect was 
calculated and it was found that the fraction of mesons 
which decayed before reaching the rear counters was: 
28% at 35°, 34% at 73°, and 40% at 121°. This is 
partly compensated by the fact that decay muons, when 


TaBLe II. Yield/effective quantum, corrected for decay in 
flight. The uncertainty in this correction, +10%, is not included 
in the quoted uncertainty. The yield of x~ at 121° is also corrected 
for 1% “‘star-counts.” 


ko (Mev) a ™ 





35 35 
326 (1.31 +0.04) x10~° 1.61 +0.05) x10 
312 (1.25 +0.04) x10~° (1.48 +0.05) «10° 
279 (0.98 +0.03) «10-° (1.18 +0.04) «x10~ 
246 (0.68 +0.02) «x10-° (0.73 +0.02) «10 
230 (0.47 +0.018) x10 0.48 +0.02) x10 
218 (0.216+0.009) x 10~° 0.211+0.009) x 10-° 





73° 73 

(1.37 +0.05) x10~ (1.86 +0.05) x10 
(1.21 +0.04) x10~° (1.56 +0.05) x10 
(0.97 +0.04) x10 (1.37 +0.04) «107 
(0.67 +0.02) x10 (0.79 +0.03) «10 
(0.42 +0.02) «10° (0.54 +0.02) x10~ 
(0.25 +0.01) x10 (0.29 +0.01) x10~ 
(0.112+0.008) x 10° (0.101+0.008) x 10-® 


121° 





121° 


(0.82 +0.02) x10 
(0.75 +0.02) x10 
(0.63 +0.02) x10 
(0.422+0.015) x 10~° 
(0.282-+-0.010) x 10- 
(0.180-+0.007) x 10-° 
(0.107-+0.006) x 10-° 


(1.31 +0.04) «x10 
(1.10 +0.03) «x10 
(0.93 +0.03) x10- 
(0.59 +0.02) «k10°° 
(0.436+0.014) x 10~° 
(0.260+0.009) x 10-* 
(0.146+0.008) x 107° 
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going in the proper direction and having the proper 
momentum, will be counted as pions. In order to make 
the appropriate decay-in-flight corrections to the data, 
it is necessary to find how many muons are counted, 
These numbers were calculated using a reasonable in- 
cident pion spectrum” and are given in Table I. The 
meson yields corrected for decay in flight and w~ stars 
are presented in Table IT. 


C. Nuclear Absorption 


To be counted the mesons had to traverse, on the 
average, half of the target thickness, a small amount of 
air and Mylar, and the counters and absorbers placed at 
the exit of the spectrometer. Estimates of the nuclear 
attenuation in the various absorbers and counters and 
in the target have been made for each angle. In the 
target it was assumed that only highly inelastic processes 
would change the net number of pions in the beam; and 
in the counters and absorbers behind the magnet, it was 
assumed that essentially any nuclear scattering would 
prevent the pion from being counted. Appropriate geo- 
metric cross sections were used, and no differentiation 
between positive and negative pion cross sections was 
made. On these assumptions, the pion loss due to 
nuclear scattering was 11% at 35°, 6% at 73°, and 
3% at 121°. 


D. Multiple Scattering Losses 


The large separation between the counters at the exit 
of the spectrometer magnet and the five momentum 
defining counters gave rise to significant multiple scat- 
tering losses. These losses were nearly all in one plane 
and so are readily estimated from multiple scattering 
theory. The loss of particles due to multiple scattering 
was 9% at 35°, and 15% each at the other two angles. 
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Fic. 7. The x~ yield as a function of peak bremsstrahlung energy. 
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Fic. 8. The x* yield as a function of peak bremsstrahlung energy. 


These figures may overestimate the effect by as much as 
30% of the correction because of failure to take pre- 
cisely into account the poorly known angular and spacial 
spread of the meson beam as it entered the counters in 
which it scattered. 


IV. EXPERIMENTAL RESULTS 


The yield per effective quantum for x~ production at 
the three angles, as a function of peak bremsstrahlung 
energy, is plotted in Fig. 7 and for r* in Fig. 8. The 
curves are corrected for background only. From the 
measured w~ and w+ yields, we have calculated the 
a—/x* ratios and plotted them as a function of the peak 
bremsstrahlung energy in Fig. 9. 

The photon-difference method of Leiss and Penfold 
was used to reduce the yield curves as a function of peak 
bremsstrahlung energy to differential cross sections. The 
cross sections obtained are d?o0/dQdT, cm?-sr~-Mev 
as a function of photon energy, and these are shown in 
Figs. 10-12. The spectrometer resolution function has 
not been unfolded from the results—it being rather 
more direct to put the resolution function into the 
theoretical predictions in making the comparison be- 
tween the theory discussed in the subsequent section 
and the results. Errors are not shown in the photon- 
difference results but are discussed below. 

The yield points which were photon-differenced were 
widely spaced, but of quite good statistical accuracy. 
Except near threshold, no strong energy dependence of 
the minus-plus ratio was measured. The resolution func- 
tion of the spectrometer was sufficiently broad so that 
no fine structure in the differential cross section could 
have been measured. Consequently the data were 
treated as follows: The results for positive and negative 
pions were averaged, the yield curve was plotted, then 
differentiated at evenly spaced points. The derivative 
was smoothed by visual fit, and reintegrated to give a 
smooth yield curve. The tables of Leiss and Penfold 
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Fic. 9. The x~/x* ratios as a function of peak bremsstrahlung 
energy for the three angles. 


were then used to perform the photon-differencing 
operation. With such a procedure it is perhaps most 
meaningful to discuss errors in terms of other yield 
curves which could reasonably have been drawn through 
the same data points. Using this criterion, we would 
attach errors of 15-20% to the magnitude of the differ- 
ential cross section in the tail of the curve, and errors 
of 12-15% in the region of the maximum. The peculiar 
curvatures of the 35° and 73° cross sections in the 
neighborhood just beyond the peak of the cross section 
are presumably of statistical origin, and therefore re- 
quire no physical explanation. 

Systematic errors in,beam calibration or any other 
error which varies with peak bremsstrahlung energy can 
give particularly misleading results in the measurement 
of slowly varying tails such as those in the differential 
cross sections deduced from the data of this experiment. 


TaBLE III. The efficiency ¢, for x* production per proton in 
carbon compared to production from free protons. 


ko (Mev) 


0, (lab) € 





0.077+0.007 
0.104+0.007 
0.16 +0.01 
0.25 +0.02 
0.35 +0.02 
0.36 +0.04 
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TaBLeE IV. The x~/x* comparison with other experiments. 


Mean 
Refer- ko Angle 4 
ence (Mev) (lab) (Mev) 
330 26° 
310 30° 54 
wo iF 70 
335 90° 30-150 
335 90° 56 
330 90° 
320 890° 
310 90° 
310 90 
330 «135 
310 135° 
310 180 
310 180° 


Method a /x* 


0340.25 
.22+0.07 
.34+0.20 
7 +0.2 

30+0,.12 
4340.13 
.27+0.06 
.22+0.07 
18+0.08 
.34+0.20 
06+0.02 
1.26+0.10 
1.18+0.13 


Emulsions 
Magnet and counters 
Emulsions 
Emulsions 
Emulsions 
Emulsions 
Magnet and vel. sel. 
Magnet and counters 
Magnet and counters 
Emulsions 
Magnet and counters 
Magnet and counters 
Magnet and counters 
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Two such effects are present in these measurements: 
pole-face scattering, and muon contamination. We esti- 
mate that the systematic errors from improper calcula- 
tion of the muon contamination, from pole-face scatter- 
ing, and from beam calibration inaccuracies do not vary 
by as much as 5% from 200 to 330 Mev peak brems- 
strahlung energy. A uniformly varying 5% systematic 
error (i.e., an error that is O% at 200 Mev, rising linearly 
to 5% at 330 Mev peak bremsstrahlung energy) would 
change the magnitude of the high-energy tail of the 
differential cross-section by only about 15%. 

A somewhat interesting comparison between 2* pro- 
duction from carbon and hydrogen can be made by 
evaluating the relative efficiency ¢, for production per 
proton in carbon compared to production from a free 
proton. Table III gives this efficiency as a function of 
peak bremsstrahlung energy for two laboratory angles. 
The hydrogen data at 73° was obtained with a liquid- 
hydrogen target at this laboratory and a CH; target and 
a subtraction method were used for the 121° data. 


V. DISCUSSION OF RESULTS 
A. The Minus-Plus Ratio 


In Fig. 9 it can be noted that the minus-plus ratio 
rises with peak bremsstrahlung energy and with labora- 
tory angle. 
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Fic. 10. Differential cross section for x* and z~ production 
from carbon at 35° as a function of photon energy. 
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Fic. 11. Differential cross section for «* and x~ production 
from carbon at 73° as a function of photon energy. 


The dependence on peak bremsstrahlung energy is 
what one expects from the difference in thresholds for 
production of positive and negative pions at the energies 
and angles observed. The mass difference between B™” 
and N™, the energetically least expensive final states in 
charged photoproduction from carbon, is about 4.2 Mev. 
A shift of the yield curves relative to each other along 
the peak bremsstrahlung energy axis by the difference 
in masses is sufficient to remove most of the variation 
with respect to peak bremsstrahlung energy. Coulomb 
effects are relatively unimportant at the pion energies 
observed. These would tend to affect the absolute mag- 
nitude of the minus-plus ratio, rather than its depend- 
ence on peak bremsstrahlung energy, since the Coulomb 
interactions are primarily with the residual nucleus, the 
relative momentum of which should change only 
gradually with photon energy. 

The angular dependence of the minus-plus ratio is 
similar to that observed in photoproduction from deu- 
terium, namely, that which would approximately be 
anticipated from free nucleons. That this free-nucleon 
minus-plus ratio is qualitatively maintained is consistent 
with the results of the model calculation in the next 
paragraphs, and gives confidence to calculations of 
meson-production from nuclei in which the meson pro- 
duction from free nucleons is used as the starting point. 
A comparison with minus-plus ratios obtained in other 
experiments” is made in Table IV. 


B. The Differential Cross Section 


The theoretical approach of Lax and Feshbach* was 
used in an attempt to fit the dependence of the differen- 


13 FE. M. McMillan, J. M. Peterson, and R. S. White, Science 
110, 579 (1950). 

4B. F. Feld, D. H. Frisch, I. L. Lebow, L. S. Osborne, and 
J. S. Clark, Phys. Rev. 85, 680 (1952). 

15 R. M. Littauer and D. Walker, Phys. Rev. 86, 838 (1952). 

16 J. E. Carothers, Phys. Rev. 92, 538(A) (1953). 

17 P. D. Luckey, Phys. Rev. 97, 469 (1955). 
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tial cross sections on photon energy. Their explanation 
is based entirely on a model of photoproduction from a 
single nucleon. The initial momentum vector of this 
nucleus is allowed to vary because of the internal mo- 
mentum distribution within the target nucleus. Energy 
and momentum are still conserved in this theory of the 
production process, The known resolution function of 
the detection apparatus of this experiment was folded 
into the results of Lax-Feshbach type calculations for 
the angles and energies of pions measured. The mo- 
mentum distribution used was the same as that in their 
original paper, namely V(p)dp = p*(a?+ p*)*dp, where 
p is the nucleon momentum, and @ was chosen as 185 
Mev/c. The theoretical curves are shown with the ex- 
perimental results in Figs. 10-12. The theoretical curves 
were normalized to the peak of the experimental curves, 
but were in no other way adjusted. 

The agreement between the experiment and the pre- 
dictions of the simple model are good. The principal 
disagreement is in the rate of decrease of the differential 
cross section at high photon energies. Although the 
errors in the photon-differencing of the experimental 
results are large, they are not sufficient to explain the 
consistently high value of the experimental results. 
Furthermore, the power-law behavior of the theoretical 
momentum spectrum used in the calculation would tend 
to overestimate the high-momentum part of the internal 
nucleon momentum distribution, and would conse- 
quently overestimate the cross section at high photon 
energies. Therefore this disagreement is real. We believe 
this tail is a contribution of two-step processes not in- 
cluded in the model of Lax and Feshbach: The high- 
energy photon produces a high-energy meson which 
scatters (internally in the parent nucleus) into the pion 
energy and angular bin in which we are counting. This 
scattering inherently prevents measurement of the in- 
ternal momentum distribution of nucleons in a nucleus 
by photoproduction experiments of the type presented 
here. 

It should be added that the differential cross section 
shows no evidence for processes in which the final 
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ic. 12. Differential cross section for x* and #~ production 
from carbon at 121° as a function of photon energy. 
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nucleus is either B” or N™ in a particle-stable state. ACKNOWLEDGMENTS 
(These reactions are kinematically distinguishable, and We wish to recognize here the assistance of Professor 
H. R. Fechter in several phases of the experiment. 
Mr. R. Fessel developed much of the electronics used 
and aided in numerous other ways. Mr. D. Johnson and 
the synchrotron crew provided steady beams and 
assisted in taking data. 


would lead to a bump on the rising edge of the differen- 
tial cross-sections in Figs. 10-12). From the data we can 
say that these processes therefore amount to less than 
about 10% of the total pion photoproduction cross- 
section from carbon at 200 Mev photon energy. 
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Comparison of the Scattering of Positrons and Electrons from 
Nuclear Charge Distributions* 
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Elastic scattering cross sections of 183-Mev positrons and electrons are calculated for various charge 
distributions of the Ca and Au nuclei. It is shown that the combined use of positron and electron scattering 
measurements can lead to a determination of the nuclear charge distribution which is more accurate than 
that derived from either one of the scattering cross sections when used by itself. The scattered particles 
obey Dirac’s equation and the nuclei are assumed to be static spherically symmetric charge distributions, 


whose radial dependence is given in terms of a three-parameter family of curves. 


I. INTRODUCTION 


GREAT deal of information concerning the de- 
pendence of nuclear charge density on radial 
distance has been achieved in the last years,' in particu- 
lar by the high-energy electron scattering experiments.’ 
The charge density is determined with highest accuracy 
at the nuclear surface, near the “halfway point,” a 
certain amount of ambiguity still remaining at the 
central and tail regions. Positrons may prove useful in 
resolving such uncertainties because, due to repulsion 
rather than attraction of the wave function from the 
center of the nucleus, the different regions of the nuclear 
charge distribution should affect the cross section with 
weights differing from those in the case of electrons.* 
This work is an attempt to establish the nature and 
extent of such positron-electron differences in a rough 
exploratory fashion. Cross sections of positrons and 
electrons scattered by nuclei having various spherical 
charge distributions are calculated numerically. The 
radial dependence of the nuclear charge distributions 
considered in this work is given in terms of three 


* This research was supported by the U. S. Air Force under a 
contract monitored by the Air Force Office of Scientific Research 
of the Air Research and Development Command. 

1K. W. Ford and D. L. Hill, Ann. Rev. Nuclear Sci. 5, 25 (1955). 

2 R. Hofstadter, Ann. Rev. Nuclear Sci. 7, 231 (1957). 

3 The authors are indebted to Professor G. Breit for bringing 
this point to their attention. Compare also with footnote 12. 


parameters and can be made to vary continuously from 
a “wine-bottle” to a Woods-Saxon form. The effect on 
the electron scattering cross section produced by a 
change in the form of the nuclear charge distribution is 
compared to the corresponding effect on the positron 
cross section. Conclusions are drawn regarding the re- 
duction of the inaccuracy in the determination of the 
charge distribution from the combined e* and e~ scatter- 
ing experiments and analyses. Incidentally, refinement 
of this type of investigation might ultimately permit 
the detection of effects which are usually neglected in 
the calculations, for instance, the deformation from 
sphericity which could occur during the scattering. 

In Sec. III a comparison between the electron and 
positron cross sections is made for four shapes of the 
charge distribution of Ca. Two of the charge distribu- 
tions (WB-1 and WB-2) have various central wine- 
bottle-like depressions, and are intended to furnish a 
comparison of sensitivity of electron and positron scat- 
tering to the internal regions of the nucleus. The two 
other charge distributions (WS-1 and WS-2) have no 
central depression but differ instead by 6% in their 
surface thickness. The nucleus chosen is Ca because in 
this case the numerical inaccuracies in the cross section 
are estimated to be small compared to the effect due to 
the changes of the charge distribution. 

Two other charge distributions are considered for the 
nucleus of Au. The effects are sizable in this case, but 
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the accuracy of the calculation, as discussed in Sec. IV, 
is smaller than in the case of Ca. A list of some of the 
notations used in what follows is given below. 


x= p/h, where h% is Planck’s constant divided by 2z, 
and p the momentum of the incident particle. 

x=«r, where r is the radial distance from the center of 
the nucleus. 

Xo9=«xro, the matching radius. 

Za=+Ze*/hc. The upper sign refers to electrons, the 
lower one to positrons. The atomic number of target 
nucleus is Z. 

8=v/c, where v is the velocity of the incident particle. 

n=—a/B. 

k=eigenvalue of angular momentum operator 
ps. L-@+-1] as defined for instance in the work cited 
in footnote 10. The values are +1, +2, etc. 

R and TJ superscripts denote quantities occurring in the 
calculation of the regular and irregular Coulomb 
wave functions. 

G;.(x) and F;.(x) are nuclear wave functions defined in 
Eqs. (A1) and (A2) of the Appendix. 

5, are the nuclear phase shifts defined in Eq. (A3’). 

z, c, and w are the three parameters which determine 
the shape of the nuclear charge distribution as given 
by Eq. (1). 

WS denotes a charge distribution of Woods-Saxon form, 
given by Eq. (1) with w=0. 

WB denotes a charge distribution of a wine-bottle form, 
given by Eq. (1) when w¥0. 


Il. METHOD 


Since analytic approximations are unreliable in the 
high-energy region for nuclei of large atomic number Z, 
the work is carried out numerically in a similar spirit 
to that of Hahn, Ravenhall, and Hofstadter.! The 
potential responsible for the scattering is assumed to be 
due to a static spherical nuclear charge distribution. 
Effects due to recoil, inelasticity, and deformation from 
sphericity are neglected in this work. The calculations 
have been performed on an IBM 650 calculator employ- 
ing a modification of a program used previously for 
obtaining u meson cross sections and polarizations.° The 
method is very similar to the one used by Yennie, 
Ravenhall, and Wilson® and involves numerically inte- 
grating the electron or positron wave function from the 
origin to a point %» outside the nucleus.’ The phase 
shifts are obtained by matching the wave functions to 
the regular and irregular Coulomb wave functions calcu- 
lated at a» by series expansion. Additional details are 
contained in the work on yu scattering’ which will be 
denoted here as I for further references. 


4B. Hahn, D. G. Ravenhall, and R. Hofstadter, Phys. Rev. 
101, 1131 (1956). 

5G. H. Rawitscher, Phys. Rev. 112, 1274 (1958). 

6D. R. Yennie, D. G. Ravenhall, and R. N. Wilson, Phys. Rev. 
95, 500 (1954). 

7 A list of notations and definitions is given at the end of Sec. I. 
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The three-parameter charge distribution p(r) has 
the form® 


p(r)=po(1+wr?/c?)/{1+-expl(r—c)/z]}, (1) 


where ¢ and g are constants which determine the 
halfway radius and the surface thickness, respectively, 
po is a suitable normalization constant such that 
4x Si*p(r)r’'dr=Ze, and w is a third parameter which, 
when different from zero, produces the “wine-bottle”- 
like central depression. It should be kept in. mind that 
w in addition increases the value of the charge distribu- 
tion in the surface region, as becomes apparent in Fig. 6 
of Hahn et al.‘ or Fig. 3 of this paper. In the case of 
w=0, the surface thickness ¢, as described by Hof- 
stadter,? is equal to 4.40z, and the halfway radius is 
given by c. It is also customary to define co by the 
relation c= cA}. 

The choice of the parameters c, z, and w for the 
cases I to IV presented in Sec. III is suggested by the 
following considerations. 

In the determination of the nuclear charge distribu- 
tion from the experimental scattering cross sections, the 
procedure is as follows: A family of radial shapes for 
the charge distribution is chosen as a function of a 
number of parameters. Each point in the space of the 
parameters determines a particular form for the charge 
distribution and a corresponding theoretical scattering 
cross section. On account of the experimental error in 
the cross section, the form of the charge distribution 
cannot be determined uniquely, giving rise to an “un- 
certainty region” in the space of the parameters which 
surrounds the point corresponding to the best fit. That 
the uncertainty region can be rather extended has beer 
shown by the three-parameter investigation of Hahn 
el al. for the case of 183-Mev electrons scattering on 
Au, as will be described below. 

If positron scattering were simultaneously available, 
then an additional positron uncertainty region could be 
established in the space of the charge distribution 
parameters, and the intersection of the two regions 
would determine the final uncertainty in the charge dis- 
tribution. The degree of usefulness of employing posi- 
trons in addition to electrons can, therefore, be ascer- 
tained from a study of the nature of the overlap of the 
two regions of uncertainty. 

The various choices of shapes of nuclear charge dis- 
tributions which have been tried in connection with 
electron scattering have shown® that the charge dis- 
tribution is determined with greatest accuracy in the 
surface region. In the case of positron scattering, the 
repulsive nature of the Coulomb interaction leads one 
to expect that the charge distribution is determined 
with greatest accuracy in a region somewhat further 


8 This form was first introduced in the work cited in footnote 4, 
Eq. (8), where it is denoted by “shape (8)” or 3-parameter. In 
the present paper this nuclear distribution will be denoted by 
WB whenever w+0 and WS otherwise. The latter is denoted by 
EXT in the work cited in footnote 5. 
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Fic. 1. Comparison of scattering cross sections for various 
radial nuclear charge distributions. The first pair of curves shows 
the scattering of 183 Mev positrons on gold. The form of the nu- 
clear charge distribution is given in Eq. (1), text. The values of 
the parameters are taken from the work cited in footnote 4, 
Table I. For the curve labeled WS the parameters are c=6.38, 
z=0.535, w=0; for the curve labeled WB they are c=6.07, 
z=0.613, and w=0.64. The corresponding electron cross sections 
are plotted in Fig. 3 of the reference cited in footnote 4, and the 
nuclear charge distributions are shown in Fig. 6 of the same refer- 
ence. Numerical uncertainties in the theoretical values are indi- 
cated in Fig. 2, where the comparison to the corresponding 
electron cross section is also illustrated. The other two pairs of 
curves illustrate the 183-Mev electron and positron cross sections 
for Ca calculated in connection with case II. The comparison of 
the cross sections is shown in Fig. 4, where an estimate of the theo- 
retical accuracy is also given. The nuclear charge distributions 
corresponding to the curves labeled WB-1 and WS-1 are defined 
in Table I. The dependence of the nuclear charge distribution on 
the radial distance resembles either a Woods-Saxon shape (WS) 
or a wine bottle shape (WB). 


removed from the center than in the case of electron 
scattering at the same energy. This expected difference 
is kept in mind in the present comparison of the electron 
and positron shape-parameter uncertainty regions, es- 
pecially for the nuclear surface parameters. 

The cases described in Sec. III are intended to throw 
light on the differences in the positron and electron 
uncertainty regions in the space of the shape parameters. 
In particular, cases I and II show that the wine bottle 
Woods-Saxon ambiguity described by Hahn ef al.* which 
arises in electron scattering can be reduced by the 
measurement of positron scattering. Cases III and IV 
explore the difference of the sensitivity of positrons and 
electrons to a change in the nuclear surface and interior 
regions, respectively. 


Ill. CALCULATION 


Case I is an extension to positrons of the comparison 


between wine bottle (WB) and Woods-Saxon (WS) 
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shapes carried out by Hahn e/ al.‘ for 183 Mev electrons 
scattered by gold. The values of the nuclear shape 
parameters are taken from Table I of their paper* and 
listed in the caption of Fig. 1. The positron cross sections 
are shown in Fig. 1. Figure 2 gives the ratio of the 
electron cross sections corresponding to the two nuclear 
distributions as well as the ratio for the corresponding 
positron cross sections. Comparison of the two ratios 
shows a large difference, mainly in the backward direc- 
tion. However, the result should only be taken as a 
qualitative indication of the relative merits of the two 
particles in view of the numerical uncertainties attached 
to this particular case. An estimate of these inaccuracies 
is contained in Sec. IV. All cross-section ratios contained 
in the shaded area of Fig. 3 have an uncertainty larger 
than the value of the ratio itself. Cross section ratios 
at a given angle which are not contained within the 
shaded area have a numerical uncertainty less than the 
value indicated by the upper and lower borders of the 
shaded area at the same angle. 

The calculations to be described next refer to 183-Mev 
electrons and positrons scattered by Ca®. In these cases 
the accuracy is better than for the case of Au because 
of the smaller value of the matching radius x». This 
point will be discussed in Sec. IV. On the other hand, 
due to the smaller values of Z and x, the differences 
between the cross sections corresponding to the various 
nuclear charge distributions are also less pronounced. # 

Case II, an extension of case I to the nucleus of Ca, 
is intended to compare the effectiveness of positrons 
and electrons in resolving a WS-WB ambiguity. The 
values of c and z for the Woods-Saxon shape, labeled 
WS-1, are equal to the ones derived from the electron 
scattering experiments.’ For the wine-bottle-like dis- 
tribution, denoted by WB-1, the value of w is taken 
arbitrarily equal to 0.64, and the values of c and z are 
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Fic. 2. Comparison of the sensitivity of 183-Mev electron and 
positron differential scattering cross sections to a change in the 
radial charge distribution of the Au nucleus. The two distributions 
are the WB (wine bottle) and WS (Woods-Saxon) defined in the 
caption to Fig. 1, and described as case I in the text. The ratio of 
the WS to the WB cross sections is shown by the dashed curve for 
positrons and by the solid line for electrons. The shaded area shows 
an estimate of the numerical uncertainty of the cross section 
ratios as described in the text. 
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Taste I. Charge distribution parameters for the nucleus of 
Ca used for cases IT, IfI, and IV. The parameters are defined in 
connection with Eq. (1). 





Shape w c z Co 


3.625 
3.625 
3.336 
3.129 


WS-1 0 
WS-2 0 
WB-1 
WB-2 





0.568 
0.602 
0.560 
0.570 


1.060 
1.060 
0.976 
0.915 


2.500 
2.650 
2.464 
2.510 





chosen by analogy to the Au case such that the resulting 
electron cross section is reasonably close to the WS 
electron cross section. The values of the parameters 
which define the various charge distributions used for 
cases II-IV are listed in Table I. In Fig. 3 the nuclear 
charge distributions for case II are compared. The 
values of the cross section have already been presented 
in Fig. 1, and in Fig. 4 their ratios are compared. The 
shaded area shows the limits of the uncertainty factor 
up to which the cross section ratios are determined as 
explained in connection to case I. Comparison of the re- 
sults shows that positrons are more sensitive than elec- 
trons to the change of nuclear charge distribution, the 
difference in the ratios of cross sections being about a 
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Fic. 3. Charge distributions p(r) vs r used in the calculation of 
cases II to IV. The normalization is such that f%* r°pdr is the 
same for all charge distributions. The various distributions are 
defined by Eq. (1) with the parameters given in Table I. Differ- 
ences between the charge distributions for large r are too small to 
be apparent from the plot of p(r) vs r. These differences are illus- 
trated in the lower part of the figure by means of plots of the differ- 
ence for two distributions of the charge fo" rpdr’ contained 
within the radius r. The ordinate is in arbitrary units. 
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Fic. 4. Comparison of 183-Mev electron and positron cross 
sections for two nuclear charge distributions of Ca. The distribu- 
tions are WS-1 and WB-1 defined in Table I and discussed as 
case II in the text. The ordinate shows the ratio of the cross 
sections ows-i/ows-1, the solid curve referring to electrons, the 
dotted one to positrons. The two curves permit a comparison of the 
effect on the cross section of a change in the nuclear charge dis- 
tribution from WS-1 to WB-1, both for electrons and for posi- 
trons. The cross section ratios are calculated at the angles 30°, 
45°, etc. up to 150° and connected by straight lines. The circles 
and squares are the results of accuracy tests A and B, respectively, 
described in Sec. IV. The shaded area indicates an upper limit to 
the numerical uncertainties, as described in the text. 


factor of 1.8 near the region of the diffraction dip.® From 
the WS-WB comparisons of cases I and II it cannot be 
concluded that positrons are better probes of the nuclear 
interior than electrons are. The reason is that the WS 
charge distribution differs from that for WB in the sur- 
face region as well as inside, as can be seen from the plot 
of r°p(r) versus r in Fig. 6 of Hahn ef al.‘ or from the 
lower half of Fig. 3 of this paper. This observation pro- 
vides the motivation for the work on case III described 
below. The lower part of Fig. 3 shows differences of the 
charge contained within the distance r for the various 
forms of the charge distributions used in the calculations 
of cases II to IV. The curves are helpful in the compari- 
son of the small charge distribution differences at large 
distances, and in addition illustrate a quantity of physi- 
cal interest which is the charge. For comparison, the 
quantity which enters the calculation of the potential 
at distance R is 


R a 
(1/R) f rodr+ f rpdr, 
0 R 


showing that p(r) does not enter the calculations 
directly. 

Case III. The effect of a 6% change in the surface 
thickness ¢ on the cross section for a WS nuclear shape 
is shown in Fig. 5. The more diffuse shape is denoted by 
WS-2. The dotted curve represents the ratio of the cross 
sections for positrons, the dash dot curve refers to elec- 
trons. With the exception of the point at 165°, the posi- 


® A more accurate search for the WB shape parameters such that 
the WS and WB electron cross section difference is minimized 
does not seem warranted in the present preliminary investigation. 
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Fic. 5. Comparison of the effect on the scattering cross section 
of a change in the interior region of the nuclear charge distribution 
of Ca to a change at the surface. The upper two curves show the 
ratio of the cross sections for two WS charge distributions which 
differ by 6% in the surface thickness, described as case III in the 
text, and defined in Table I. Here the ordinate o;/o2 represents 
the ratio cws_1/ows—2, where WS-2 has the larger surface thick- 
ness. The dotted line is for positrons, the dot dash curve corre- 
sponds to electrons. The lower two curves, described in the text as 
case IV, correspond to a change of the interior of the nucleus. In 
this case the ordinate o/o2 represents the ratio of the differential 
cross sections for charge distributions WB-1 and WB-2, defined in 
Table I and illustrated in Fig. 3. The dashed curve is for positrons, 
the solid line refers to electrons. The cross section ratios are calcu- 
lated at the angles 30°, 45°, etc., and connected by straight lines. 
The circles represent the results of the numerical uncertainty 
test A described in Sec. IV. 


tron cross sections appear to be more affected by the 
nuclear surface change than the electron cross sections. 

For case IV a distribution WB-2 is selected which 
differs from WB-1 mainly in the central nuclear region, 
as is illustrated in Fig. 3. The ratios for the two dis- 
tributions of the positron and electron cross sections are 
illustrated in Fig. 5. Comparison of the two ratios shows 
that a change from WB-1 to WB-2 in the nuclear charge 
distribution changes the electron cross section at least 
as much as it does the positron cross section, It is very 
likely that electrons are more effective than positrons in 
“seeing” the inside of the nucleus. This conclusion, 
although suggested by the results of case IV, is not 
definitely shown here because of the lack of accuracy 
of these results. 


IV. ACCURACY ESTIMATES 


The numerical errors in the calculation of the Cou- 
lomb and nuclear wave functions at the matching point 
will be investigated in some detail in this section. The 
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accuracy of the wave function determines to a large 
extent the accuracy of the nuclear phase shift and hence 
that of the cross section, as discussed in the following. 

Outside of the nuclear region the potential is Coulomb 
and the nuclear radial wave functions'® G; and F, can 
be expressed as linear combinations of the regular and 
irregular Coulomb wave functions through the relations’ 


Gir=C.Gi.®+D.G;!, 
F,=Cy.F.P+D.F;!. 


The functions G, F, G*, F®, G’, and F’ are defined in 
Eqs. (A1) to (A5) of the Appendix, where a connection 
to the quantities numerically calculated is also given. 
The point beyond which the charge distribution is 
neglected in the numerical calculations is denoted by 
xo and will be referred to as the matching point. For 
each k the effects of the nuclear charge distribution 
enters the calculation of the nuclear phase shift 6, only 
through the ratio D;/C;, as is shown by Eq. (A15). The 
calculation of D;/C, in terms of the radial wave func- 
tions involves the combination 


(2) 


Gy? — Fy.” (Gi/F x) 


as can be seen for instance from Eq. (9A) of I.5 For a 
given accuracy in the radial wave functions the accuracy 
obtained for the nuclear phase shift depends on the 
degree of cancellation between the two terms in ex- 
pression (3)." 

An indication of the cancellation per unit nuclear 
phase shift can be obtained from the quantity 


G®— FR(G/F) 
—_—_—_—_——_—_—_——_/[tan(o”+6)—tan(o”)]=Q. (4) 
3LG®+F*® (G/F) | 


Here the subscripts k have been suppressed. For the 
calculations of cases II to IV, x» was near 7.7 and near 
8.7 for test case B. The values & in these calculations, 
for which the nuclear phase shift is nonnegligible, run 
from +1 to +8. For & larger than 4 the nuclear phase 
shift is less than 10~-* rad. Values of Q as a function of 
xo have been obtained for the sample cases k= +1 and 
k=+6 for 183 Mev electrons and positrons scattering 
on form WS-1 of Ca. Use was made of expression 
(A14) which is a good approximation to Q in this case. 
For k= +1, Q is above 2 in the vicinity of x9»=8 for 
both electrons and positrons. For k= +6, Q goes through 
a minimum near #»= 7.8, where its value is close to 0.7. 
No particularly troublesome cancellations are, therefore, 
to be expected in the calculations, other than the can- 
cellations which naturally occur whenever the nuclear 
phase shifts are small. For example, for a nuclear phase 
shift 5, of 10-* rad, the cancellation in the expression (3) 

10 G. Breit and G. E. Brown, Phys. Rev. 76, 1307 (1949). 

11 The additional quantity (G/F) F!—G/ enters in the calculation 
of D;/Cx in terms of the wave functions. For the case of interest, 
for which the nuclear phase shift is small, cancellations in the 
above quantity are small compared to the cancellation in expres- 
sion (3) and will not be considered here. 
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will occur in the first two significant figures, indicating 
that an accuracy of better than 0.1% is required in the 
knowledge of the wave functions in order to obtain an 
accuracy of 10% for the nuclear phase shift. 

The Coulomb wave functions are calculated at the 
matching point by a power series expansion in x9, using 
the expression (11A) of I.5 Since the coefficients in the 
expansion are related by recurrence relations, numerical 
errors can accumulate and increase as the number of 
terms in the summation increases, as is the case when 
the value of x» increases. 

Two tests have been performed in order to estimate 
the accuracy in the calculations of the cross sections of 
cases II and IV. Both tests have been done for 183 Mev 
electrons and the WS-1 charge distribution of the nu- 
cleus of Ca, The matching point for this case has a value 
close to 7.70. 

In test A the precision of the Coulomb and nuclear 
wave functions is estimated, and the resulting precision 
in the differential cross section is calculated. The pro- 
cedure is as follows. Electron regular and irregular 
Coulomb wave functions are computed by series expan- 
sion at x close to 1.7, where the accuracy is expected to 
be better than at 7.7 on account of the smaller number 
of terms required in the expansion. If these wave func- 
tions were now numerically integrated out to xo=7.7 
and then compared to the Coulomb wave functions 
calculated by series expansion at that point, an estimate 
of the error would be obtained. However, in order to 
avoid possible initial condition errors due to the in- 
creasing or decreasing nature of the particular regular 
and irregular Coulomb wave functions in the interval 
1.7<x<7.7, a combination of these functions is utilized 
instead. The combinations are of the type indicated by 
Eq. (2), with the coefficients C;, and D; taken equal to 
those occurring in the calculation of case II, electrons, 
WS-1. The ratio of the wave functions at x=7.7 ob- 
tained in this manner by integration started at 1.7 is 
labeled (G/F)1nt; the corresponding ratio obtained by 
using the same combination of Coulomb wave functions 
calculated by series expansion at *=7.7 is labeled 
(G/F):. The numerical integration is done by the same 
method as the one used in the calculation of the nuclear 
wave functions, as described in I,° and the integration 
interval is varied until the integration error is definitely 
smaller than the difference to be measured. The 
expression 


[(G/F)s— (G/F) rnt_]/ (G/F) int (5) 


is found to be less than 2X10~° for k=+1 and +6, 
indicating that the error in the ratio of Coulomb wave 
functions is less than 10-°%. 

From the variation of the integration interval, the 
error in the nuclear wave function ratios as calculated 
in cases II to IV is estimated to be less than 10% and, 
therefore, each term in the expression (3) should have 
an error of less than 10-°%. For the purpose of test A, 


a change of about 10-°% is deliberately introduced into 
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the regular and irregular Coulomb wave functions at the 
matching point by replacing the sixth, seventh, and 
eighth significant figures by zeros. The cross section 
resulting from these modified wave functions is recalcu- 
lated and the ratio of the cross section thus obtained 
to the original one, 


(da /dQ) vest/ (da /dQ), 


is represented by circles in Figs. 4 and 5. 

In test B the matching point is changed from the 
original value close to 7.7 to the value 8.7, and the cross 
section is recalculated without further alterations, Care 
is taken that all nuclear charge lies within the original 
xo also in this case. The ratio of new to old cross sections 
is shown by the squares in Fig. 4. The merit of this test 
is that no artificial conditions are introduced. On the 
other hand, test B is possibly too severe because of the 
large value of the matching distance which increases the 
error in the Coulomb wave functions to a value greater 
than what it presumably is in the calculations of 
cases II to IV. 

The shaded area shown in Fig. 4 is obtained by 
plotting the inverse of the cross section ratios of tests A 
and B, in addition to the direct ratios, and then drawing 
smooth upper and lower limiting curves. The shaded 
area shown in Fig. 2 is obtained in a similar fashion, 
based on a test A done in this case for 183-Mev electrons 
scattering on the WS distribution of the gold nucleus. 


V. SUMMARY AND CONCLUSIONS 


A comparison between electrons and positrons as tools 
for determining the radial dependence of the nuclear 
charge density has been undertaken by means of a few 
exploratory sample calculations. 

The method consists in varying the shape of the radial 
dependence of the nuclear charge distribution as de- 
termined by three parameters, and numerically calcu- 
lating the scattering cross sections for both positrons 
and electrons for each shape. The nuclei studied are 
Ca® and Au"? at 183-Mev incident energy. 

A comparison of the results indicates that positron 
cross sections are affected differently than electron cross 
sections for a given change in the nuclear charge dis- 
tribution" by as much as a factor of 2 in the case of Au 
and by a factor of about 1.5 in the case of Ca for one of 
the examples studied. Indications exist that positrons 
are more affected than electrons by a change of the 
charge distribution at the nuclear surface. It is felt that 
additional investigation of the difference between elec- 
trons and positrons, as well as » mesons, in their ability 
to serve as nuclear probes, would be warranted. 


12 Equation (A7) of the Appendix expresses the change in phase 
shift produced by a change in potential 7 — V in terms of an inte- 
gral of V—V over the interior of the nucleus. The weighting factor 
is the combination FF+GG which depends on whether the 
potential V is attractive or repulsive. 
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APPENDIX 


The functions"* F,(r) and G;(r) are equal to r times 
the corresponding radial wave functions and satisfy the 
equations, 


(1/he)(E+me?— V )Fx— (d/dr+k/r)G.=0, 


ott A ake (Al) 
(1/hc)(E—mce?— V )G.+ (d/dr—k/r) F.=0, 


where E and m are, respectively, the total energy and 
rest mass of the incident particle, V is the electrostatic 
potential due to the nuclear charge distribution, and k 
is defined at the end of Sec. I. 
The normalization is such that asymptotically 
G.~ sings, 

: ‘ ; ws (A2) 
Fy~[(E—me*)/ (E+ mce*) }} cos¢:, 


where ¢; is defined below. 
In the point nucleus case, V is the Coulomb potential 
and’ 
k>0 
k<0O. 


gn =x—kw/2—n In2x+0;5, a3 
=x—(|k| —1)x/2—n In2x+<¢;5, — 
Here the superscript S stands for either R or J according 
to whether the quantities so labeled refer to the regular 
or irregular Coulomb wave functions, respectively. 
For example, co,” is the relativistic equivalent of the 
quantity o ,, usually denoted as the Coulomb phase 
shift, where L= |k| —1. The right-hand side of Eq. (A6) 
of I® gives an expression for both o,” and o,!, where 
they are denoted by n_,” and n_,!. The irregular 
Coulomb wave function used in this work is defined, in 
analogy to the regular function, in terms of a power 
series expansion given by Eq. (11A) of I° together with 
Eq. (AS) of this paper. As a result, unlike the non- 
relativistic case, o,%/ and o,* do not differ by 2/2. 

In the case that V corresponds to an extended nuclear 
charge distribution, the nuclear wave functions F, and 
G, are regular at the origin and satisfy relations (A1) 
and (A2). In this case the asymptotic phase ¢, differs 
from ¢;” by the nuclear phase shift 5, 


Gr gee +x. (A3’) 


The functions F, and G;, are related to the functions 


8 The notation and use of the wave functions is along the lines 
of the work cited in footnote 10. The authors are grateful to 
Professor G. Breit for pointing out to them a simplification in the 
original proof of Eqs. (A6) and (A7). 


AnD ©.°-R. FPISCRER 


$_, and G_; of I° by the equations“ 


Gi=[(E/me)+1}'¢-», (Ad) 

F,= —[(E mc*)—1 |'F_x. 
The nuclear wave functions G, and &, are calculated 
by means of numerical integration of Eqs. (2A) of L.° 
The Coulomb wave functions S;’", S.’/, F,/* and 
$x’! of I are the quantities numerically calculated by 
series expansion. They are related to the unprimed 
quantities by the expressions 


GyS=[(E/me?) +1} AN Sx" G,’S, z 
7 x = 18 (AS) 
F.S5=((E mc*)+1 }-§N B>x0?™) Fy S. 


Here the superscript S stands for either R or J and 


s(k)=+(k?—Z'a?)!, 

the + and — signs corresponding, respectively, to the 
regular and irregular cases. The normalization coeffi- 
cients NV; are given by Eq. (13A) of I.° The definition 
of G and F used in this work, Eqs. (A1) and (A2), is 
along the lines of Breit and Brown," lends itself better 
for the passage to the nonrelativistic case, and is more 
useful for the derivations to be given below. The mass, 
although negligible for the application to positrons and 
electrons, is kept in the formulas for the sake of 
completeness. 

It will now be shown how 


G,!F RW —G,F Ft =[ (E—me)/(E+me) }! 


<sin(o.J—oa,”), (A6) 


sin(5,—5,) =—— [( iD + mc- ) pr 2 ] 


x 


x f (G,.G.+F,.F.)(V—V)dx, (A7) 


can be derived. These relations have been found useful 
in checking the numerical work and also as partial indi- 
cators of the accuracy of the numerical methods used. 
Here G, and F, are defined by Eqs. (A1) and (A2), 
with the potential given by V, while the potential corre- 
sponding to G, and F; is V. By defining the column 


vectors e 
F, F, 

«({). © (Q)) 
Gi Gy 


(A8) 


44 A misprint occurred in Eqs. (1A) of I. The correct relations are 


Gy=r"(E+1)9G;, 
Fy=r™(E—1)*F x. 


The function G and F of I should not be confused with the func- 
tions denoted by the same symbols in the present work. In addi- 
tion, the quantity y1n2x should be added to the expression in 
square brackets of Eqs. (4A) of I. 





SCATTERING OF 


and the matrices 


—k/r ) 
(1/h)(p—mce) 


- c h)(p+mce) 


—k/r 
(A9) 


0 —-!1 1 0 
gh ce 
1 0 ae | 


where p=(E—V)/c and p= (E—V)/c, the Eqs. (A1) 
can be written 
(P+ d/dr)x=0, 


x’ PT+ (d/dr)x7 e7 =0, 


(A10) 
(A11) 


where the superscript 7 indicates transposition. By 
multiplying Eq. (A10) on the left by x7 and Eq. (A11) 
on the right by x, subtracting, and remembering that 


e’ = —e, one obtains 


d(x? ex)/dr=x" (P—P*)x. (A12) 


If V=V and E=E, then P= P= P’ and the right-hand 
side of Eq. (A12) vanishes. The left-hand side is the 
derivative of G.F.—FG:, which, therefore, is a con- 
stant. By specializing to the Coulomb case, referring to 
regular and irregular wave functions by symbols without 
and with bars, respectively, and by making use of the 
asymptotic relations (A2) and (A3), Eq. (A6) is 
obtained. 
If V¥V and E=E, then 


PT— P=(1/h)(—V+V)I. 
By integrating both sides of Eq. (A12) over dx from 
0 to ©, one obtains 


| a 


(GF .— F.G,) 


10 


es tas (1/p0) f (FPF. +G.G,)(V —V)dx. 
0 
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The left-hand side vanishes at x=0, and making use of 
Eqs. (A2), (A3) and (A3’) at x= ~, relation (A7) re- 
sults. For computational purposes, a useful form of 
Eq. (A6) in terms of the functions ¥,’5, G,’5 defined 


by the relations (A5) is the following: 


> Rae?! "Ie! 
Ge? Ft — Gi FS,” 


= —2(k®— Za") nf (1—8)!+-1]/(Z%a”). (A113) 
An approximate expression for Q, defined in Eq. (4) of 
the text, is as follows 


Qe —3(G.F P 

X [ (E+ mce*?)'(E—me?)-F .® }" cos’a®, (A114) 
For simplicity the indices & are left out in what follows. 
To prove the result, use is made of the relation 


tan(o”+-6)—tano* 


D/C sin(o7—o*) 


= — , (A15) 
1+ (D/C) (cose!/cose®) 


cos’a® 


which is equivalent to Eq. (5A) of I.5 Making use of 
relation (2), one finds 


G®—F®(G/F) GRFI— FRG! 


In the cases discussed in the text and where the can- 
cellations in expression 3 are of importance, 6 and hence 
D/C is small compared to 1, and G*F!'+G’F®* can be 
neglected with respect to the term in C/D. Neglecting, 
in addition, the term in D/C in the denominator of the 
right hand side of Eq. (A15) and making use of expres- 
sion (A6), the result (A14) follows. In case of zeros in 
either G* or F*, the approximations leading to Eq. 
(A14) are not valid. 
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The Dy nature of the second resonance in neutral single pion photoproduction, y+) — p+ 


, Suggested 


by Peierls, has been confirmed by additional experimental observations of the polarization of the recoil 
proton over a range of photon energies. The photon energy dependence of the polarization at 90° c.m. is 


in substantial disagreement with alternative models suggested by Stoppini and Pellegrini, 


and Landovitz 


and Marshall if the observed angular distributions are also considered. An experimental method using nuclear 
emulsion as scatterer-detector, in conjunction with a magnetic spectrometer, is shown to have both good 


energy resolution and reasonable counting rate. 





TEIN has shown that the recoil proton in the process 
y+p— 7°+> has a large polarization at 90° in the 

center-of-mass system and at laboratory photon ener- 
gies of 500 and 700 Mev.' Such large values of the 
polarization are unlikely unless the second maximum 
in the photoproduction process, at a photon energy of 
750 Mev, arises from resonant production in a state of 
odd parity, opposite to the parity of the first resonance.” 

We have taken advantage of the high beam intensity 
of the Stanford Linear Accelerator, and have measured 
the polarization of magnetically selected recoil protons 
using nuclear emulsion as scatterer and detector. The 
experimental arrangement is shown in Fig. 1. The elec- 
tron beam of the linear accelerator struck a copper 
radiator 0.017 radiation length thick, placed directly in 
front of a steel-walled liquid hydrogen target. Protons 
emitted from the target were collimated by lead slits 
(aperture : 2.2° wide, 6.6° high), and were magnetically 
deflected in the vertical plane and focused into a stack 
of nuclear emulsion by the 36-in. 180° double-focusing 
spectrometer described by Hofstadter.’ The proton spin 
precessed an average of 555° in passing through the 
spectrometer, so that if the moment pointed up at the 
entrance it pointed down, 15° from the vertical, at the 
exit. The focusing and precession magnified the 3.3° 
dispersion of the moments at the entrance to 22°. The 
spectrometer current was adjusted to focus positive 

* This work was supported in part by the U. S. Atomic Energy 
Commission, the U. S. Office of Naval Research, and the Italian 
National Committee for Nuclear Research (C.N.R.N.) 

f International Business Machines Corporation Fellow, 1959-60. 

t Present address: Massachusetts Institute of 
Cambridge, Massachusetts. 

§ On leave of absence from the 
nology, 1959-60. 

1 P. C. Stein, Phys. Rev. Letters 3, 473 (1959). 

2J. J. Sakurai, Phys. Rev. Letters 1, 258 (1958). 

3R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). 


Technology, 


California Institute of Tech- 


particles of 540 Mev/c momentum, with a momentum 
spread across the emulsion stack of 0.8%. The exposure 
conditions are given in Table I; other exposures, not 
yet analyzed, were made as well. 

Recoil protons from multiple pion production were 
not accepted by the spectrometer. The electron beam 
passed through the hydrogen target, so that recoil 
protons were accepted from electron scattering with 
neutral pion production, in the reaction e+p— e+ p 
+x°, from the elastic scattering of electrons which 
previously lost energy in the radiator, and from in- 
elastic electron scattering with photon emission. The 
first process is essentially identical to photoproduc- 
tion*-*; we estimate that the uncertainty in the meas- 
ured polarization differences between the 
two processes does not exceed 5%. The contributions 


caused by 


180° MAGNETIC SPECTROMETER 


SLITS—__ 
005" MYLAR 
ain ON 


ELECTRON BEAM VACUUM LIQUID H, 12" 


Fic. 1. Experimental arrangement, plan view. The precession 
of the proton moment is such that the usual definitions of “‘left” 
and “right” scatterings are interchanged. 


*G. B. Yodh and W. K. H 
(1957); see also earlier papers by Panofsky, 
and Yodh reterred to in the quoted paper. 


Panofsky, Phys. Rev. 105, 731 


Newton, Woodward, 
SW. K. H. 


(1958). 
®R. H. Dalitz and D. 


Panofsky and E. A. Allton, Phys. Rev. 110, 1155 


R. Yennie, Phys. Rev. 105, 1598 (1957). 
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POLARIZATION 


from the other two processes, which involve only elec- 
tromagnetic interactions, is known,*:? and was typically 
15%. It is easily shown that the polarization of the 
recoil protons from these reactions is zero at high 
energy. The empty target background was 3.5%. 

Feld and Maglié have measured the scattering asym- 
metry of 149-Mev polarized protons in emulsion by 
recording the numbers of tracks found at a depth of 
about 2 cm in emulsion and at projected angles of 5° 
or more to the left and right of the beam center. We 
have not found this technique to be useful, because we 
have discovered by following tracks that most of them 
(about 85% of those found at angles from 5° to 12° at 
a depth of 23 mm) undergo only multiple scattering. 

The plates were scanned for single scattering events 
by three other methods: (1) by areas, at CalTech; 
(2) by following back wide-angle tracks found at a 
depth of 1 or 2 cm in emulsion, at Rome; (3) by the 
conventional track-following technique, at Padua. 

The average detection efficiencies of each group were 
measured separately for left and right scattering, by 
repeated scanning, and by comparison of plates scanned 
by more than one group. The left and right efficiencies 
were found to be the same within statistics (about 
5-10%) for all three groups. The error in the polariza- 
tion from bias effects is at most 10%. 

The polarization was calculated from the measured 
values of the energy, scattering angle, and angle be- 
tween the normal to the scattering plane and the mo- 
ment, using the method of maximum likelihood. The 
precession of the moment was estimated for each track 
from the observed dip in emulsion. The analyzing 
power of nuclear emulsion has been measured as a 
function of angle at 143, 115, and 91 Mev by Ruther- 
glen.’ The calibration of Feld and Maglié® was not used, 
because their results do not seem to be consistent at 
small angles (6°-12°) with measurements made on the 
pure elements, while those of Rutherglen are. 

We have found by extensive grain-density and range 
measurements, made principally at Padua, that in most 
cases inelastic scattering with energy loss greater than 
about 30 Mev could be detected by inspection, from 
the change in grain density upon scattering. Correc- 
tions to the elastic analyzing power for inelastic scatter- 


TABLE I. Exposure conditions. 





Photon 
Lab photon energy 
energy interval 


(Mev) (Mev) 


450 30 
585 35 
660 


Proton 

energy 

(Mev) 
138 


143 
143 


Proton 
lab 
angle 
33.0° 
43.5° 
47.7° 


Electron 
energy 
(Mev) 


Pion c.m. 
angle 
109° 
86° 





600 
650 
700 


7G. W. Tautfest and W. K. H. Panofsky, Phys. Rev. 105, 1356 
(1957). 

8 B. T. Feld and B. C. Magli¢, Phys. Rev. Letters 1, 375 (1958). 

9 J. Rutherglen, private communciation (to be published). 
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Taste II. Polarization results. The polarizations are in the 
direction kX p, where k and p are the momenta of the incident 
photon and recoil proton. The errors given include the uncertainty 
in the analyzing power. 


Lab photon 

energy 

(Mev) 
450 
585 
660 


Useful 
events 


Polarization 
percent 
7414 


56+14 
51413 


Scanning 
group (s) 
CalTech 
CalTech 
CalTech, Rome, 
Padua 





727 
959 
830 


ing were found to be quite small, corresponding to 3% 
or less in the final values of the polarization. The large 
elastic-scattering cross section of the heavy elements 
in emulsion is responsible for the small size of the cor- 
rection; much larger inelastic corrections can be ex- 
pected in experiments using carbon scatterers with 
comparable energy resolution. 

The polarizations obtained, corrected for inelastic 
scattering and background, are given in Table II. The 
results appear to be in good agreement with those of 
Stein,'"°) and with those currently being obtained at 
Frascati." The present measurements have been ob- 


100 





T pre, 2) 
PRESENT EXPMT: 
CORNELL: 
FRASCATI: 





POLARIZATION, PERCENT 











-100 


1 l at’, 
400 500 600 
LABORATORY PHOTON ENERGY, MEV 


| 1 i 
700 800 900 


Fic. 2. Measured recoil proton polarizations compared with 
model calculations. The dotted curve at the bottom gives a typical 
resolution curve of the present experiment. The model calcula- 
tions were made assuming an effective range formula for the reso- 
nant amplitudes and a real constant s-wave amplitude, chosen to 
fit the asymmetry in the angular distribution below the second 
resonance. The magnetic dipole, 7= 3 amplitude from the first 
resonance was included in all models. The other multipoles present 
in each model are given in the following table (7=total angular 
momentum, j=photon angular momentum, and E or M implies 
electric or magnetic radiation, respectively) : 


Resonance energy Multipole: Ejy, 9; 
Model Mev c.m. or Mj», 2; 


I 600 E13(—) 
II 600 Ei3(—) 
III 600 M,3(+) 
IV 600 M,3(+) 
900 Mo;(—) 

Vv 600 M,3(+) Yes 
900 M2;(—) Yes 


10 R. F. Peierls, (a) Phys. Rev. Letters 1, 174 (1958); (b) Phys. 
Rev. 118, 325 (1960). 

11 Quoted by G. Salvini at 1960 Rochester Conference on High 
Energy Physics. 


Ey added? 


No 

Yes 
Yes 
Yes 
Yes 
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tained using an independent technique with much 
narrower photon energy resolution. 

J. J. Sakurai*® has predicted that large polarizations 
near 90° c.m. can only be obtained in this energy 
region by interferences between first and second pion 
resonances of opposite parity, as suggested by Peierls." 
G. Stoppini and C. Pelligrini,” and L. F. Landovitz 
and L. Marshall,'* suggested other models which might 
also give rise to appreciable polarizations, even if the 
two resonances were both of even parity. 

One of us (J. O. M.) has investigated the nature of 
most of these models. A qualitative examination of the 

2G. Stoppini and C. 
Annual Conference on 
(unpublished). 


8 LL. F. Landovitz and L. 
(1959). 


Pellegrini, Proceedings of the Ninth 
High Energy Physics, Kiev, 1959 


Marshall, Phys. Rev. Letters 3, 190 
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et. as. 

multipole expansions for the cross sections and polari- 
zations was supplemented by numerical calculations 
using simple resonance formulas for the resonant am- 
plitudes and phases. It was concluded that only the 
model suggested by Peierls, in which the second state 
has odd parity and is photoproduced by electric dipole 
radiation, can consistently explain the angular dis- 
tributions and polarizations observed in r° photopro- 
duction. The distributions appear to contain material 
contributions from nonresonant states and from the 
third resonance. In some of the models, the sign of the 
polarization is inconsistent with the signs of the inter- 
ference terms in the angular distribution. The small 
size of the cos@ term in the angular distribution was 
found to be correctly predicted by the Peierls model, 
especially when nonresonant s waves are included. 
Typical results are shown in Fig. 2. 
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Kinematical and Dynamical Resonances* 


A. QO. Barut anp K. H. Rvueit 
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A method is given to distinguish between the solutions of the dispersion relations corresponding to 
kinematical and dynamical resonances. It consists of studying the resonance energy as a function of the 
coupling constant. The method is illustrated for potential scattering, for charged scalar meson theory, 


and for resonances due to unstable particles. 


I 

RESONANCE in the scattering of elementary 

particles is called kinematic if it is due to an 
intermediate unstable particle. In the description of 
such a resonance the unstable particle is put into the 
theory to begin with; in more conventional field 
theories a new field is introduced for the new particle. 
In contrast to this, a dynamical resonance arises solely 
from the nature of forces between the initial interacting 
particles and therefore must come out automatically 
from the dynamical equations without introducing a 
new particle. 

In view of the discovery of several new resonances! 
in the strong interactions of mesons and hyperons, it is 
desirable to characterize these two types of resonances 
more fully and to distinguish them both theoretically 
and experimentally. An experimental characterization 
has been given by Chew? according to which the phase 

* Supported in part by the Air Force Office of Scientific Re 
search. 

+ Now at Essex College, Windsor, Ontario, Canada. 

1M. Alston et al., Phys. Rev. Letters 5, 520 (1960); A. Abashian 
et al., ibid. 5, 258 (1960); M. Ferro-Lussi et al., Bull. Am. Phys. 
Soc. 5, 509 (1960). 


2G. F. Chew, University of California Radiation Laboratory 
Report UCRL-9289 (unpublished), p. 56. 


shift will change sign near the resonance if it is due to 
an unstable particle and for a dynamical resonance the 
phase shift, in general, will not change sign. Unfortu- 
nately, the dispersion theoretical treatment of the 
strong interactions does not distinguish between kine- 
matical and dynamical resonances. This is due to a 
well-known ambiguity’ of the solutions of the dispersion 
relations. The so-called extra solutions of the dispersion 
relations can be shown to have resonance character and 
to correspond to unstable intermediate states.‘ The 
question has been raised whether conventional field 
theories can produce any resonances or whether the 
observed resonances are due to the unstable particles* 
(composite, elementary, or excited states). If the second 
alternative is true, we may conjecture that the failure 
of the perturbation theory in strong interactions is not 
due to the largeness of the coupling constant but to 
the fact that hitherto such unstable intermediate states 
have not been considered. 

In this note we give a method to characterize and 
distinguish the kinematical and dynamical resonances, 


+L. Castillejo, R. H 
453 (1956). 

* See for example, A. O. Barut and K. H. Ruei, Nuclear Phys. 
21, 300 (1960), 


Dalitz, and F. Dyson, Phys. Rev. 101, 





KINEMATICAL AND 
or the two types of solutions of dispersion relations, 
by studying the resonance energy as a function of the 
coupling constant and discuss their relations to bound 
states. 


II 


The scattering amplitude due to an unstable state is 
given in second-order perturbation theory by‘ 


(q' | H,|a)a| Hy | q) 


=- —, (1) 
E— E,.— (a+b) 


where g and q’ are the initial and final states, a the 
unstable intermediate state, E, the energy of the 
intermediate state, and 


dq’"(a| H\ q'")<q"" | Hi | a) 
a+ib= f — seid j ° 
E—E" +ie 


We write the amplitude (1) in the following form: 


J,=ay/(1-—X), rA=z’, (3) 
with 


X=(Eatat+ib)/E; da1=(q'| Hi|aXa| A; | 9)/E. 


Equation (1) is also valid if the total energy of the 
system £ is partly discontinuous (i.e., bound states). 
The poles of J, will correspond to the bound states 
which will lie in the unphysical region for scattering, 
E<Eo, where Ep is the energy corresponding to a 
bound state of zero binding energy. E>, is the 
physical region for scattering. Splitting (2) into a 
principal part and a part containing ix f6(E—E”), we 


get 


a=P f dq"\(a H,|q")|?/(E—E”); 


b= r fag” 5(E— E”) | (a| HMi\q")|?. 


In the unphysical region a<0, b=0. Hence the poles 
of J; in this region are given by E=E,+a<E,. In 
the physical region 6>0, a takes its minimum negative 
value at E=E». At E=0, a<0. We expect that the 
numerator of the integrand of @ has a maximum in 
the neighborhood of E=E,. a becomes positive at 
higher energies and approaches zero as E— ©. From 
(3) the resonance energy is given by E,=E,.+a. 
Putting a=A/(E,), we get 


\= (E,—Ea)/ f(E;). (5) 


We first plot a as a function of E,, i.e., f(E,); then 
using (5) we see that and the form of \ as a function 
of the resonance energy is given schematically as in 
Fig. 1. If the a state has a definite angular momentum 
so that one may consider a partial wave scattering 
amplitude, and if we make the reasonable assumption 


DYNAMICAL 


RESONANCES 








Fic. 1. Resonance energy /, as a function of the coupling 
constant A for kinematical resonances. 


that there is only one resonance of that given angular 
momentum, then the first branch of the curve between 
E,=0 and E,=E, is relevant. The resonance energy 
increases with decreasing coupling constant and, as one 
may expect, the resonance can occur for arbitrarily 
small coupling constants.° 


Ill 


We compare now this behavior with that of the 
dynamical resonance. Consider first the dynamical 
resonances in potential scattering. The scattering 
amplitude {(£,r) where 7 is the momentum transfer, 
or simply the partial wave amplitude f;(Z) can be put 
in the form of Eq. (3): 


fi(E)=ad/(1—-X)= ¥ aad’, (6) 


a 
n=l 


where we have put H,=)V and 
X= XM+FiX,™. 


By the unitarity condition X;°=[k/(2/+1) Jan. 
X,®=0 in the unphysical region, E<0, by the reality 
condition in this region, where the bound states are 
given by 


X(E,A)=1; (7) 


the corresponding energies will be denoted by E,<0. 
In the physical region the resonances—if they exist— 
are given by 

XM(E,A)=1, £20. (8) 


The form of the curves (7) and (8) is given schemati- 
cally in Fig. 2(a). Bound-state energies (Ep) will 
increase monotonically with increasing 4. Since X;™ is 
a continuous function of E, the two curves coincide 
at E=0. By Eq. (6) there is no resonance as \—> 0, 
assuming that the series (6) converges; at the other 
end, for any finite \ and for a large class of potentials 
(regular at origin and sufficiently rapidly going to zero 
at infinity) the phase shift is different from 2/2 as 
E— for both relativistic and nonrelativistic potential 
scattering.® Thus the only way of having a resonance 


5 For such a resonance in weak interactions see S. L. Glashow, 
Phys. Rev. 118, 316 (1960). 
° A. O. Barut and K. H. Ruei, J. Math. Phys. 2, 181 (1961). 
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meson theory. The amplitude for the Serber-Lee 
point-source model of this theory in one-meson approxi- 
mation can be put in the form 


e*® sind/R= (A/w)/(1—X); X= (A/w)[1— (1—w*)! ]}. (9) 


The bound-state curves are given by \=w/[1— (1—w*)! ] 
and in the physical region (w>1) the resonance curves 
are given by A=w [Fig. 2(b) ]. 

Thus the dynamical resonances occur in connection 
with the bound states and the resonance energy increases 
with increasing coupling constant. The resonance in 
the very low-energy 
precisely of this type. 














ten 
ti 
"eed 


(a) (b) 


Fic. 2. Resonance and bound state energy as a function of the 
coupling constant for dynamical resonances. (a) Potential scat- 
tering; three bound states have been assumed. (b) Charged 


scattering 1s 
scalar meson theory. 


neutron-proton 


for E— ~ is \—» &. This gives us the general form . 


of the resonance energy as a function of X. If there is 
a single resonance for fixed angular momentum and 
fixed \, then only curve (a) will appear. 

If we increase X, for a given potential, there may occur 
several bound states. One would expect then, for a 
fixed A, m resonances if there are bound states. For 
fixed \ the phase shift at E= © is zero.® According to 
a theorem of Levinson,’ the phase difference 6(0)—6( ) 
is equal to mm if there are m bound states, none of them 
with binding energy zero; and it is equal to (n—4)x 
if one of the m bound states has zero binding energy. 
Therefore the phase difference between two adjacent 
resonances must be w and at E=0 the phase shift is 


The method of analytic continuation of the coupling 
constant (i.e., coupling constant as a function of the 
resonance energy) discussed above has been actually 
constructed to deal with the solutions of dispersion 
relations. Given a solution of the dispersion relation, 
it is not clear whether we are dealing with the true 
solution or an extra solution. It is important to dis- 
tinguish between these two types of solutions because 
one can either eliminate the extra solutions by suitable 
conditions, or, as the case may be, select the relevant 
extra solution if the resonance is due to an unstable 
particle. An important case in this connection is the 
33-resonance in pion-nucleon scattering. A study of the 
discontinuous at the resonance points, as can be seen analytic continuation of the coupling constant in the 
from Fig. 2. dispersion-type equation of Chew and Low‘ for the static 

Exactly the same behavior is found in charged scalar p-wave meson-nucleon scattering reported separately.® 


* oe Levinson, Kgl. Danske Videnskab. Selskab., Mat.-fys. 
Medd. 25, No. 9 (1949). 
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The significance of a theory of gravitational equilibrium of concentrated masses is discussed in c« 
with possible general relativistic effects in white dwarf stars. The covariant form of phase space and 
Liouville’s theorem is developed, using the canonical equations for a particle under gravitational and elec 
tromagnetic forces. The dynamical isotropy of the ideal fluid is formulated, and the associated equations 
of state and allowed streaming patterns are found. A covariant kinetic theory yields general relativistic 
forms for the Maxwell and Fermi distributions in the case of thermal equilibrium, and limits their streaming 
to rigid motion. Rotating fluids are studied in comoving coordinates, and the problem of determining their 
gravitational equilibrium is reduced, in most cases of physical interest, to a simple standard form 
constant density and vorticity. 
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I. INTRODUCTION from infinity towards the center of a resting mass 
reaches a speed comparable to that of light, the con- 


HIS paper is one of a series on the theory of great 
centration of matter can be called great. When the 


concentrations of gaseous matter capable also of 
rapid circulation. When a test particle falling freely 


Ph.D. thesis presented by one of the authors (G.E.T.) to the 
University of Minnesota in 1951. A preliminary account of Secs. 


* This work was supported in part by the Office of Naval Re- 
search. Part of the work is based on an otherwise unpublished 


II and III was reported to the American Physical Society [Phys. 
Rev. 86, 621(A) (1952) ]. 
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streaming velocity approaches the same speed, the 
circulation can be called rapid. Thus the absolute limit 
for all speeds defines the scale of our problem, and sets 
it within the scope of special relativity. 

Whenever internal gravitation acts upon the con- 
stituents of a system so that they must move swiftly, 
effects of general relativity cannot be separated from 
effects of special relativity. When a single particle can 
be well described as traversing a periodic orbit in the 
resultant field of all the others, one can infer from the 
classical virial theorem that the mean square velocity 
must be comparable with the mean gravitational po- 
tential over the orbit, which, at any point, is twice the 
square of the speed of free fall from infinity. When that 
speed is great and the mass concentration is high, the 
orbital velocity of constituent masses must also be 
great, and conversely. Examples of this situation are 
found in the astronomical tests of general relativity 
where special and general relativistic effects are of the 
same order.! 

Where motions are disordered by close collisions in- 
volving gravitational or other forces, the virial argu- 
ment equates the product of pressure and specific 
volume with the mean gravitational potential. In a 
homogeneous gas in thermal equilibrium, thermal speeds 
approach that of light, wherever mass is so concen- 
trated that the gravitational potential requires general 
relativistic description. Under conditions of Fermi de- 
generacy, the speed associated with the zero point 
energy approaches c when general relativistic effects 
become significant. As first proved by Tolman’ in certain 
special systems, regions of lower gravitational potential! 
must have higher (invariant) temperature. (Consider 
for example, two observers at different potentials 
attempting to establish thermal equilibrium by ex- 
change of radiation. In order that the color temperature 
of incoming radiation may match that of outgoing radia- 
tion, the effect of the gravitational red shift must be 
counteracted by a difference of temperature between 
the two sites.) To this general conclusion we may add a 
result reached later in this paper, namely that the de- 
generacy parameter isan invariant that remains constant 
throughout a gravitating ideal Fermi gas in thermal 
equilibrium. Thus, though the temperature varies from 
place to place depending on gravitational potential, the 
Fermi energy keeps pace with it. As a consequence, 
both temperature and Fermi energy, together approach 
the rest energy of a constituent particle where the 
gravitational potential approaches general relativistic 
magnitude. 

In a system composed of particles of different masses 
bound to each other by strong forces not of gravita- 
tional origin, special and general relativistic effects are 
not so directly correlated. An extreme example might 


1W. Pauli, Relativitdtstheorie (B. G. Teubner, Leipzig, 1922), 
Vol. 5, Part 2, Sec. 58. 
2R. C. Tolman, Phys. Rev. 35, 904 (1930). 
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be a cold, diffuse gas of heavy atoms in which the elec- 
trons move swiftly within the atom and thus have a 
high Fermi energy, while the atoms move slowly in 
regions of low gravitational potential. The opposite 
extreme might be illustrated by suddenly removing the 
electric interactions among all particles. As the system 
would then progress towards thermal equilibrium the 
electrons would diffuse to regions of higher gravita- 
tional potential, eventually to evaporate into distant 
field-free regions, leaving behind a homogeneous system 
of nuclei in which the connection between particle 
speed and gravitational potential would again be 
recovered. 

The case of greatest practical interest is intermediate 
between these extremes, namely the accepted model of 
the interior of a white dwarf star.’ The electrons are 
shared by all nuclei in common, and the Fermi pressure 
of electrons counters the mutual gravitational attrac- 
tion of nuclei. Nuclei interact with electrons through 
electric forces that keep the net charge density practi- 
cally zero, while the high electron mobility maintains 
thermal equilibrium. The great disparity between elec- 
tron and nuclear mass may permit the electron speed 
to rise well into the relativistic range while the gravita- 
tional potential remains within Newtonian bounds. 
Only if the electron kinetic energy could rise to thou- 
sands of times the electron rest energy, would the 
potential be directly affected by non-Newtonian factors. 
The obvious mass of that kinetic energy, as well as 
other, less obvious, general relativistic effects which 
cannot be unambiguously separated from the gravita- 
tion of energy, would then come strongly into play. 
(Well below this point, however, effects of general 
relativity may strongly influence the stability of the 
system.) 

Since white dwarf stars have the greatest known mass 
concentrations, they are important in applications of 
the theory to be presented here. One may well ask 
whether the general relativistic effects we have outlined 
are in any way relevant to the conditions at present 
imagined to occur in the interior of actual stars. In 
the study of different stellar models based on the 
balancing of Fermi pressure against gravitational force, 
it was observed by Chandrasekhar‘ and Landau‘ that, 
as the number of particles approaches a certain finite 
critical value the stable equilibrium radius approaches 
zero, and the central Fermi energy increases without 
limit. Above that critical mass no stable configuration 
is possible. Degenerate systems in general show a 
tendency to contract as mass is added. It is a specific 
consequence of the special relativistic limitation of all 
speeds by the speed of light, that stability becomes im- 
possible above a critical mass. The rapid contraction 


8S. Chandrasekhar, An Introduction to the Theory of Stellar 
Structure (University of Chicago Press, Chicago, Illinois, 1939), 
Chap. XI, p. 412. 

4S. Chandrasekhar, Astrophys. J. 74, 81 (1931). 

5 L. Landau, Physik. Z. Sowjetunion 1, 285 (1932). 
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of stable systems sets in when, for the fermions that 
create the pressure, the average kinetic energy near the 
center of the star becomes comparable with their rest 
energy. Relativistic condensation of white dwarfs is 
observed as a rapid diminution of luminosity with in- 
creasing mass in the neighborhood of a critical value 
comparable with the mass of the sun. The fate of more 
massive stars that exhaust their nuclear fuel is at 
present unknown. 

At first sight it might appear that the general rela- 
tivistic effects we seek can occur only in very condensed 
stars of negligible luminosity. The effects in question 
tend to enhance gravitational attraction without in- 
creasing pressure, however, and therefore provoke in- 
stability not only at a finite mass, but also at a finite 
critical radius. The first example of this unique general 
relativistic effect, the existence of a critical radius, of 
some 10 km, was deduced for a hypothetical assembly 
of neutrons by Oppenheimer and Volkoff.® 

A dimensional comparison of their arguments with 
those of references 4 and 5 shows that the critical num- 
ber of nucleons or electrons is essentially NV = (hc/GM?)}, 
where M is the nucleon mass, while the critical radius is 
essentially N'(h/p), where p is a mean momentum for 
the fermions of mass m providing the pressure. A closer 
analysis’ of the onset of instability shows that p/mc is 
certainly less than (M/m), and comparable to (M/m)!. 
The general relativistic value of the limiting mass for 
a white dwarf is practically unchanged from that calcu- 
lated earlier, while the limiting radius obtained by 
Oppenheimer and Volkoff must be multiplied by a 
number between M/m and (M/m)!, with m the electron 
mass. This takes into account the difference in mass 
between the fermions providing the pressure in the 
neutron assembly and those in the white dwarf. The 
increased limiting radius is roughly that of the earth 
not much smaller than radii observed for the smallest 
white dwarfs. 

Whether general relativistic instability can be dis- 
tinguished from other unstable factors in thermal or 
chemical equilibrium to which the critical state is 
sensitive, or whether a minimum radius is astronomi- 
cally observable, we cannot say. The minimum radius 
we have deduced is not obviously negligible, however, 
and may, perhaps, eventually give rise to a new experi- 
mental test of general relativity.’ 

Our main purpose in discussing white dwarfs has 
been to point to physical applications of the general 
relativistic kinetic theory of gases set forth in following 
sections of this paper. 

To deal consistently with problems of this kind one 
needs a generally covariant kinetic theory of gases in 
close analogy to classical theory, but capable of de- 
scribing partly ordered states as well as states of com- 
plete thermal disorder. Steady states not in equilibrium 


6 J. R. Oppenheimer and G. Volkoff, Phys. Rev. 53, 374 (1939). 
7 A detailed account of the theory of the critical radius of white 
dwarf stars is being prepared. 
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and the approach to thermal equilibrium should be 
within its scope. This paper presents such a theory 
based on a special relativistic description of collisions 
including transmutations and conversion of mass into 
energy. Temperature is assumed definable over a region 
large enough to contain a significant number of par- 
ticles but small enough so that the average gravita- 
tional field does not vary greatly over it. The connec- 
tion between momentum and space densities in distant 
regions is established by a generally covariant form of 
Liouville’s theorem, in which the average gravitational 
forces appear explicitly. Though individual particles 
are partly described by space-time coordinates as 
though they were points, the particle fields are not 
considered singular and the local fluctuations in field 
as one moves from particle to particle have only a small 
effect compared to the average field built by numerous 
distant masses. In similar fashion the rapid time varia- 
tion of fields during the course of occasional close 
collisions is considered only as a contribution to thermal 
disorder, while frequent distant collisions build the 
average field. Accordingly the differential equations of 
the field contain an inhomogeneous term given by the 
average energy and momentum density of the particles. 
This self-consistent or codetermined model of the mo- 
tion of field and particles, expressed by the generalized 
Liouville theorem on the one hand and by Einstein’s 
field equations on the other, is fundamental to the 
theory. 

Naturally, certain singular cases in which the notions 
of temperature and average field are no longer valid 
cannot be treated in this way. The preceding discussion 
of white dwarf stars shows, however, that limiting 
gravitational instability can occur in the absence of 
any singularity of statistical or of field quantities. Such 
instability is furthermore not confined to degenerate 
systems, but occurs quite generally wherever the par- 
ticles responsible for the pressure countering gravita- 
tion approach the speed of light as a result of the action 
of the gravitational field. For all stable mass concen- 
trations, including the limiting ones, our average field 
and statistical description seem to be adequate. 

We apply our general theory to the study of massive 
streaming in a homogeneous ideal Boltzmann or Fermi 
gas in thermal equilibrium. Just as in nonrelativistic 
kinetic theory and only streaming compatible with 
equilibrium is a rigid motion, here defined in a co- 
variant way in the sense of Born*® and Herglotz.® The 
invariant temperature can furthermore, be related to 
the gravitational potential gs, by exactly the relation- 
ship discovered by Tolman? for static spherically sym- 
metric fields, namely 7(g4,)!=constant, provided that 
gaa is measured in a class of comoving coordinates in 
which all potentials are independent of comoving time. 
(Of course one can always construct comoving coordi- 
nates that reduce a given time-like velocity field to 

8M. Born, Ann. Physik 30, 1 (1909). 

9G. Herglotz, Ann. Physik 31, 393 (1910). 
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rest, but only in the case of covariant rigid motion can 
one also make the gravitational potentials static. It 
must be emphasized that such static potentials are in 
general incompatible with spherical symmetry and are 
decidedly different from potentials static in inertial 
coordinates. In general, g4,0, which results in Coriolis 
forces upon a freely falling test body. A rigid motion 
can be steady rotation as well as uniform translation.) 
We will show that unlike the invariant temperature, 
the invariant degeneracy parameter, or quotient of 
chemical potential by absolute temperature is constant 
throughout a streaming ideal Fermi gas in thermal 
equilibrium in a gravitational field. 

In the theory of ordered streaming of a gas developed 
here, general relativity must be invoked whenever 
streaming velocities are high. It was predicted long ago 
that new gravitational forces not envisaged in Newton- 
ian dynamics must couple the momenta of particles in 
somewhat the same way that electric currents are 
coupled via magnetic fields, with the interesting differ- 
ence that parallel momenta repel each other. The 
gravitational field of a rotating mass ought to act upon 
another matter current in much the way that a magnet 
acts upon an electric current.'” Non-Newtonian forces, 
though small in astronomical applications developed 
up to this time, can be directly inferred from the trans- 
formation properties of the gravitational potentials 
which in turn arise from the tensor properties of the 
energy and momentum that generate the field. (Any 
theory that ascribes to the current generating gravita- 
tion the transformation properties of a tensor of first 
or higher rank will yield quasi-magnetic forces as a 
consequence of special relativity alone.) 

We escape the complications created by all the dif- 
ferent interactions of currents within a streaming gas, 
by resort to a noninertial system of coordinates co- 
moving with gas at every point. The only current inter- 
actions that can survive this transformation are those 
caused by the counter streaming of all the masses very 
distant from the system. The non-Newtonian forces 
that arise from this combine to form the usual Coriolis 
force introduced by local rotation of comoving co- 
ordinates at every point. Thus, although contravariant 
components of the streaming can be brought to rest, 
the covariant components survive in the form of gsx/ gas 
which function as components of a vector potential for 
the space components of the antisymmetric vorticity 
tensor. These space components of the vorticity tensor 
cannot be made to vanish by comovement wherever 
there is any rotation at all. This is part of the tensor 
property of vorticity and expresses the persistent abso- 
lute effects of rotation. The nondiagonal components of 


energy-momentum tensor cannot be made to vanish ; 
and, in particular, the momentum flux becomes propor- 
tional to the vector potential of vorticity. The absolute 


10 J. Lense and H. Thirring, Physik. Z. 19, 156 (1918). 
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effects of rotation prevent the system from assuming an 
equilibrium state of spherical symmetry because of the 
ineradicability of Coriolis forces caused by local 
vorticity. 

In comoving coordinates, the conservation laws 
assume a particularly simple form which determines 
the gus, gaa for all time when their spatial distribution 
is initially known. The field equations for energy and 
momentum flux then generate further limitations among 
the gravitational potentials and the pressure and den- 
sity, corresponding to the classical existence theorem for 
the centrifugal potential, and for the conservation of 
angular momentum. In the remaining field equations 
only the six potentials with spatial indices are effective 
unknowns. 

For certain special problems such as those where 
pressure and density are functionally related, Synge" 
and Lichnerowicz” have proved that a fluid can be 
organized into a field of vortex filaments of strength 
constant in time and along their length, just as in 
classical hydrodynamics. Our device of comoving co- 
ordinates not only yields an elementary proof of their 
results but gives a full account of the further constraints 
imposed by the field equations, and suggests certain 
useful generalizations. By exploiting the freedom of 
coordinate choice still open in comoving systems, it is 
possible to make the vorticity and circulating mass 
density equal to a standard unit value, so that different 
problems are distinguished essentially only by their 
boundary shapes. 

Beyond any formal developments required to bring 
the field equations into a form comparable with the 
classical theory of streaming fluids lies the question: 
Where can one reasonably expect general relativistic 
effects to be important ? When the centrifugal potential, 
which increases outward from the center of a mass dis- 
tribution, overtakes the gravitational potential, the 
assumed streaming pattern becomes unstable. At the 
limiting boundary of a rotating mass the pressure and 
density are negligible and the individual particles must 
then move in nearly Keplerian orbits. The realization 
of relativistic streaming must therefore be associated 
with the possibility of correspondingly high speeds in 
closed orbits, and hence reduces to the problem of 
obtaining sufficiently high mass concentrations. Since 
only the most condensed white dwarfs have the neces- 
sary property, the first application of the theory will 
be to improve the description of relativistic degeneracy 
and to explore the manner in which it is modified by 
rotational instability. 


J. L. Synge, Proc. Math. Soc. (London) 43, 376 (1937). 
Vortex theory in general relativity was independently developed 
by the authors in the form presented here as a device to reduce 
the number of dependent variables in the field equations. We are 
grateful to J. A. Wheeler for pointing out the existence of prior 
work related to some of our results. 

2 A. Lichnerowicz, Ann. école norm. supér. 58, 285 (1941). 
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II. COVARIANT STATISTICAL MECHANICS 


A freely falling observer sees his immediate vicinity 
free of gravitational force. He must therefore be able to 
construct a local momentum space for passing particles, 
in which each particle is represented by a point, and a 
statistical ensemble by a density and current flowing 
into neighboring space-time regions according to 
Liouville’s theorem. Such a statistical picture ought to 
be generally covariant, if only it is made Lorentz in- 
variant for the freely falling observer. 

To get a Lorentz invariant description, the time co- 
ordinate must be adjoined to the dimensions of phase 
space in order to avoid singling out that particular 
direction in space-time. An energy dimension must be 
adjoined to momentum space to preserve the canonical 
invariance of the theory which underlies Liouville’s 
theorem. Finally, a particle must be represented by a 
world line rather than a point of the extended phase 
space. A T space has been constructed along these 
lines in a formalism canonically invariant and hence 
also implicitly generally covariant under the restricted 
canonical group of space-time coordinate transforma- 
tions and gauge transformations. Our objective is a 
u-space theory substantially equivalent in content, but 
presenting in explicit form the transformation proper- 
ties of all quantities of interest under the restricted 
canonical group. 

Our starting point is the equations of motion of a 
charge e and mass m in a gravitational field described 
by the metric tensor g,, and an electromagnetic field 
described by the field F,,= (0A ,/dx*)— (0A, /0x") : 


(d/ds) (dx, ds)+ 3(dg** dx) (dx,/ds)(dxg/ds) 
(e/m)F ,,(dx’/ds), (1) 


where (dx,/ds) are defined together with ds by 


g*” (dx,/ds) (dx,/ds) = gy»(dx*/ds)(dx’/ds)=1. (2) 


The quantities set equal to unity in (2) are constants 
of the motion defined by (1). It has long been known" 
that equations like these can be stated in a form strongly 
suggestive of Hamilton’s canonical equations by intro- 
ducing a constant mass M and momenta p, defined by 


dx*/ds = g**(p,—eA,) M. (3) 


The combination p,—eA, may be denoted P,, and Eq. 
(3) may be substituted into (2) to yield 


M?= g""(p,—eA,)(p,—eA,) =g""P, Py. (4) 


If we now agree to refer to space-time coordinates only 
in their contravariant form «“, symbolized collectively 
by x, and to momenta only in their covariant form p, 
symbolized collectively by », we may regard (4) as a 

13 P. G. Bergmann, Phys. Rev. 84, 1026 (1951). 

4P. G. Bergmann, [ntroduction to the Theory of Relativity 
(Prentice Hall, Englewood Cliffs, New Jersey, 1942), p. 97ff. and 
p. 188ff. In this work, the Hamiltonian form in special relativity 
is given careful treatment. Our development takes gravitational 
forces into account according to general relativity. 
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unique definition of a function M (x,p) of eight variables 
such that 
(0M/0p,).=g""(p,—eA,)/M=g"P,/M 
(0M /dx*"),= (1/2M) (dg**/dx*) PoP s 
—(e/M ge P. (0. 13/Ox*). 


’ 


Substitution of these results into (1) and (3) yields 
dx*/ds—(0M/dp,).=9, 


(6) 
dp, ds+ (0M /dx’),= (P, 


M \(dM ds ), 


where, corresponding to the new attitude towards M 
as a function of x and p defined by (4), we cannot 
ignore its possible variation over a world line. 

The second group of equations in (6) is not canonical 
in form because of the term in dM/ds which also pre- 
vents these equations from leading to any determinate 
value of dM/ds. The constancy of the function M (x,p) 
must be imposed as a special constraint upon the four 
momenta with the result that only three can function 
as independent, dynamical variables. We therefore 
make a slight but significant change in (6) by striking 
out the term in dM/ds, and asserting instead of (6): 


dx*/ds— (0M /dp,).=0, 4 
ane (7) 
dp, ds+(A0M/da )p=V. 
These equations have exact canonical form, and they 
determine the change of M (x,p) along a trajectory to be 


dM/ds=0. (8) 


Despite the appearance of four independent momenta 
in (7), the effect of (8) is to make the manifold of 
trajectories the same as that in (1). The extra degree 
of freedom is associated with the invariant mass, a 
constant of the motion. The mass function (4) is there- 
fore a proper Hamiltonian function for canonical 
equations (7) that do not single out any particular co- 
ordinate as the time. Despite their superficial resem- 
blance to ordinary four-vector relations, the canonical 
equations (7) are not of that kind. They are nevertheless 
generally covariant in the sense that they are evidently 
derivable in the same form in every coordinate system 
and gauge. 

The first set of four equations in (7) is gauge invari- 
ant. The second set of four equations is not invariant 
under gauge transformation, 

A,> A,+0G Ox#, 
Pute(dG/dx*), 
dp, d= (dp, ds)+e(0°G/dx"dx*) (dx*/ds), 
lu ds dx? ds, 
(d 0X") 5= (d Ox”) p—e(0°G Ox’0x*) (0 Opa) ' 


(a Op, )y 


The second set of equations evidently acquires an 
additive multiple of the first set, so that the entire 


M=M, 


=F", py 


(0/Op,)s. 
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system of eight quantities in (7) transforms linearly 
into itself when the gauge is altered. 

Under space-time coordinate transformations, the 
first set of four equations in (7) forms a single contra- 
variant four-vector. The second set is not a space-time 
tensor of any kind. Under the transformation «* — #*, 
we have ds=ds, M=M, and 


dp,/ds= (d/d8) (pad*/dx") = (8*/dx") (dpia/d8) 


+ (dx¥/dE*) (0E*/dx"Ox") pa(dz*/ds). (10) 


On the other hand, holding constant pa= (dx’/dE*)p, 
in forming x derivatives involves an additional x- 
dependent condition : 


(0/dx ")>= (d%% Ox”) (0, /O%*) Bp 


— (Ox*/dF*) (0 F*/Ax"Ox") pal(d/Apg)s. (11) 


Again the system of eight equations in (7) undergoes 
linear transformation as a whole. 

We therefore regard the quantities in (7) as exempli- 
fying an eight-vector, a system of eight quantities a* and 
b, symbolized by the row matrix (a,b) that transforms 
according to a linear pattern derived by examination of 
(9), (10), and (11): 


48 STE’. 
(a,b) = (a6)( E ): i=T. 
o 


Here S, T are 4X4 matrices, and S§ is the transpose of 
S. In this pattern we may interpret (dx/ds,dp/ds) and 
(0K/dp, —0K/dx) (with K any scalar function), as 
eight-vectors cogredient to (a,b) in (12). For gauge 
transformations, 


S=T, 


(12) 


T v= —e(PG/dx*0x"), (13) 


while for space-time coordinate transformations, 


(S5-)8,= (0%8/dx”), 
T wv = Pal PE%/Ox"0x"). 


Sa” - (Ox* 0z*) = Sa, 
(14) 


(In these relations, we adopt the convention of placing 
the row index nearest to the carrier symbol no matter 
whether that index is raised or lowered.) Naturally, the 
transformations of (12) form a group: A transformation 
indexed by II, following another indexed by I is equiva- 
lent to a single transformation defined by 


S=S,Sn, T= (Sir) 17; (Su)7+Tu. 


As we have implied by including it in (12), the sym- 
metry of T is a group property: if 7;= 7) and Ty =7nh, 
then T=T also. 

The transformations of tensors in space-time depend 
only on the quantities S in (14). Eight-vector trans- 
formations depend also on 7, and hence involve explicit 
momentum values and derivatives of S. An infinitesimal 
canonical transformation, with generating function 6U, 
creates an eight-vector field (6x,6p)= (0/0p, —0/0x) 
x (6U) if 6U is an invariant. Consequently, infinitesimal 
coordinate transformations of space-time 2“=x*+ 6x 
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and infinitesimal gauge transformations 6G are gen- 
erated by invariant transformation functions 6U 
= p,bx"(x) and 4U=e6G(x), respectively. These re- 
marks suggest that (6x,6p), amy infinitesimal displace- 
ment in our eigh.-dimensional phase space, transforms 
like an eight-vector. This is not immediately evident 
only because p, is a four-vector at x* while p,+6p, is a 
four-vector located at x*+-6x*, so that 6p, has trans- 
formation properties characteristic of both points. This 
situation is relieved as usual by parallel displacement 
of p,+6p, back to x* to form 


(pr+5p,)—T yr? (potbp.)ix’= p,t (6p,—T yr" pdx’), 


apart from quantities of higher order, with T,,”% the 
usual connection coefficients of space-time. The dis- 
placed vector is a four-vector at «“, and its difference 
from p, is 6p,—I,,%p.6x", which is also such a four- 
vector. This reduces to the familiar covariant dif- 
ferential when p, is taken equal to some special vector 
function of x. From the well-known transformation 
property of connection coefficients 


P37 (Ox°/d£7) (0F°/Ax7) (0F*/Ax*) 


+ (dx°/0E*) (P¥*/dx*dx"), 


and from the four-vector transformation of 6), 
—T,,"p.dx", we find 


5p, = (0F*/Ax”)bpat (Ax"/dF*) (PE*/Ax’dx") padz, 


which is cogredient to (10). 
formations, 


As for gauge trans- 


5p, =5p,+e(0’G/dx"dx")ix", 


which, by (9), completes the proof that (6x,6p) is an 
eight-vector. In this sense, phase space is an eight- 
vector space. One may partly characterize the eight- 
vector property by saying that (a,0) is an eight-vector 
under space-time coordinate transformations if both a# 
and b,—I',,’a"p, are four-vectors. 

The components of an eight-vector (a,b) may be 
rearranged to form a column matrix (-*) that trans- 


forms according to 
—b S71 —TSy s-0' 
( + S ( a 
where a’ and b’ denote the transposed forms of a and 6. 
It is evident that the matrix in (15) is precisely the 


(15) 


—p - 
aj ™*Y 


reciprocal of that in (12). The elements of 


therefore be said to form an eight-vector that trans- 
forms in a manner contragredient to (a,b), with the aid 
of which we may construct invariants by matrix multi- 
plication of a cogredient into a contragredient eight- 
vector: 


al 
Cor") ( )=b.t0-— 2,0 


a 


(16) 
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The matrix that transforms the columns of (a,b) into 


—b 0 -I ’ 
the rows of a namely I g J» must function 


as a kind of “metric tensor” of phase space. When 
treated as a contragredient eight-tensor of the second 
rank, it always transforms into the same numerical 
matrix independent of x and p. The “metric” resembles 
in this respect the metric of a Euclidean space in Car- 
tesian coordinates transforming under the rotation 
group. The analogy must be treated carefully, however, 
for the metric tensor is antisymmetric, and the “length” 
of every vector vanishes. Consider, for example, the 
field of directions defined by the world lines, one through 
every point (x,p). These can be viewed as the field of 
normals to the surfaces M (x,p)=constant, because the 
gradient of a scalar field ought to be given by the contra- 
OM /dx 
OM Op 
parallel to the contragredient forms of the eight-vector 
(dx/dx,dp/ds) tangent to the world line through (x,p). 
The fact that dM/ds=0, i.e., that the normals to M are 
both perpendicular and parallel to world lines, is an 
example of the limitations of ordinary geometrical con- 
cepts applied to phase space. 

In spite of difficulties with the idea of “length,” 
scalar products of different eight-vectors, and the idea 
of volume density can be usefully applied. For example, 
the antisymmetric scalar product of two eight-vector 
gradients 


gredient eight-vector ( ), which is evidently 


(0K/dp,—0K/dx) and (dL/dp, —dL/dx), 
yields, according to (16), the invariant Poisson bracket 


of scalars K, L: 


[K,L ]=(0K/dx*),(0L/dp,). 

—(dK Opy)2(OL Ox") ». (17) 
An important special case evaluated by means of the 
canonical equations (7) is 


[K,M |= (0K/dx*) ,dx*/ds 


+(0K/Op,)dp,/ds=dK/ds. (18) 


It must be emphasized that the Poisson bracket does 
not, in general, preserve the eight-tensor character of 
quantities entering into it. Consider the important 
relations [x*,K ]|= (@K/dp,),and[p,,K |= — (0K/dx’),, 
where K and (0K/dp, —0K/dx) are eight-tensors while 
(x,p) is not. 

The density-in-phase, or distribution function, N (x,p), 
must measure the invariant number, dn, of world lines 
traversing a differential volume element of phase space. 
The product of eight coordinate and momentum dif- 
ferentials symbolized by dxdp is an invariant, because 
dxx/(—g) and dp/./(—g) are invariants under space- 
time coordinate transformation, with g denoting the 
determinant of the space-time metric tensor. That dxdp 


AND 
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is the invariant volume element of phase space is con- 
firmed by the unit value of the determinant of the 
pseudo-Euclidean metric eight-tensor. Consider now the 
unique world line passing through (x,p). Let dso be the 
interval length of the segment of that world line in- 
cluded within the space-time volume element dx. Then 
the relation between number of world lines dn and 
density in phase V must be 


dndsy= Ndxdp. (19) 
This defines phase space density ' as an invariant. To 
interpret NV under usual conditions we can perform a 
sequence of transformations to a coordinate system &*: 
rotate coordinates at x to make g,, diagonal there, 
change coordinate scales to make the diagonal values 
Minkowskian, and then Lorentz transform so that 
d#'=dso, d%*/ds=0, and dpys= (M/ps)dM. Then make 
a gauge transformation to M=f, so that dn 
= Nd@id*pdM, a product of familiar three-dimensional 
volume elements taken in the locally Euclidean system 
comoving with the unique world line through (*,p). The 
invariant N reduces to the ordinary nonrelativistic 
density in phase, except for the extra mass dimension 
which can be suppressed at will by assuming JN to be a 
sum of invariant delta functions in the mass. 

The current density of representative points or par- 
ticles in u phase space is the eight-vector NV (dx/ds,dp/ds), 
which must obey the differential conservation rule: The 
eightfold divergence of the current must vanish. The 
latter has a unique meaning that rests only on the 
definition of a scalar product (16) and an invariant 
volume element dxdp in which the square root of the 
metric determinant is precisely unity: 


Div (a,b) 


— h da" 0b, 
=—(d/dp, —d ax)( ) ( ) +( ) . (20) 
a GL" T » Op! « 


In applying the transformation law (12) to the operator 
(0/0p, —0/dx) one might think, at first, that the 
matrices of transformation coefficients ought to stand 
to the left of the transformed differential operators as 
they do in (9) and (11). They may as well stand to the 
right of the transformed operators, however, in the 
following way: 


( 00 ) ( 0 0 (° ST 

ap Ox ap = 0, Ss ) 
0 0 
Op ap 


Applying the transformed differential operators to the 
transformation matrices as well as to whatever else 


-§ ). (21) 


may stand on the right, makes no difference: with S 
and T defined by (14), 0/0) applied to S gives zero; 
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and also 


[ (8/ap)ST— (d/d%)S“), 
= (0/dp.)[p-(Ax*/dE*) (8°F"/dx"dx") | 
— (0/d#*) (0%*/dx") =0. 


For gauge transformations, with S, T defined by (13), 
we reach the same conclusion. Hence, (21) is justified. 
It follows immediately from the formal scalar product 
construction of (20), that Div(a,b) is an invariant. In 
fact, the operation of Div applied to any eight-tensor 
must yield an eight-tensor of rank reduced by one. 
One special case of this theorem is the identical 
vanishing of the invariant eightfold Laplacian of any 
scalar. Another special case can be expressed with the 
aid of (17) 
[K,L |=Div(KdL/dp, —KdL/dz). (22) 
The conservation law for representative points in eight- 
space is of this type. With the aid of (7) and (22) it 


takes the form 


0=Div(Ndx/ds,Ndp/ds)=[N,M], (23) 


which, by (18), is precisely Liouville’s theorem in 
invariant form, 
dN/ds=0. (24) 


The most directly useful form of Liouville’s theorem is 
obtained by substitution of (7) into (24) and intro- 
duction of the gauge-invariant derivative 
(0/dx*) p= (0/0x") pea 
= (0/dx*) ,+e(0A,/dx*)(0/dp,)2, 
0= P#(AN/dx*) p+-3 (dgy,/dx")P*P*(ON/AP.)s 
—eF,,P*(0N/dP,)+. 


(25) 


A scalar K(x,p) gives rise to a world-scalar density 
K(x) by integration over all momentum-energy space 
since dp/,/(—g) is an invariant volume element: 
R (x)= { K (x,p)dp. The four-vector density constructed 
of two scalars K, L according to R= {/K(0L/0p,).dp 
satisfies the interesting relation derived with the aid 
of (22), 


IR* avr | EK Lut f Op,) LK (AL /dx*) » \dp. 


With reasonable limitations on the behavior of K and 
L at large values of py, AR“/dx"= fLK,L |dp. One main 
application of this theorem will be to the case L=M, 
K=K(N,M), for which, as a consequence of Liouville’s 
theorem (23), 


(a axt) [ K(NAD (p*—eA*)dp/M=0. (26) 


The mass current density formed from K=NM and 
the electric current density formed from K= Ne satisfy 
differential conservation laws as a consequence of 
Liouville’s theorem. 
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If only gravitational forces are present, it is possible 
to relate the covariant divergence of the symmetric 
tensor density, 


er->- ax [xcax ‘ds) (dx’/ds)-+-dp, 


4 
to the change of K along a trajectory. The covariant 
divergence is given by 


IRM AT a’ QUT pees 


= fa Ox") »(Kdx"/ds)(dx’/ds)---dp 


+ f KC(ae* ‘ds)(0/dx*) (dx’/ds) 
+T ya” (dx*/ds) (dx*/ds) | 
= fexsaseae, ds)-+-dp 


— f K(aps/ds)(0/0p,)£(de"/as)--- Yap 
“BD fte Op,y)2(Kdp, ds) \(dx’, ds) ‘* -dp, 


on applyin 22), and the geodesic equation (1) in 
the form 


[ (dx*/ds) (8/ax*) »+ (dp,/ds)(8/p,)s\(dx"/ds) 
+T ya” (dx*/ds) (dx*/ds)=0. 


Since all terms of the equation in K except the first 
sum to 


-fe Op,y) aK (dp, ds) (dx’/ds) (dx*/ds)-- - |dp, 


we may transform them into surface integrals over 
momentum space and thence into zero, leaving 


dK dx’ dx* dp 
Keesgm f —— +? re . 
ds ds ds +/(—g) 


when only gravitational fields act on the particle. In 
particular, when K=K(N,M), K“’*:*;,=0 by Liou- 
ville’s theorem. In the presence of electromagnetic fields, 
similar theorems cannot be recovered because of the 
intervention of the field strengths F,, in the equations 
of motion. One would have, in fact, 


(27) 


dK dx, dx? dp 


ds ds ds wile g) 


K_  dx* dx? dp 
A 5 Fn! 
M_ ds ds V (—g) 


| Coa 
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In one special case, however, the added terms can be 
evaluated, i.e., when K=NM and, the tensor is of 
second rank. Then 


¢ f NF," (dx#/ds)dp/,/(—g)=F,"j*(x), (28) 


with 7 the electric current density four-vector, the 
whole representing the divergence of the energy- 
momentum tensor of the electromagnetic field. The 
quantity 


T" fi V M)(p4*—eA*)(p’—eA’)dp \ (—g) (29) 


is thus the energy-momentum tensor of matter and 
satisfies the appropriate conservation law as a conse- 
quence of Liouville’s theorem when the corresponding 
tensor of the electromagnetic field is adjoined to it. 


Ill. EQUATIONS OF STATE 


We turn now to the self-consistent solution of the 
field equations for the fields and their generating cur- 
rents. In a continuous picture of the currents of matter, 
electricity, etc., it is usual to meet the claims of me- 
chanics by enforcing the conservation rules. In sta- 
tistical description, those claims are more severe. They 
are met by the Liouville differential equation for the 
distribution function N («,p), rather than by differential 
equations of conservation which follow from it, and 
which merely restrict the space-time variation of cer- 
tain integrals of V over all momentum space. 

Some of the limitations that continuous description 
ignores are essential. Einstein'® has shown that when 
the constituent particles are not limited to speeds less 
than light, a Schwarzschild singularity of the field may 
occur, and cause the gravitational red shift factor to 
vanish. An example is the incompressible liquid,'® which 
necessarily transmits sound signals with unlimited 
speed. Other difficulties arise from failing to maintain 
the implied particle density positive in every region of 
momentum space as well as in space-time. None of 
these inconsistencies will be necessarily evident in the 
continuous picture. Though some particular fluid 
models that obviously violate relativistic mechanics 
and basic statistical laws might be rejected at once, 
others might pass undetected. The only secure basis 
for an equation of state must be a consistent relativistic 
statistical mechanics. 

The contrast between statistical and fluid descrip- 
tions may be illustrated by the familiar “ideal” fluid, 
for which the tensor of matter is determined from two 
scalar fields, pressure g and density p, and a time-like 
vector field »* representing the massive streaming at 


16 A. Einstein, Ann. Math. 40, 922 (1939). 
16K, Schwarzschild, Berlin. Ber. (1916), p. 424. 
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every point: 
| a 


PUyVr— O(Lur— Yur»). 


The velocity field is subject to 


(31) 


The pressure and density obey conservation rules that 
take the form 7*,.,=0 in the case of special interest 
with particles interacting only through gravitation. By 
constructing components parallel and normal to o# 
those appear in the form of Euler equations 


? 


Pp), 
(Q-+p). 


It is generally assumed that the hypothesis of ideal 
fluid behavior can be made to represent a large class of 
phenomena by adjoining to it a more or less plausible re- 
lation between pressure and density, termed in this con- 
nection, the “equation of state.’’ It is less generally 
noted that the ideal fluid hypothesis is itself a drastic 
limitation on the motion of a fluid, for it limits the 
transport of energy to simple massive streaming, and 
the transport of momentum to isotropic pressure. 
Transport processes of much greater generality, are, 
however, a necessary consequence of any interaction 
among particles, and can be suppressed, or reduced to 
this special form, only if the system happens to be in 
a very special state, either of order or disorder. Such a 
state might be of the type usually assumed in cosmo- 
logical discussions. Another example would be complete 
thermal equilibrium. In any case, assumption of the 
ideal fluid condition (30) itself conditions the equations 
of state in a manner not apparent in the continuous 
picture. 

At every point in space and time the velocity field 
of streaming points out a local time direction and a 
local energy direction in phase space. In the three 
dimensional momentum space normal to the energy 
direction, one can distinguish a momentum magnitude 
determined essentially by mass and energy, and a spa- 
tial momentum direction represented by a latitude and 
longitude. If the distribution function at a given space- 
time point is expanded in spherical harmonics of degree 
/ and multiplicity (2/+-1) in these angular coordinates, 
the form of (29) suggests that only harmonics up to 
the second degree are effective in determining the 
energy momentum tensor. The form of (30) suggests 
further that only the zeroth order harmonic is effective 
in an ideal fluid, which, in turn, points to a kind of 
local dynamical isotropy. 

To bring a spherical harmonic analysis of V into 
general relativistic form, observe first that at a par- 
ticular point in space-time, one may align the time-axis 
with » and then transform the metric into the Lorentz- 
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Minkowski form of special relativity with a local 
Euclidean affine space geometry. The momentum vari- 
ables at that point can then be made orthogonal to 
the energy in Euclidean normal form. As is well known, 
spherical harmonics of degree / can be rearranged to 
form the components of an Euclidean space tensor of 
rank /, symmetric and traceless on all pairs of space- 
vector indices. This leads to the construction of a 
spherical harmonic of degree / by means of a world 
tensor of rank J, symmetric and traceless on all index 
pairs, e.g., W2"""#'by Pus + * Pur With 


(1sr,ssl). (34) 


Lurugdi" #2 ui—() 


The coefficients 1 depend only on the energy v*p,, the 
mass M=(g**p,p,)', and the space-time coordinates. 
To prevent components of the St tensors parallel to v# 
from generating a spherical harmonics of lower degree 
we must also maintain the limitation 


VurMiHe#'=() (1SrSi). 


(35) 
By examining the result in its local Euclidean form, it is 
clear that we have constructed the harmonic analysis 
of a world scalar according to Eqs. (34), (35) and 
N(p,x) = > Puipur® *s puiD"1#2*-#1(n#D,, Mx). 


Because of Eq. (35), one can replace p, in (36) by p,*, 
the component of p, “normal” to » obtained by means 
of the projection operator g,“* that already has entered 
significantly into (30) and (33) 


8" b= p.*, 


(36) 


git = got— vn, (37) 
with 
= GaP an -_— 
faX*g,*=g,"*, gy *v’=0, gyH*=3. 


Upon introducing, for brevity components “parallel” 
to v* defined as 


Po= OP, 


Eq. (36) becomes 


and go*=0, go=1, (38) 


V (pe) =r pur* pus® = + + pur*N2"--#4(po,M,x). (39) 


Integrals over momentum space may now be reduced 
according to 


fev M(—g)--- 
= fau f dpa pi—Me)} f ao -+, (40) 
M 


where the volume element has been separated in local 
normal coordinates, and the integral over all momenta 
takes into account that p“p,*=p,*p"*= M?— p,?, and 
JS dQ represents the integral over the element of solid 
angle in local polar coordinates of momentum space. 
It is now evident that integration over dQ of N(p,x) 
XK LAH #(h,M x) Purpur*** pur, where L*-"#! is a 
tensor, symmetric, traceless, normal to » in the sense 
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of (34) and (35), and dependent only on fo, M, x, will 
yield zero except for the term of degree / in (36), be- 
cause of the orthogonality of spherical harmonics of 


different degree: 


Prence pat pnt + pui*dQ 
= 4arc;(M?— po?) Lyryg---mr, (41) 


with c; a number characteristic of the normalization of 
spherical harmonics in this representation, i.e., 


co@l, =1/3, o=2/15, etc 

A prime application of (41) is the evaluation of the 
energy momentum tensor of matter defined in (30). 
Consider the projection of T,, on two arbitrary direc- 
tions K*, L”. The evaluation then proceeds by resolving 
the coefficients of p,p, in K“p,L’p, into their irreducible 
parts—symmetric, traceless tensors normal to v*: 


K*p,L’p,=[varepe+ 3 (M?— po*) gas* |K*L8 
+[(K"*Lo+L"*Ko) pop,* | 


+[K*L*—49*K 1) |p,*p,*. (42) 


The three successive lines evidently represent the 
spherical harmonics of degrees zero, one, and two re- 
spectively. Consequently, 


K'T pL? 


= ar f ant f dpo(pe- M?) } 


x { I (po,M x) KoLope+ } (M?2— po?) gas*K*L* } 
+59" (po,M x) (M?— po?) (K,Lo+L,Ko) 


+ (2/15)9""(po,M ,x)(M?— p?)?P?K,L,}. (43) 
The disappearance of the star in quantities transvected 
on 2“ and NR” is explained by the fact that those 
tensors are by definition normal to v“, and hence need 
no projection operator to select the components normal 
to v*, 

The resolution of T,, in (43), into parts independently 
determined by N, 3“, and 2” is nothing more than the 
division of T,, into irreducible parts parallel and normal 
to » according to the obvious identity, 


T w= y0r(0°°T ap) + $8 ur" (B**T ap) 
+ Uy ( T apgr**v*) + vy ( T ap8u**v*) 


+Tas(gu°*g.°* —3g°*¢,,*). (44) 


Comparison with (30) shows that the density and 
pressure are given by v°v®Tag=p and g= —}g***T aa, 
while Tasg,°*v* represents nonconvective energy flow 
Q,* and Tas(gu**g,"*—}g*"*¢,,*)=S,,*, the shearing 
stress. Harmonic analysis of the distribution function 
correlates these significant quantities with purely har- 
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monic components as follows: 


p= 4x f at f dpu(pe—M)\peTU PM), 


dor ' 
g= = f ant f dpo(oe—aryx (po,M,x), 
3 


(45) 
dr 
= o. = feast f apa(e— M?) pM y(po,M,x), 
3 


Sr 
S,"=- fat f ape o— M0) 3p) 
15 


Together with 
T w= pvy?y»— P8ur*+ (Q,*2,+0,*0,)+Sy*, 


(45) gives precise expression to the discussion that be- 
gan this section. The result is valid for all tensors of 
matter. Of course, if there are interactions among 
constituent particles other than gravitation, there occur 
corresponding contributions to the energy-momentum 
tensor in addition to the tensor of matter. Those may 
depend implicitly upon NV by the way of the field equa- 
tions for those interactions and the currents generating 
those fields. Equation (45) would then not tell the 
whole story. But it will always represent that part of 
the energy-momentum tensor that arises from the 
kinetic energy and mass energy of matter, and from 
gravitational forces. 

Only part of the distribution function determines the 
tensor of matter, namely certain special moments of 
the harmonics up to second degree, comprising nine 
functions of po, M, x. For the tensor of matter to take 
the ideal fluid form, the integrals of 1“ and MN’ over po 
and M that enter into (45) must vanish. Unfortunately 
one cannot argue from the vanishing of Q,* and S,,* 
to the vanishing of 9t_ and M,,, since the latter, unlike 
MN, are not necessarily positive. (The positive character 
of N follows from that of V by averaging the latter over 
all angles.) It is nevertheless instructive to consider the 
special case N,=N,,=0 as representative of general 
ideal fluid conditions. 

Consider now a system of particles interacting only 
by way of gravitation, the distribution function of 
which is everywhere dynamically isotropic with respect 
to v“(x), a tim_-like vector field. In this case, N reduces 
to N(v“p,,M,x) and the energy-momentum tensor is 
given entirely by (45), and therefore behaves like that 
of an ideal fluid. We wish to contrast the claims of 
Liouville’s theorem (25), with their partial expression 
in (32), (33), the conservation laws of energy and 
momentum. In the absence of electric forces Eq. (25) 
reduces to 


p*(ON/Ox") op, m+38ur,ap"p’(ON/Apa)z.m=0, (46) 


AND 
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which further becomes for V=9U(o,M,x), 


P*P" (Bra¥* wt 38ur,a0*) 
+ p*(ON/Ax") »,/(ON/APo) 2. =O. 


With the aid of an elementary identity 


9) — * j ant 
es at Lval™ yp T Zuat , 


Op. 
SP" P’ (Vu; » | v, ra | ) . 
Ox*# 7 NM 


This result suggests the separation of (47) into parts 
dependent on fp and p,* alone. The independently 
variable functions of p,* then remaining are clearly the 
spherical harmonics of degrees zero, one and two. 
Reference to (42) or (44) shows us how to resolve (47) 
into its spherical harmonic parts: 


Opo 
1 (p2— M?)v° + pel ) | 
dx*J NM 


0 in 
1&9 a “( p 
pot “pia Su 


Ox® 


we obtain 


(47) 


(49) 


1 (va:a+0s:0) (gu** gr (50) 
The intensely restrictive effect of Liouville’s theorem is 
now directly evident in (50), a condition upon the 
velocity field alone, independent of any assumed prop- 
erties of the distribution function, and having no 
analog in the conservation rules or in any equation of 
state. We conclude that, in a consistent statistical 
mechanical picture, local dynamical isotropy cannot 
occur unless the velocity field of streaming satisfies an 
identical relation similar to the Born-Herglotz® con- 
dition of rigid motion, which in our notation would be 
the vanishing of the normal components of the rate of 
strain tensor }(0a:s+¢,a), i.€.,4 (Va:a +03; a) Zu7*go* =0. 
[Our conclusion (50) asserts the absence of any rate of 
shearing strain. It differs from the Born-Herglotz con- 
dition in leaving free, rather than annulling, v*,4, the 
divergence of the stream lines. | 

Equations (48) and (49) can be combined into a 
single equation by adding to the second a multiple of v, 
times the first. The result is 


Opo 1 Ope’ 
Me) ai) 
Ox"JN.M 2\0x"/N.M 


= po? (0p. a) — 3 (por— M*)v,0%,0. (51) 
This is a set of equations fully equivalent to (48) and 
(49), which in fact can be recovered from it by projec- 
tion normal and parallel to v,. By considering x* as 
independent variables, 9t and M as parameters, and fp, 
as the dependent variable we have a simple set of 
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linear equations in one unknown function, of the form 
Ope’, Ox? = po'ay(x)+5, (x) M?, 


(52) 
Oy = 20%; a— 0,0, e, O= 0,0. a 
Four equations defining the components of a gradient 
must have evidently vanishing curls in which the 
gradients defined by (52) may again be substituted to 
yield 


(Gy,»— Gy, y) (po? M?)+ (by.»—5,, yz +ayb,—a,b,) ==(), 


These would make p,?/M? entirely independent of %, 
and dependent on x alone, if we did not separately 
maintain 

Oy v— Gy p= by. »— 5, p+ 4,b,—24,5,=9, (53) 


which, like (50), are again constraints upon 2, alone. 
The first of these is the vanishing of a curl, which 
implies the existence of a single function of x* that we 
prefer to name In(1/q*), of which a, must form the 
gradient: 


A,= — (2/q) (0g/Ax") = 20% Vy, a— F0pv": a (54) 
This we may project parallel and normal to 2,, to get 

(55) 
(56) 


0%, a= 3(v*/q) (0q/dx*), 
UV y;a= — (8u%"/q) (0q/dx*). 


The last result we may well compare with (32) and 
(33) where the same accelerations are determined not 
by a single function g but rather by g and p, two dis- 
tinct, and possibly quite independent, functions. In our 
account, the existence of a functional relation between 
g and p, or equation of state, follows therefore from the 
same cause—dynamical isotropy—as the general ideal 
fluid property. 

Putting together (51), (55), and (56)—all the re- 
strictions on v obtained up to this point—we may 
write them as a single equation: 

O= g[y;++0,;4 +o, (0g/dx’)+0,(dg/dx*) ] 
is ot uvLv*(0q/ Ox*) +90. 4 |, 

from which each may be separately recovered by trans- 
vection with vv’, and v4. We prefer to express this rela- 
tion in terms of single time-like vector field g,= 2, of 
unrestricted magnitude g,q*=q?: 

Qu;o+Qo;u— 38ur9%;a=0 (57) 
Since the last equation is identically traceless, it is 
completely equivalent to 


Qu;v +r; n= 2A(*) Bur, (58) 


where A(x) is an arbitrary multiplier. [The value 
\= 49%, a= v"(0q/dx") follows from the trace of (58). ] 
The resemblance of (58) to the equations of Killing,” 


17. P. Eisenhart, Riemannian Geometry (Princeton University 
Press, Princeton, New Jersey, 1926), p. 234. Eq. (70.2). This 
equation was obtained by the authors [see Phys. Rev. 86, 621(A) 
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Ju:»t+Q»;u=9, well known in differential geometry, sug- 
gests the consideration of a one-parameter family of 
infinitesimal displacements of coordinate numbers x* 
with generators g(x), i.e., 


bx" = g*(x)ét. (59) 
It follows that the distance between points in the 
neighborhood of x* will be displaced according to 
5(dx*)=q* ,dx’6t; and the corresponding interval will 
alter according to 


5(ds?) = (guv,aQ* t+ Suaq*,»t Brag” u)dx"dx"at 
= (Qu; +4»; n)da"dx" ol. 


Equation (58) now reduces to 


5(ds*)=A(x)ds%!, (60) 


with A(x) quite arbitrary. We conclude that the dis- 
placements defined in (59) form a group that takes 
every null interval into another null interval. The 
streaming originally described by a velocity field 
now appears as the continual convection of local in- 
tervals so as to magnify or diminish them without 
shearing or change of their relative magnitudes. The 
group of rigid motions defined by the Killing equations, 
or 5(ds?)=0, is a subgroup of the conformal motions 
defined by (60). The view of streaming as the unfolding 
of a continuous transformation illumines the shape of a 
space-time able to contain a field of such stream lines: 
successive three dimensional space-like sections normal 
to must differ essentially only by local magnification. 

The condition on »v, that remains to be explored—the 
second set of equations in (53)—limits the variation of 
magnification throughout space-time. By introduction 
of gq from (54) and of g*=qv*, and \=v#(dq/dx") 


= $90": 4, we obtain 
(Agu), »— (Agr) w= GA (Oy; »>— Ur; n) +P y(GA),»—2>(GA) p= 9. 


Projection of the second form of this equation parallel 
and normal to v* leads directly to 


g“*’,,=0 and dAw,,=0, (61) 


where 
(62) 


thus defined, is the vorticity of the velocity field, or the 
normal component of circulation of the fluid, or the 
rate of rotational strain. From the second equation of 
(62) we see that either the magnification or the vor- 
ticity must vanish. In the former case, \=0, the first 
equation of (61) is automatically satisfied, and the 
group reduces to the subgroup of rigid motions. In the 
latter case, w,,=0, and that irrotational condition must 
be supplemented by the first equation of (61) which 
ensures that the magnification be constant throughout 
(1952) ] as the definition of rigid motion exemplified in the stream- 
ing permitted in thermal equilibrium. We are grateful to P. G. 
Bergmann for suggesting that we could simplify our analysis by 
making use of the group-theoretical arguments classic in this field. 


Ou 425% g,* (da. 8— U6; a)= 4g,°*g,* (qa;8— 98; a), 
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successive sections of space-time normal to v4“, The re- 
sultant subgroup of irrotational homogeneous magni- 
fications is the one generally considered in cosmological 
models. The two allowed subgroups are not quite dis- 
junct, for they hold the uniform rigid translations in 
common. Equations (58) and (61) together express all 
the restrictions on the velocity field arising from the 
assumption of local dynamical isotropy. 

We turn now to the form of 91 itself, to be determined 
by integration of (52). We observe that the content of 
(61) may be given fully equivalent expression in the 
first form of the equation preceding it, which, in turn, 
asserts the existence of a single function f such that 


Of /Ox*= 2dgu= 2qv,v*(0g/dx*). 


From this we derive, with the aid of (52) and (55), the 
conclusions 


v*(0/dx*)(f—g)=0 and b,=(1/q*)(0f/dx*). (63) 


Me 


Equations (52) and (54) now lead to 


0 
( (p g’— {M?) =(), 
Ox" J NM 


which yields the final form of V(x,p) as an arbitrary 
(non-negative) function F of only two composite vari- 
ables, M?=g"’p,p, and py'q?— f[M?= (q*pa)?— fg’ pup»: 


N (x,p)=N(po,x,M)=F (peg—fM*,M). (64) 


The splitting of the group of conformal motions into its 
two permissible subgroups next to be taken into ac- 
count, causes the distribution function to become further 
simplified. 

In the case of rigid motion, 0f/dx*=0=5,; and f isa 
constant that can be dropped from (64): 


N=F(qpo/M,M), 8q=6(ds?)=0, (65) 


where we use F as a generic symbol for an arbitrary 
non-negative function of its explicitly stated arguments. 
Comparison with (45) shows 


x 


»-f (e—1)'@F (ge)de, 
1 
1 D 
Q= f (e—1)!F (ge)de. 
3; 


The equation of state linking ¢ and p is explicit here in 
the dependence of those on «* only through g(x). Even 
though F (ge) may be chosen arbitrarily non-negative, 
an elementary integration by parts transforms 0¢/dx* 
into — (1/q¢)(¢+ p)dq/dx*, thus showing that the relation 


gdg+(g+p)dq=0, 


necessary, indeed, if g and p are to meet the claims of 
conservation expressed by the Euler equations (32) and 
(33), follows from (66). Furthermore, integration by 


(67) 
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parts, with due regard for the way in which F (qe) 
must vanish for large ¢ if g and p are to be definable by 
(66), shows that 

rs 


g(dp dq) + tp -{ e(e—1 I (ge \Wde<O, 
1 


q(dy dq) 7 10 


By combining these results with (67), we obtain 


4) ps, (O08) 


do/dp=(e+p)/4p S34, (69) 
with all equalities realized together in the limit that 
constituent particles approach the speed of light. The 
inequality (68) expresses the limitation of all speeds by 
the speed of light, and identifies light as the substance 
of maximum pressure for a given mass density. The 
inequality (69) states an upper limit for the compressi- 
bility, the least compressible substance being light. Both 
inequalities arise from the non-negative character of 
the distribution function. Though plausible and not 
without precedent, (69) must be considered as a new 
deduction made possible by the explicit form of equa- 
tion of state, (66), in our consistent statistical theory. 

In a later section we will show that in special comov- 
ing coordinates (v*=0) a metric that admits a group of 
rigid motions can be made entirely independent of the 
time, while g and p depend on x* only through ga=4@’. 
Despite the close analogy that then appears between a 
system in rigid motion and one of complete spherical 
symmetry like that investigated by Tolman, there is a 
decisive difference that prevents the gravitational field 
equations from enforcing spherical symmetry in a self- 
contained gravitating system in rigid motion, unless 
that motion reduces indeed to a simple translation. 
The difference originates in non-vanishing vorticity, 
w;,#0, and results in the unavoidable occurrence of 
ga0, and in corresponding departures from spatial 
spherical symmetry. In that case, Coriolis forces per- 
vade all comoving systems of coordinates, and signifi- 
cantly distinguish statically described mass distribu- 
tions in r’gid rotation from systems at rest or in uniform 
translation. 

In the case of irrotational homogeneous magnifica- 
tion, the conditions on g and / in (64) appear simple 


only in comoving coordinates. There it turns out that 


one may make g4.=0, g4s=9°G.;, where g,; is a function 
of g@=f+f, where f is a function of space coordinates 
alone. The familiar cosmological case corresponds to 
f= 0. Uniform rigid translation is given by f=0. 

We now add electromagnetic fields to the picture of 
local dynamical isotropy. If we replace p, by Pu 
=p,—eA,, then to must add the 
term —eF,,P*(0N/dP,)2,m, and to (47) we must add 
—eF,,v’P*, Equation (50) remains unchanged, but 


(46) we also 
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(52), which combines (48) and (49), acquires the addi- 
tional term —2eF ,oPo, on the right. The argument lead- 
ing to (53) now brings about the conditions: 


F yo F yout 3 (ayF »o— a,F yo) =0, 
and 


bP .o— b6.F ,o= 9. 


Since Eqs. (54) to (63) follow as before, we may use 
(54) to derive 
(qF yo) ,»— (qF 0) »=9, 


geF =O, H-O.=0. 


# 


We may then use (63) to obtain 


fiQw—-f Qu=0. 


We conclude that geF,, is the gradient of a scalar Q 
that is necessarily functionally dependent on f alone 
when / is not a constant. 

In the important special case of rigid motion, / is, 
in fact, a constant, and disappears from the problem. 
The scalar field Q remains to represent the time- 
independent electrostatic potential energy in the co- 
moving coordinates in which the metric is constant in 
time. The magnetostatic potential is not limited by 
these considerations. The analog of (65) in this case is 


N= FC(qPo+Q)/M, M], (72) 


which reduces exactly to (65) in the special comoving 
coordinates with g*=1, g*=0. The irrotational solution 
is only slightly complicated by the presence of electro- 
magnetic fields. 

Though we have given special attention to systems 
with local dynamical isotropy, those are not the only 
ones of interest. Einstein’s model! with particles mov- 
ing in concentric spheres with zero radial velocity and 
tangential velocities isotropically distributed, and den- 
sity constant over a sphere but varying arbitrarily 
among different spheres, is a system with 0,=0 and 
N,, and S,,*#0. Liouville’s theorem applied to this 
system leads to the determination of tangential mo- 
mentum and energy as a function of M, leaving un- 
specified the mass in any radial shell. The resultant 
proportionality of tangential stress @an and energy 
density p expresses the conservation of energy and 
momentum in a form very different from (67). The re- 
sultant inequality tan} can be written directly as a 
relation between g,, and gas=q’, namely 


gL (Ogrr/Or)+ (2g,r/1r) ]/2g,r(0q/dr)= 1, 


which expresses the limitation of all particle speeds to 
less than the speed of light. In recovering the distinctive 
conclusions that Einstein drew from a detailed analysis 
of the trajectories, we confirm the power of Liouville’s 
theorem to disclose the deeper relations among macro- 
scopic quantities that arise from the conformity of 


OF 


GRAVITATING GAS 1355 
their underlying statistical description to relativistic 
mechanics. 

We mention finally another model of special sym- 
metry with 9,,#0, which has some application to 
cosmology, namely an isotropic system with vanishing 
tangential stress. The relation between radial stress 
Yraq and energy density p is an equation of state identical 
with (66) when one replaces ¢ by 3@,aa. As a result, the 
conservation law (67) and the inequalities (68), (69) 
take very similar form: 


gdg+ , (9+3p)dq=0, 


Sp, dy dpsi+i(g p)S1, 


the greatest stress and least compressibility again being 
realized when light is the working substance. 


IV. THERMAL EQUILIBRIUM 


In the preceding sections, our statistical method has 
compounded the precise trajectories of particles moving 
in the precise combined fields of all other particles. 
When special symmetry was present, the distribution 
of trajectories was sufficiently uniform to keep all 
fields smoothly varying in space and time. In general, 
however, our description can become complicated far 
beyond practical needs by the occurrence of fine- 
grained, but violent, correlated fluctuations of density 
and field. We turn, therefore, to an approximate sta- 
tistical theory based on the concept of an average dis- 
tribution function constrained by the smoothly varying 
field it generates. 

We rarely need to know in detail all the minute 
fluctuations of density in phase caused by close en- 
counters of particles, nor need we account for the cor- 
responding variations in the field. Instead we imagine 
the forces divided into a smoothly varying long-range 
part treated by methods developed up to this point, 
and a rapidly varying short-range part, the principal 
effect of which must be to create microscopic disorder, 
to be treated by the methods of kinetic theory. Among 
short-range forces we consider not only those of meso- 
nuclear type, but also that part of gravitation and 
electromagnetism not already accounted for in the 
average fields. The separation of short and long-range 
forces in this sense has never been formulated with 
absolute sharpness even in the relatively familiar many- 
body problems—still less in nonlinear gravitational ones. 
Yet the principle of separation is intuitively persuasive 
and often correct. We shall therefore adopt one simple 
form of this hypothesis. 

Many proposed equations of state have been the 
basis for predictions of unusual singular situations, only 
because they imply or conceal contradictions with the 
laws of mechanics and probability. Because we are 
interested in highly concentrated matter, we wish to 
avoid the ad hoc equation of state. Yet we cannot cope 
with a picture of short-range forces fully realistic in all 
detail. At this stage, we prefer a model with the power 





1356 G. E. TAUBER 
to represent the emergence of molecular chaos, while 
conforming to relativistic and statistical mechanics in 
the manner of Secs. I and III. 

We therefore pursue the classic course of Boltzmann, 
replacing actual short-range forces by discontinuous 
binary collisions. We renounce, in principle, any pre- 
diction of the precise outcome of a collision, confining 
our account, instead, to a statement of the probability 
of various final states of mass and motion. We begin 
with an assumed cross section given as a Lorentz- 
invariant function of the dynamical variables of collid- 
ing particles. Conclusions about thermal equilibrium 
do not depend on the form of that function but only 
on its existence. The ad hoc character of our assumption 
will therefore have no effect until we deal explicitly 
with transport problems in a later paper. 

In separating short-range from average long-range 
effects we tacitly limit the scope of our theory to situa- 
tions where average effects are never so singular that 
we cannot find a space-time region near every space- 
time point, large enough to contain many collisions, 
yet not so large that the average fields may change 
appreciably across that domain. We believe that fidelity 
to relativistic mechanics, the laws of probability, and 
the nonlinear character of the gravitational field is such 
a strong deterrent to the formation of singularities, that 
this will not turn out to be a limitation in practice. 

Collisions under the influence of short-range forces 
can be viewed by a freely falling observer, and can 
therefore always be made to appear free of effects of 
the average gravitational field. That is the reason why a 
Lorentz-invariant formulation of the collision process is 
sufficient to put the entire theory on a general rela- 
tivistic footing. We suppose that average electromag- 
netic effects on collision are included in the assumed 
cross section as a possible implicit dependence on vari- 
ables other than the particle momenta. The freely 
falling observer can see so many collisions in his im- 
mediate field-free neighborhood, that he will be able to 
rediscover the fact that detailed balancing is fully 
equivalent to thermal equilibrium. 

Let the momenta of particles taking part in a stand- 
ard collision be p'---p'Y, and let there be given a 
Lorentz-invariant cross section o(I,II; III,IV), a func- 
tion of these, symmetric in I and II, the initial particles, 
and in III, IV, the final particles. It is well known that 
the relative velocity of two particles can be given in- 
variant form: 


(Vi,11)?= 1— (M1 Mq;/g""p,'p,")?, (73) 


with (M;)’=g*’p,'p,"!, etc., as usual. In the presence 
of electromagnetic forces p,' must be replaced by 
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P= p,'—e:A,(x). The collision process establishes a 
direct transfer of representative points between two 
widely separated locations in the eight-dimensional 
momentum space for pairs of particles—a sudden dis- 
appearange of points at p', p"' followed by a sudden 
reappearance at p'!', p'Y. The process is governed by 
the four conservation equations 


pult+p" pt+p,". 


Since this transfer is a simplified discontinuous picture 
of what must be a pair of continuous trajectories viewed 
in detail, it will obey the laws of mechanics. The Liou- 
ville theorem must hold for the process: The invariant 
volume in phase space associated with the suddenly 
transferred representative points, must not change. 

The collision process can be referred to a twelvefold 
volume element, 


dp dp dp dp'5(p'+ p''—p''—p'’ ) d oll, 


In a coordinate system that makes the local metric 
Minkowskian and sets the particle I at rest, the ordi- 
nary phase-space density for particle I is just N (x,p1) 
= Ny, allowing, of course, for the extra mass dimension 
we have found convenient up to this point. The ordinary 
phase-space density for particle II is not Ny, however, 
but rather 


(74) 


(75) 


Nu (dx1' dsq1) Nupu' Mn, 


to account for the Lorentz contraction of spatial dimen- 
sions in the direction of motion of particle I. We recog- 
nize this last expression as the invariant Nyp',pu“ 
M,M,. This enables us to write the collision proba- 
bility for particles I and II in clearly invariant form, 
namely 


Nnue (101; OLIV) Vip .pu*/MiMu 


NyNy RIT; TIL1IV). (76) 


R represents the effective volume swept out in space- 
time by the cross section moving at the relative ve- 
locity, and corrected for effects of special relativity on 
the measurement of density. The differential number 
of trajectories traversing dxdp' is continually diminished 
by collisions with initial momenta close to p', p™ at the 
rate 
—N Ny RLU; M1,TV)dee"p. 


It is continually replenished by collisions with initial 
momenta close to p'"!, p'Y at the rate 


+NinNrvR(II,IV ; 1,11)d"p. 


The resultant rate of transfer of representative points 
into the volume element dp! by the action of binary 
collisions is therefore 


(dNy dsi)consion= f ff apap ap o(p + pil— pill— piv) 


X Vin VwR(OLIV; L0)— Vin R10; T1,1V)). 


This is essentially the Boltzmann equation. 


(77) 
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Consider with its help, the change of a four-vector density K*“ associated with a scalar K(N,M) in the 


manner of (26): 


(0K*. Ox") = [exam (dM, /ds)coliisiond p! 


1 
=-f ff fee oox/owyCitndtR OLAV; L,1)—M,My RLU; UI,1V) | 
2 


(78) 


1 
= Lf ff eonetex anys 0x aN) @K/aN)~ OK/AN) ew WonNiwRCULTV LD, (79) 
4 


where we have exploited the symmetry of d@"'p in I, I 
in III, IV and in the interchange of the pairs I, IT and 
III, IV. By choosing K=N, we verify that the total 
number of representative trajectories cannot change in 
collision. By explicit introduction of charge conserva- 
tion in collision according to 


ert+en=enmt+erv, (80) 


we can obtain the differential law (0/dx*)[(—g)!j*]=0. 
Reference to (28) shows how the formulation of con- 
servation of charge and momentum in a collision accord- 
ing to (80) and (74) applied to the Boltzmann equation 
(77), leads to the differential conservation laws for 
momentum density. 

Our Lorentz-invariant form of the Boltzmann equa- 
tion is sufficient to establish the genera] relativistic 
picture of thermal equilibrium. A necessary inter- 
mediate step is the Lorentz-invariant definition of 
entropy. That practically requires a sharp distinction 
between like and unlike particles, which is difficult to 
achieve when the mass is represented by a continuous 
variable as heretofore. Merely writing N = >> 46(M— m4) 
XNa(x,p) and R(I,IT; TL,IV)=¥04,26(Min—ma)i 
X (Miv—mea)Raw(1,11; ILIV) effects the necessary 
adjustment. To avoid complications of notation that 
are not necessary for our purpose, however, we shall 
not try to carry through the argument in full generality. 
We prefer to limit detailed discussion to the simple 
situation of collisions among particles of the same mass, 
or between particles of two different masses, assuming 
that the masses concerned are the same before and after 
collision. Collisions of more general type, though inter- 
esting in other connections, are not essential to thermal 
equilibrium. 

In simple collisions involving at most two distinct 
masses ™, m, the volume of phase space concerned is 
limited by conditions symmetric under interchange of 
the index pairs I, II and III, IV: 


M14+-Mu=Mint+Miv=m+m, 
M\My= MiMyw= m Mo, 


and consequences of these, 


bP pu"=p™ prv, 


Vien = Vinitv- 


In this case, any assumed symmetry of the cross 
section o(I,II; II1,IV) for interchange of index pairs, 
i.e., microscopic reversibility, will be shared by 
R(1,11; I11,IV). Let us first suppose that 
N=6(M—m) and R(L,II; Iil,IV) 

= R(T; TILIV)6(Min—m)i(Miy—m). 
The definition of entropy current density for particles 


of a single kind obedient to Boltzmann statistics is 
evidently 


S,.= — fap, M)xé6(M—m) In(9#*). (81) 


(By taking entropy dimensionless, we identify tempera- 
ture as energy and obviate the occurrence of Boltz- 
mann’s constant.) According to (26) we conclude that 


(82) 


for the continuous streaming in phase space caused by 
the average fields. For collision processes we may apply 
(79) with dK /8N = —1—In(I#*), to obtain 


(0+ 0x") continuous =0 


IS / dx" = (8@S#/9x") collision 


1 
aa Jf f fee incousev/ae%0 
4 


XNinNwRCILIV; III). (83) 
Either by assuming microscopic reversibility, or by 
following the steps of Boltzmann’s demonstration that 
collisions must form eventually closed cycles through 
which representative points circulate without accumu- 
lation, we reach the conclusion that 


IS*/da">0. 


(84) 


Equality can only hold when there is detailed balancing, 
i.€., 


JU9G1 = Marv. (85) 


Similar arguments applied to (77) yield for the condition 
of maximum entropy 
(dNu /dS) cottision = 0, (86) 


from which we conclude that maximum entropy means 
thermal equilibrium. 
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Detailed balancing, (85), tells us that in thermal 
equilibrium, In(9t/#*) can only be realized as a linear 
function of the additive integrals of the collision process 
with coefficients dependent on «x alone. In the absence 
of electromagnetic fields, 


In(1/Sh*) = O(a) +¢*(x) py. (87) 


Thus, by steps exactly parallel to those of classical] 
kinetic theory, we are led to the Lorentz invariant 
generalization of the Maxwell-Boltzmann distribution. 
The vector field g*(x), represented as g(x)v*(x) with 
v“v,=1, describes massive streaming with velocity field 
v, and invariant absolute temperature 1/q(x), while 
Q(x)/q(«) is the Gibbs free energy. (If we consider a 
case with no streaming, g‘=0, where particle energies 
are mostly nonrelativistic, and where gravity is negli- 
gible, i.e., gas™1, pe~M+3M (2'), then 1/q(x) obvi- 
ously reduces to the usual absolute temperature. In 
general, 1/g(x), is what we would get by collecting a 
sample of gas in an insulated box moving with the 
average streaming velocity in its vicinity, removing the 
sample slowly to a distant field-free laboratory, and 
then measuring the absolute temperature.) 

Conclusions of importance follow from applying the 
Boltzmann equation (86) to the case of thermal equi- 
librium. Since 


(dN dS) cotiisi att (dN dS) continuous = 0 


is the proper statement of Liouville’s theorem in the 
presence of collisions, and since in thermal equilibrium 
the collision contribution vanishes, we are left with 
(dN /dS)continuous=0. This is identical with the earlier 
form of Liouville’s theorem (25) derived there in the 
absence of any approximately described short-range 
forces or collisions. 

We may therefore apply the methods of Sec. III di- 
rectly to the case of thermal equilibrium. Up to this 
point we have been dealing with local phenomena de- 
scribed in Lorentz-invariant fashion by a special, freely 
falling observer. With the disappearance of any explicit 
effect of collision processes from the thermal equilibrium 
form of Liouville’s theorem, any reference to special 
coordinates or special forms of general covariance dis- 
appears. The equation (dN /ds)continuous=9 belongs to 
the domain of general relativity. It describes the curva- 
ture of trajectories and of the space-time in which they 
lie; and its form is generally covariant. 

The Maxwell-Boltzmann distribution now displays 
the property of local dynamical isotropy taken up in 
Sec. III. Equation (87) is one of the class of distribu- 
tions described by (72), from which we conclude that 
the only massive streaming compatible with thermal 
equilibrium is a rigid motion in the sense of (65). This 
is the relativistic generalization of the well-known 
classical theorem that is often stated in the same 
words.'* For the sake of clarity, we dissect this property 


18R. H. Fowler, Statistical Mechanics (Cambridge University 
Press, New York, 1929), ist ed., p. 430, Secs. 17, 33. 
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out of the many others developed in IIT. (The quantities 
g and g*= qv" have been defined in this section so as to 
conform to their usage in Sec. III.) 


Qu;e tr; n= 9, (88) 


or, the fully equivalent equations 


Bu*" (Me att Ug ay Pua UV, 


(89) 


wet (0 Ing Ox*)=0, (90) 


together with their necessary consequences 


v#(dg/Ox! Q, 


(91) 
The temperature field (1/qg) is entirely determined 
according to (90) by the four-vector streaming field, in 
such a way that the stream lines lie on isothermal sur- 
faces. The entire system in thermal equilibrium is not, 
however, isothermal. Even in the absence of streaming 
in a given neighborhood, where o*=0, v“0,= gas(v*)?= 1, 
(90) requires g44,%/2gss-~0 Ing/dx*, or, (temperature) 
=9q loc (gq4)~4, there. The acceleration of streaming 
along a stream-line is responsive not only to 
the force of gravitation which enters by way of the co- 
variant derivative in (90), but also to the gradient of 
the temperature. Unlike the temperature, the quantity 
Q, or Gibbs free energy divided by temperature, is a 
constant over the whole system, at least in the absence 
of electromagnetic forces, for which we deduce from 
(65) or (70) that 0Q0/dx=0. 

Electromagnetic forces affect thermal equilibrium 
when particles of different charge and mass are present. 
Consider a simple collision between particles of masses 
and charges my, er and my, en in which 
charges remain unchanged. We are led to a result 
similar to (87) but with an extra term corresponding to 
the charge which functions, according to (80), as an 
independent additive integral of the collision process. 
In order to preserve the explicit gauge invariance of the 
distribution function, we write the new form of (87) as 
follows: 


masses and 


In(1/Styh*) = Qo(x)+e101 (a) +9"(pu—erAy). (92) 
The massive streaming and the invariant temperature, 
together described by g*(«), are the same for all par- 
ticles at a given point no matter what their charge or 
mass, and are governed by Eqs. (88) through (91) just 
as in the absence of electromagnetic forces. Reference 
to (70), valid in the case of rigid motion that here ob- 
tains, shows that 


80 /dx*=0, 80(x)/dx*= Fyq’. (93) 
We have dropped the index from Q(x) because it is the 
same field for all species of particle, and is dependent 
only upon space-time position. Looking ahead to the 
representation in special comoving coordinates with 
g*=0, g'=1, dg,,/dx* 


0Q/dx*=0A4/dx* so that Q differs by an additive con- 


0 we can see that 0Q0/dx«*=0, 
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stant from A,4, the static electric potential. Just as in 
classical nonrelativistic kinetic theory, the only electro- 
magnetic fields compatible with thermal equilibrium 
are derivable from time-constant potentials. In these 
very special coordinates, the terms of (92), erQ: and 
—eig"A,, cancel in so far as their space-dependent parts 
are concerned, leaving 


In(1/Srh*) = (constant)1+ pa. 


Despite its specious independence of temperature gq", 
and gravitational and electromagnetic forces, this all 
too simple form of the Maxwell-Boltzmann distribution 
function actually depends on all of these factors by 
way of 
my? = g*"(pu—e1A,) (p»—e1A,), 
and 
P= Surg” = Bas- 


Because relativistic concentrations of matter are 


found experimentally together with Fermi degeneracy, 
we need to formulate the effect of the exclusion prin- 
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ciple on our Lorentz invariant model of binary colli- 
sions. In nonrelativistic statistical theory the effect is 
well known: one must count both “holes” and particles, 
as contributing to the entropy of the system. This 
means replacing (It/*) In(It#*) in the entropy current 
of (81) by 


(ItA*) In (Ith) + (1—9h*) In(1—IA*). 
One must also compute the collision probability of (77) 
in proportion to the densities of holes in the final state 
as well as the densities of particles in the initial states. 
One must therefore replace a term like 
(Nirrh*) (Nrvh*)R (ITTV ; 1,11) 
by 
(Mirrh*) (Mrvh*) (1— 9G A*) (1 — Myrh®) 
x (p uprr” 'M,My,)R(IILIV; III) 
= nn1vR(II1,IV; 1,10, 


with (1/v)=(1/Nh*)—1. As a result, the statement of 
(79) must be altered to read: 


1 
(0K4*/dx*) = fff ferscex ON) + (0K/ON)y— (0K ON)in1— (0K ON)ry | 
4 


For the entropy, in particular, 


O0K/ON =Inv, 
and 


1 
(8S#/dx") = ff [errr 
4 


X In (vrrery/ v1 )6(M 11— m)6(M w—m) 
< R(T, IV; LI). 


Again, the assumption of microscopic reversibility, 
which renders R symmetrical in the index pairs III, IV 
and I, II, or Boltzmann’s collision-cycle argument, per- 
mits us to conclude that 0@#/dx*20, with the in- 
equality valid when and only when 


_ JAT./ - _ 
yn=vmvriv, (dN1/ds)cottision=9, 


and 


—Inyy= In (1/SrA*) — 1 J = Qot+er0+9"(py—erA,). (95) 


The equilibrium distribution here is related to that 
derived for Boltzmann statistics in (92) exactly as the 
Fermi and Maxwell distributions are related in non- 
relativistic theory. The reduction of Liouville’s theorem 
to the form (d9ti/ds)continuous=9 again leads to Eqs. 
(88) through (93) exactly as in the case of classical 
statistics. In particular, the quantity Qo, which func- 
tions as an invariant degeneracy parameter is not 
affected by the gravitational red-shift factor like the 
invariant temperature, but instead remains constant 
throughout the system. 


X vinvrvé(Min—m)s(Myy—m)R(IT,IV; LTD. (94) 


V. ROTATING FLUIDS 


In the last two sections, the streaming of a fluid has 
appeared as part of the description of internal state 
inseparably connected with thermodynamic conditions 
and with the distribution of fields of force. Even in the 
classical treatment of thermal equilibrium an ideal gas 
is constrained to move like a rigid body in a conserva- 
tive field. The identification of inertia and gravitation 
in general relativity naturally extends these connec- 
tions, and relates them directly to the metric of space 
and time. Despite the fact that only first derivatives of 
the metric tensor appear to enter considerations of this 
kind, the curvature of space-time is deeply involved. 
One effect on the curvature results from the self- 
consistent or codetermined nature of the field equations. 
But even more directly, the curvature of the stream 
lines limits the shape of the world in which they must 
lie embedded. 

Consider for example, the case of rigid motion, where 
space-time necessarily admits a vector field g,, such 
that gy;»+q,;.=0. The second covariant derivatives of 
q, are therefore subject to two identities 


Qu;v;o + Qu; 0;>=9, (96) 


Qu; v30~ Qu; 030 Rosa: (97) 
By transposing three times alternately the members of 
the first pair, and the members of the second pair of 
indices in gz;,;, and then applying the well-known cyclic 
identity for the curvature components R*,,,, one can 
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obtain 


Je: u;»= RvenQay (98) 


and its contraction, 

2" do;u:v= Re" Qu- (99) 
In effect, g, is restricted to multiple periodicity in space- 
time coordinates, the periods being the corresponding 
radii of curvature multiplied by (27). Since the con- 
servation laws and the condition of rigid motion deter- 
mine the variation of g,, space-time must have precisely 
that curvature to make the required variation of gq, 
appear periodic. 

The effect of codetermination of the gravitational 
field can be tested in the case of the rigid motion of an 
isolated ideal fluid acted upon by its own gravitational 
force. The law of gravitation there takes the form 


Ry— Sule? = —«T,,=— «(@+p) (qug> P)+KPLur- 
(100) 


Combined with (99), this gives 


8°"Qr;u;ot (K/2) (39+p)q,=9, (101) 


a direct connection between mass density and streaming 
velocity that emphasizes the isotropic character of 
stream-line curvature in this case. 

As in all codetermined gravitational problems, New- 
tonian or cosmological, the quantity c(xp)' is a char- 
acteristic reciprocal time that determines the real or 
imaginary periodicity of stream lines in space-time. 

Though all coordinate systems are equally possible, 
some are more adapted than others for the analysis of 
streaming. Inertial coordinate systems treat distant 
matter as unaccelerated from the outset and so facili- 
tate the junction of a solution of the field equations 
within matter to an outside solution asymptotic to a 
Minkowskian space-time. By contrast, a noninertial 
coordinate system comoving with matter at every point 
has the advantage of presenting a greatly simplified 
picture of streaming and of identifying the velocity 
field with a number of gravitational potentials that 
must in any case appear in the problem. No reference 
to the state of distant matter need be made until the 
entire solution interior to streaming matter is con- 
structed. In a general sense, no picture of matter as 
codetermined with its gravitational field, can be con- 
sistently applied to distant regions unless the matter 
there is supposed accelerated. The cosmologically 
streaming solutions are always required. The junction 
of a solution of the interior problem with an exterior 
solution is thus seen to be an artificial formulation when 
viewed on a cosmological scale. All problems are 
interior ones, and all concern streaming matter, near or 
far. For all regions, the comoving picture is by far the 
simplest. As for the use of special inertial systems to 
describe matter that happens to be near, it is as difficult 
to apply in practice as it is to defend in principle. 

Comoving coordinates «“ may be defined in terms of 
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some quite arbitrary coordinates £* as follows. Let the 

three functionally independent solutions for ® satisfying 

b+db/dF*=0, be called «*(Z). Then v*=04(dx*/d#*) =0. 
The fourth component of v* is defined by v“v,=1 

= gya(v")?, or v'=(gys)~?; and the covariant comoving 

components of vo” are just 


1 
‘ 


Pus ( 244) g4"(g44) (102) 


Du= Bud 
Naturally, the component parallel to o* of any vector 
a, is 


Ao= V"dy= A4( 244) ?, 


while the component perpendicular to v“ is formed by 
means of the projection operator in (37): 


k 3k 


g**=g, ’ Rk 
£ij"= Bij— (£:4854/ 844), 


1* 
—~£ri/ 844, 8 
peal allen (103) 
gea*=0,  gaa* 


(104) 


a,*=g,"*a,= Ap—A4( LK4 £44), a,* =(). 


If a comoving coordinate system x“ is subjected to a 
transformation 


Z¥= PF) (g! 42 98), H=F(x!,--- x4), (105) 


it remains comoving, as can be seen at once from the 
fact that 
1 [oF k)/ Ox j= 0. 


The transformation introduces arbitrary curvilinear 
space-coordinates and resets clocks at different points— 
a mere change of measuring conventions. We shall refer 
to such a transformation as a recalibration.’® Under it, 
the comoving space components of a contravariant 
four-vector form a complete contravariant three-vector, 
with transformation coefficients depending only on 
space variables: 


a*= a| OF : Ox? |. (106) 


The metric components g*’ form a corresponding spatial] 
three-tensor. Since also, according to (103), 


gg in— Bia(S**Sua) = 8", (107) 


Beis" 
so then g;;* is a spatial three-tensor reciprocal to g*’, 
and can be used to make covariant spatial three-vectors 
out of contravariant ones. The new covariant formed 
from a* is just the component of a* normal to v*: 


(108) 


Gale Crit oO 
£j~ 2" = gj, a*=a;". 


In addition to these three-vectors, we also have in- 
variants under recalibration such as a4(g44)~= do, aris- 
ing from ay=4,(0F/dx*) and gas=Gas(OF/dx*)*. By 
elementary transformation of the determinant of g,, 
= gu»*+0,0, expressed in comoving coordinates, we find 


g=2" 245, (109) 


where g*, the three-rowed determinant of the spatial 
metric g;;*, transforms under recalibration like a scalar 

19 See C. Mdller, Theory of Relativity (Clarendon Press, Oxford, 
1952), Secs. 89, 94. 
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density of three-space. Singling out a time dimension 
directed along the stream-lines makes especially simple 
the division of a scalar product into “parallel” and 
“normal” scalar parts: 


a*b, = a*b,.*+-aobo. (110) 


In all systems of coordinates comoving with a given 
velocity field, it is thus possible to analyze phenomena 
in terms of an effective spatial metric gi,* reciprocal to 
g'*, and an effectively orthogonal time dimension sym- 
bolized by the index 0. One may also construct starred 
and 0 components beginning with any given g,, in any 
given coordinate system: Equations (103) through 
(110) refer only to the metric and not necessarily to any 
preassigned velocity field. The latter can, in fact, be 
made out of the metric by means of Eq. (102); and 
that construction gives meaning to the quantities that 
transform in tensor fashion under the group of recali- 
brations. The importance of that group and its covari- 
ants has been recognized by Mller'® and other as the 
group of “change of coordinates inside a system of 
reference’; and many conclusions about these have 
been stated. Our construction of the velocity field v, 
associated with a given metric in a given coordinate 
system enables us to develop simply, and to extend, 
these conclusions. 

Consider for example the vorticity w,, of our velocity 
field, defined in (62) as the normal projection of the 
antisymmetric circulation tensor. In all comoving 
coordinates, 

woi* = 0= wai (gas), 
and 


2wi*= 20 45= (gaa)*(Ci,j5—Cj, s FC Cj a —CiCi.4), 
where C;, defined by 
Ci= gai/gu=v'r, 

function as a kind of vector potential for the circulation. 
The analogy is heightened if one introduces differential 
operators covariant under recalibration: 

0;* = (0/dx')—C,(d/dx*), 

Oo= (g4s)~*(0/dx4), 
with the aid of which 


2w;*= (gas) *L0;*C;—0,*C; ]. (111) 


Of course, the operators 0;*,d9 are not coordinate 
derivatives as can be seen from their commutation rules: 
0,*0;*—0;*0;* = 2w 00, 


(112) 
O1.*09—O00.* = D4; 000. 


The second result comes partly from (31) which shows 
that the acceleration ;;0= (v,0)*, and partly from the 
direct evaluation, 


04;0= Cx,4—O,* (In). 


(113) 
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The Jacobi identities for the commutators in (112) 
yield interesting relations between vorticity and ac- 
celeration in comoving coordinates” : 


20ij,0=0;* (0;,0) as a;* (0,; 0), 


‘ “y (114) 
O:*w jn +0;, wjx+ (cyclic permutation of i, 7,4) =0. 


It is possible to generalize (112) and (114) to fully co- 
variant relations in space-time. 

One of the most important considerations concerning 
vorticity emerges from a study of a freely falling test 
body with mass too small to disturb the average field in 
the observer’s neighborhood. The forces are obtained 
by studying the normal and parallel projections of 
(31), the equation defining v,;,, and the directly verifi- 
able identity for the normal strain in comoving 
coordinates : 


(va:a+ U8; a) Su**g,* as (gu»*) 0+ 
*00,0= do(Inv,4), Tox on = 0," (Inv,4), 


li.oc=— 3 (gi;*) ot 58°" g;"* (Oy, t+,n), 


*¥_ 
T00,% = Vk: 0) 


(115) 


(116) 


1 - *) 
I 0j,4° = 3 (gin ),0—- Wj, 


Ti = 3{ (gix*) t+ (gix*),<* al (gii*) 4") : 


The last quantities mentioned, the “spatial” connection 
coefficients, when derived from I,,,, by externally 
starring all its indices, turn out to be exactly the same 
as three-space I'’s derived from the “‘spatial” metric 
gix*, by the spatial operator 0;*. The forces T'oo,,* and 
I'o;,.* are distinguished by the fact that they transform 
like tensors under recalibration. 
The geodesic equations can be stated as 


d (—) dx* dx’ 
ae ee Wy ween 
ds\ ds ds ds 
dx* dx! dxo dx? dxo\? 
= r,,**— —+ 2 oj**#— —+Tw(—) ° 
ds ds ds ds ds 
They take a specially suggestive form when the 
velocities, 


u! = dx! /dx y= (dxi/ds)/(dxo/ds), 


dx» 2 
+z): 
ds 


dx'/ds=u'/ (1+ tup,*)}, 
dxo/ds=1/(1+u™u,*), 


are used, since with 
dx* dx” 


dx‘ dx! 
cline seni * 
ur 
ds ds 


g “heee piers 
ds ds 


== gi 
we have 


(117) 


2% J. Serrin, Handbuch der Physik (Springer-Verlag, Berlin, 
1959), Vol. 8, Part 1, p. 151ff., see Eqs. (17.1) to (17.4) derived 
in the special case that an equation of state obtains, and in a 
nonrelativistic situation. 
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and 


d u? 
guj*(1+u™u,,*)! ) 
dxop/ L(A+u"u,*)! 


Dy ;,4°6'u? +271 05,4 +T 00,4". (118) 

Even in strong fields, the Coriolis force can be sepa- 
rately distinguished” as 2w,;#’, and is thus always de- 
termined by the local vorticity in a real or hypothetical 
reference fluid imagined as streaming in the time direc- 
tion defined by the given coordinate system. Without 
appeal to the apparent motions of distant stars, an 
observer can tell from the fields nearby, e.g., by the 
precession of a pendulum, to what extent his coordinates 
are rotating. Of course, under general coordinate trans- 
formations, the covariant components of velocity of an 
imaginary reference fluid will have to be determined 
afresh from the values of gs, according to (102). But if 
the fluid is real, its velocity is a four-vector and (102) 
holds only in comoving coordinates. The vorticity of a 
real fluid is a tensor, and cannot be annulled by any co- 
ordinate transformation. For a hypothetical fluid, the 
vorticity is a tensor only under recalibrations; and 
therefore they cannot annul g,, unless the vorticity 
vanishes. Non-null values of gs, are uniquely indicative 
of local rotation of coordinates wherever the curl of 
£4x/244=C;, fails to vanish. 

Special interest attaches to a four-vector w, con- 
structed from an antisymmetric tensor w,, and the 
velocity field vo“ with the aid of the numerical tensor 
antisymmetric on all index pairs. €4,..= (—g)*f(u,»,0,7) 
defined by /(1,2,3,4)=1. In comoving coordinates, 
€4u0= 0, €:jx0= €:je*, the corresponding threefold tensor 
under recalibration. The four-vector 


wy SF Eprer"t ; (119) 


with a structure reminiscent of the ponderomotive force 
in magnetohydrodynamics, also satisfies 


o*,,T 
a) 


(120) 


om ) 


Wyy Cuvar 


and reduces in comoving coordinates to 


* o*\},.,ii ; 
We =(— gg )¥w", = wij 


(121) 


— (—g*)bw*, wo=O0, 


with i, 7, k any cyclic permutation of 1, 2,3. The co- 
moving quantities w,* and w* transform as space vectors 
under recalibrations. The direction w* at any point is 
clearly the axis of local rotation of the reference fluid. 
If, furthermore, w*(x) is interpreted as the field of 
tangents to a two-parameter family of curves filling 
those regions where vorticity exists, the curves represent 
vortex filaments. 

A case of some interest is that where the vortex 
filaments form a steady pattern in comoving coordi- 
nates, so that the direction of w* can be everywhere 


1A. Einstein, Meaning of Relativity (Princeton University 
Press, Princeton, New Jersey, 1945), p. 102ff. See also reference 
19, Sec. 110. In both these references, the Coriolis force is identi 
fied only in the limit of weak fields. 
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identified with a single coordinate direction, the comov- 
ing z axis, for example. Intuitively, it seems clear that 
this condition can be met, if and only if w* » is every- 
where proportional to w* through a single (scalar) func- 
tion. Proof goes as follows: if axial comoving coordinates 
are to be possible there must be some set of comoving 
coordinates «* in which w'=w?=0, and the only non-null 
component of w* is in the «* direction. In terms of some 
arbitrary unlimited coordinates Z*, we must have 


vt = (dxt/az*)o", wt=(dxt/az)on, «(122 
and particularly the vanishing of these when k=1, 2. 
There must therefore exist two functionally independent 
solutions @='(%) and @=.2°(Z) for the pair of simul- 
taneous equations @’0,i= 5"d,? 
these equations must essentially be independent; and, 
since each has three independent solutions, the pair can 
have no more than two. Unless the equations for ® are 
compatible as they stand, their commutators can gen- 
erate new independent restrictions on ® and can thus 
reduce the number of independent solutions to one or 
zero. In comoving coordinates, the differential opera- 
tors in the ® equations w‘d,*#=d@=0, namely w*d,* 
and 09, must therefore either commute or give rise to a 
linear combination of these same operators. Now 


0. Since w’2,=wo=0, 


(w*d.*)d9— 0 (w*d,*) = (w! \Ao— (w* 0,*), 


of which the first term meets our requirement, while 
the second can only do so if w* » is proportional to w*. It 
is easy to verify that in comoving coordinates 


on == gg” \ Pe) —_. g* | 
v*..=(—g ( g 


so that, by (121), 


®”" 0 v”. io” — | —— 7 Wa 


with i, j,k a cyclic permutation of 1, 2, 
(114), 


Thus, by 


w* 90,* = v*. w*d,*— 1(— g 1) 0" 1 —0O;*0;.9 |0;", 


which must be proportional to — (—g*)~*w,;0,*. Hence 


\ x, 1 x, 
205.0 0; Uj- ( —@¢ U; Vw 


This may be written as a relation fully covariant in 
space-time, 
gues, (8,8 +077 O-0¢-0) = Vw 


(124) 


defining the conditions of existence for comoving axial 
coordinates or vortex filaments stationary for a co- 
moving observer. 

In such axial comoving coordinates the metric tensor 
and associated quantities can be materially simplified. 
Two of the independent solutions of (122) have already 
been named x! and 2*. Let us name «* the third inde- 
pendent solution of w’d,P=0, and let us name «* the 
third solution of v’d,6=0, in keeping with the space- 
like character of the vorticity field and the time-like 
character of the velocity field. This characterizes 2° as 
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comoving, and x* so as to make gy=0; for w* 
=w" (dx*/dx")=0 and therefore 


wo= wv, = ow 243/ (gaa)! =Q, 


according to (121) and (102). Along with w!=a*=0, 
we conclude from (121) that w;3;=we3;=0 and that 
therefore in (111), since Cs=0 and 0;*=03, we must 
have C,,;=C2,,=0. This presents the vortex filaments 
as orthogonal to the Coriolis potential, and prevents 
the comoving components of the latter from changing 
along a filament. From (111) we also conclude that w12, 
the sole surviving component of normal circulation 
the “strength” of the filament in classical vortex 
theory—is not quite constant along a filament, but 
instead is proportional to (g,s)*. This is a new general 
relativistic effect analogous to the red shift and to the 
variation of temperature throughout a mass in thermal 
equilibrium. The Coriolis potentials C; and C2, and the 
associated strength wy2/(g4s)', can be assumed to re- 
main constant even where a vortex filament “breaks 
through” a matter boundary into empty space. This 
extension of the classical categories of vortex descrip- 
tion is without classical analog but expresses instead 
the characteristic induction effects of rotating matter 
that resemble magnetic forces originating in a circula- 
tion of charge. 

The foregoing results apply to fluids with axial co- 
moving coordinates independently of any assumption of 
the ideal fluid condition and quite apart from the 
existence of an equation of state. Following our dis- 
cussion of Sec. III it would seem unlikely that the 
peculiar and limited dynamical isotropy of the ideal 
fluid could appear in nature as the result of special 
accidental circumstance rather than as a result of com- 
plete local dynamical isotropy. The latter, as we have 
seen, goes far beyond the ideal fluid hypothesis however, 
and also assigns the fluid a particular kind of equation 
of state, and limits its streaming to one of two quite 
definite patterns, rigid motion or homogeneous mag- 
nification. We therefore incline to the view that the 
historical division of these combined effects into three 
distinct steps—the assumption of the ideal fluid (30), 
the assumption of an equation of state @(p), and finally 
the assumption of complete local dynamical isotropy 
may be a rather artificial approach to the description of 
real fluids. Nevertheless, to relate our account to 
earlier work, we take these three steps in succession. 

The introduction of the ideal fluid condition (30) 
appears particularly simple in components parallel and 
normal to v4, 


Tus" = — PB ur", To,*=0, Too=p, (125) 


and even more simple in comoving coordinates, 
T;‘= 


T;*= — 9g;', T,§=0, T0=p, 


T= (9+p)Ce= (—+ 0) g4x/ Bas. 
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If 7,4 were zero, the tensor would be diagonal and hence 
would itself discriminate no spatial direction. A co- 
determined solution of the field equations would there- 
fore have static spherical symmetry, a situation 
apparently incompatible with the existence of ac- 
celerated streaming. The fact that C, cannot be made 
to vanish in any comoving coordinate system unless the 
vorticity vanishes means that it is the presence of 
vorticity alone that prevents the collapse of a co- 
determined solution into a spherically symmetric pat- 
tern characteristic of a truly static distribution of mass. 

The conservation laws for the ideal fluid, (32) and 
(33), take the form of prescriptions for the time de- 
pendence of the two factors making up T,‘, when ex- 
pressed in comoving form: 


0. =o In(—g*)!= —dop, (g+p), 


er ee ; (126) 
Ve;:0= 04° —/(9+p)=Cz,1—JOx* Ingas; 


or alternatively 


dol (—g)?(9+p) |= Xo, 


C. =X." (127) 
kA AK y 


X,=40, Ingas+0,0/ (9+ p). (128) 

The importance of the equation of state in providing 
for the integrability of the above time-differentials is 
evident in the structure of the quantities X,. If and 
only if there exists a functional relation between g and 
p, X, may be written as the gradient of a single scalar X : 


X,=0X,, X=} Ingut f de/(e+p). 


The quantity X is evidently the hydrodynamic poten- 
tial and reduces, in weak gravitational fields to the 
familiar potential function of Bernouilli’s theorem. 
Under recalibration the second term is invariant, while 
the first can be changed at will, so that X may be 
transformed into zero, by merely recalibrating the 
time. That results in the vanishing of Xo and X;,* in 
(127). In that special coordinate system adapted to the 
problem of an ideal fluid obedient to an equation of 
state, the Coriolis potentials C; as well as the circulating 
mass density (—g)!(g@+p) become quite independent 
of the time, while g4, assumes the standard form 


gu=enp| ~2 f dg (e+) | 


The time independence of C; makes it possible to re- 
cover, in the domain of general relativity, practically 
every feature of the classic Kelvin-Helmholtz theory of 
vortices. The first step is to recognize that we are dealing 
with a stationary pattern of vorticity because C,, and 
hence w;/ (gas) generated by the space derivatives of 


(129) 
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C;, is independent of the time.” We may actually bring 
our coordinates in which X¥=0 and (129) obtain, into 
correspondence with the axial comoving coordinates 
developed earlier for the general fluid with stationary 
vorticity pattern. Reference to the earlier argument 
shows that we need to characterize 2‘ in such a way that 
g4s=0; and the development of Bernoulli’s theorem for 
the ideal fluid shows that we must do this while main- 
taining gs, unchanged. Consider a simple recalibration 
of the time by addition to +* of a function 7(x',x*,2*) : 


Y= 9+7 (x! ,07,07), xh’ =x. 
From 
Luv= Lor (Ox /Ax*) (Ax"'/dx’), 
we derive 
£is= faa, Rai gas (Or Ox") + gx’, 
or 
C,’=C,.—07r/dx*. 


Since by (129), Cs is, like 7, a function only of space 
variables «*, C;’ can be made to vanish by suitable 
choice of 7 without altering the Bernoullian value of g4s. 
The remaining properties of comoving axial coordinates 
can now be demonstrated exactly as in the general case, 
from which we conclude that we may establish a co- 
moving coordinate system with the striking special 
properties : 


w==C3=C, 3=C14 C2 3 


C2.4 


= (we (gss)*) 3= (we (gas)*) s=9, (130) 


in addition to (128) and [(@+ ,)(—g)*].4=0. 

The shape of a vortex filament appears steady to the 
observer comoving with matter, and its strength, 
w12/(gss)', is constant not only along the length of the 
filament, but also in time. From the point of view of 
general relativity, the Coriolis potentials g4./gss=Cx 
have been reduced to a very simple form constant along 
a filament and in time, while the pseudo-Newtonian 
gravitational potential 4} Inga, which determines the 
red shift, is exactly equal to the hydrodynamic poten- 
tial. These profound simplifications permit us to take a 
further step beyond the classical theory of vortices, 
made possible by our general coordinates. A recalibra- 
tion will enable us to make the strength of all vortex 
filaments the same, as though the motion were rigid 
with constant angular velocity w. 

Of course we do not imply that the motion is actually 
rigid; we are merely using coordinates that make it 
appear quasi-rigid. (A true rigid motion, as we shall 
shortly prove, leads to time constancy of all metric 
components. In quasi-rigid motion, g,;* retain a time 
dependence in general, and moreover display an intri- 
cate pattern of “centrifugal” force that describes the 
departure of the motion from actual rigidity.) The 
analogy between the quasi-rigid picture and the familiar 

See references 11 and 12 which are concerned with the 
“‘holonomic”’ or ‘‘barotropic’”’ case with an equation of state. Our 


results in this case derived after this point have not been antici- 
pated in the cited references. 
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notion of nonrelativistic rigid motion is nevertheless so 
close that we shall be able to define “radial’’ coordinates 
x' and 2? in which distance is essentially determined by 
the magnitude of the components of Coriolis potential. 
We construct the quasi-rigid representation by.a re- 
calibration to a system of coordinates #*, that leaves 
intact all the special simplifications of (130), achieved 
up to this point. 


F'= £(x!,x°); 


x'+7(x! x7). 


It is easy to verify the maintenance of (130), (128), 
and (127) with Xo=X,*=0 in the new system, and 
also that 


Ci= (07 /dx') + C1 (0E/dx') +C2(dn/dzx'), 


C.= (dr dx?) +C (de Ox") + C.(dn Ox), 


w= (0f/0x*)w, 
(0E/Ox') (dE/dx) 
(—g*)'= (—g*)*(0f/dx*) 


(dn/dx2) | 


(0n/ dx") 
and therefore that 
|\(0&/dx') (d&/dx*) 
in=on / ( ). 
(On/Ox') (dn/dx") 
By choosing n=2*, =o 'f'(C21—Ci,2)da', and +r 
= fdx'[C,+4327(C2:—Ci,2) |, it is possible to satisfy 


all these relations and obtain 


Sad, @12/(gas)'=w, (131) 


with w merely a constant preserving the dimensionless 
definition of Coriolis potential. The achievement of this 
simple picture does not prejudice ¢(2',«?,a*), which still 
remains arbitrary. The conservation of mass may be 
used to determine ¢ as follows: from (127) with X=0, 
(9+ p)(—g)! is a function of «', 2°, 2° that is equal to 
(@+p)(—g)!(0F/dx*) (C2 1—Ci,2)/w. It is therefore pos- 
sible to reduce (9+ )(—g)! to a constant ¢ by suitable 
choice of ¢, namely 


(G+8)(—9)! 


t= d fate p)(—g)*(C2,1—-Cj,2) |. 


In sum, our standard comoving picture of a rotating 
ideal fluid satisfying an equation of state throws all the 
effects of streaming upon the metric, but nevertheless 
pictures $ Ings in accordance with (129), presents the 
circulatory mass density (¢+ )(—g)' as a constant in 
space and time, and depicts the vortex filaments as 
stationary and parallel with a uniform strength that is 
constant over all space and time occupied by matter, 
and gives the gs, components of metric the definite form 
— tox gas, £42= ++ Sex! p44. 


£43=0, £41 





INTERNAL 


Of the fifteen unknowns g,,, @, and p with which we 
began, only seven, gi;* and g, remain. These must be 
codetermined from the field equations. It is interesting 
that the transformation to constant circulating mass 
density makes the actual boundary where (g+p) falls 
to zero, a singular region in which (—g*)* may become 
infinite. The interior solutions may possess, at least in 
some directions, a natural space-time boundary. 

We now proceed to the last step towards complete 
dynamical isotropy, the assumption of one of the 
patterns of motion deduced in Sec. III. Since the irrota- 
tional cases are likely to have their main application in 
cosmology, we consider only the case of rigid motion, 
characterized in (57) by the existence of a scalar func- 
tion g such that 

Qu= ru, Qu:v+Qvin= 0. 

We can make g* vanish by choosing any comoving co- 
ordinates #*; and then we can bring @ to a constant 
value (1/r) by a transformation to another comoving 
coordinate system x* such that #*=2x* and a4= {di 
q‘r. For then g'= (dx*/dz")q'= (1/7). In this case we 
can set all derivatives gyusq’ »+Zv0q9°,» equal to zero in 
the equation gysq’:»+2r09’;.=0, from which we con- 
clude that 

O= (Tyee tT ya,n)97= Sur.c9%=Ser.4/t- (132) 
This means that in rigid motion there is a class of co- 
moving coordinates in which all metric components are 
time constant, and this conclusion is quite independent 
of the additional conclusion that we derived in Sec. III 
from local dynamical isotropy, namely the existence of 
an equation of state of the form implied by (66). In 
fact, the static quality of the metric, coupled with the 
ideal-fluid hypothesis, leads immediately to the con- 
servation equations in the form (127) with X, neces- 
sarily vanishing. Since, with X,=0, derivatives of ¢g 
become proportional, by the same factor (g+)), to the 
corresponding derivatives of } Ing4,, the Jacobians of g 
and gq on all variable pairs must vanish; and g and 
gas must be functionally dependent. Therefore g and 
(@+p) must be functionally dependent ; or rigid motion, 
in itself, requires the existence of an equation of state. 
Since gas, @, and p are now all independent of time, a 
simple time recalibration «* — x*, «4 — «4+ f(x!,2°,2°) 
can reduce X to zero without changing the constant 
value of g‘—1/r. In this way we connect the invariant 
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q with Bernoulli’s theorem 


q= (gugqtg’)!= 77 exp|- fae/(o+e); (133) 


and this agrees exactly with the differential identity 
(67). The functional dependence of g and p on g44 now 
means that g and p are also entirely dependent on q. 
In general coordinates, g and p can depend on 2* only 
through the invariant g(x), just as we concluded earlier 
in (66), on other grounds. There is little difference, in- 
deed, between an ideal fluid in rigid motion and a 
system subject to local dynamical isotropy. It may be 
well to recall that in thermal equilibrium, streaming is 
rigid motion, and 


T= (gas) '/q= T (gas), 


which thus appears as the temperature reduced by 
exactly that red-shift factor required to bring it to a 
constant value throughout the mass. 

Naturally, the time independence of ga and gaa and 
thence of C,, leads, as before, to the possibility of con- 
structing axial comoving coordinates corresponding to 
uniform and constant angular velocity w=wy2(ga)~}, 
and uniform and constant mass density «= (@+p) 
x (—g)!. The added feature here is the thorough dis- 
appearance of all time-dependence from the functions 
gi;* and g that remain to be codetermined by the field 
equations. It is worth emphasizing that, despite the 
completely static character of the problem, codeter- 
mined solutions of spherical symmetry are still im- 
possible as long as w0, simply because the energy 
tensor is not diagonal: 


~ 


T= #=0. (135) 


Under these circumstances, the field equations, espe- 
cially the one involving Roo, clearly reveal the presence 
of centrifugal energy terms, and show that even in weak 
gravitational fields such terms are still present and come 
from the quadratic dependence of curvature components 
on the forces. 

We have here set down the simple standard forms that 
solutions of the field equations must take in most cases 
of interest. The development of explicit solutions will 
be reported in a forthcoming paper by the authors. 


{= —fewr’, sewn’, 
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